UBC ELEC 211/MATH 264 FORMULA PAGES - FULL COURSE

PHYSICAL CONSTANTS

g0 = 8.854 x 1072 F/m
Electron charge: e =1.602x1071 C
c =2.998 x 10% m/s

Permittivity of free space:
Electron mass:

Speed of light in vacuum:

ELECTROSTATIC PRINCIPLES

Permeability of free space:

o = 47 x 1077 H/m
m =9.109 x 1073! kg

1 ag
Coulomb’s Law:
oulomb’s Law 47Tao 7,
1
Point Charge @ at O: @ Za,, V= Q
471'50 r2 dmegr
1
Line Charge, density pr,, on z-axis: E= Pr (2 , V= PL In{ —
2meq \ p 2meo p
: —0 __psl
Sheet Charge, density pg, on z = O: E=+/% a,, V=—-—"—
2 €0 250
Electric Flux Density: D=¢cE

Gauss’s Law, I Qenc = V¥, where

Qenc—[// pv dv, where

E=-V

Gauss’s Law, II:

Electric field and potential:
Generalized Poisson Equation: Ve

Energy in Electrostatic Field:

CONDUCTORS, CURRENT, RESISTANCE

EVV/// DeE dv = } /// Ef” d

Rip _
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(r comes from spherical coords)
(p comes from cylindrical coords)

(Both pg and pr, must be constant here.)
(e = eoer in general; e, = 1 in free space)

= # DendS is net outward flux
S

py = VoD gives charge density

B

V(B)-V(A) = —/ E e dL (path indep)
A

(Case p, =0, ¢ = const is Laplace’s Equation.)

v

E=0
E|n

Ideal conductor (“c — 00”):

Ideal conductor boundary:

Current and conductivity: J =0E “Ohm’s Law I”

J=p,v

Simple Resistor (length L, constant cross-section S, constant conductivity o):

Fancy Resistor (all current from A to B crosses surface S—“Ohm’s Law II”):

CAPACITORS AND DIELECTRICS

V = const.
ps=Den
://JOﬁdS

S

Ipy

Vel=—%
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Permittivity: € = €,&0

Polarization: P=D—-¢E

Simple Capacitor (parallel plates of area S, separation d):

Fancy Capacitor (surface S is one plate; points A, B on opposite plates):

Dielectric interface with normal n Dien=Djen AND

(Gauss’s Law still works, as above)

C= % stores Wg = LCV? Joules

Q YARE
AV —/ABEodL

E1><1’1=E2><1’1

C:




MAGNETOSTATICS

Biot-Savart Law:

Current [ flowing in filament p = 0, direction a,:
Current sheet with density K [A/m], normal n
Current crossing surface S, from current density J:

Ampere’s Circuital Law (ACL):
Magnetic Flux Density:

Magnetic Flux (Wb):

Energy in Steady Magnetic Field:
Magnetic Force on Moving Charge:
Magnetic Force on Current Filament:

Magnetic Force on Current Sheet or Cloud:
Magnetic Dipole Moment (m = py,):
Magnetic Torque on Given Dipole:

Review: Force F with moment arm R gives torque:

INDUCTORS AND MAGNETIC MATERIALS

I
H = —ay; or, for segment, H =

IdL x agr
dH= ————
47 R?
2mp
H—leﬁ
2

IdL x agr
H=
/ A R?

(smag —sinas) ag
I—/KOdW
J=VxH

(compare Stokes’s Theorem)

K= Hrto

#BodS—O

:%/// BoHdv:l///u|H| dv

Permeability:

Simple inductor (N filaments, current I in each):

Mutual Inductance:

Material interface with normal n

MAGNETIC CIRCUITS

F=QvxB J=vp,
dF=1dLxB Fz/IdeBz—/IBde
c c
dF = (KdS) x B dF = (Jdv) xB
dm = IdS m= NISn
T=mxB |7| = NIBJI|S|, if BLS
T=RxF
H Hr o
N®
=7 stores Wy = %LI2 Joules
Ny® N, ®
My = 2®12 _ M1 21:]\/[21
I I

H1><1’1:H2><1’1

Magnetomotive force (simple setup—N turns, current I):

Magnetomotive force (general—filament from A to B):
Reluctance (cross-section S, length £):

Air-gap force (cross-section S):

MAXWELL’S EQUATIONS (POINT FORM, GENERAL CASE—set 8—B =0 and %—? = 0 in static situations)

VeD =p, VeB=0

TIME-VARYING FIELDS

Vin = NI

Vm(B)_Vm(
Ve L
1 2aa

F=—|B|°S
2MOI |

B
— / HedL (path restrictions apply)
A

(integral defining ® shown above)

VxH= J—i—%—D

Faraday’s Law (case of N =1 current filament):

(units: Volts)

(loop shape matters!)



VECTOR IDENTITIES

For u = u,a, + Uyy + U Ay, V = V@ + VyQy + 0,8,, W = WzA; + Wydy + w,a,,

ue v = Uty + Uy + uv, = uf|v|cos(d), 0<6<nm lul = Vueu=,/u2 +ul +u2
a, a, a,

UXV=Uy Uy Uy | = (Uyly — Uply, Uslp — Uglys, UgUy — UyVy) [ux v|=|u||v|siné
Vg Uy Uy

ue(vxw)=ve(wxu)=we(uxv)

DISTANCES AND PROJECTIONS

ux (vxw)=(uew)v—(uev)w

From point (2o, yo, 20) to plane Az + By + Cz = D:

F = proj,(F) + orth,(F)

DERIVATIVE IDENTITIES — valid for smooth scalar-valued ¢, ¥ and smooth vector-valued F, G

V(g) = ¢V + 9V
Ve (¢F)=(Vop)eF+¢(VeF)

V x (¢F) = (Vo) x F+ ¢ (V x F)

s — |A:Z?0+By0+CZQ—D|
AZ | B2 1 (2

o) (E22)

ueu

Ve FxG)=(VxF)eG—Fe(VxG)
VX(FxG)=F(VeG)—G(VeF)— (FeV )G+ (GeV)F

V(FeG)=Fx(VXG)+Gx (VXF)+(FeV)G+(GeV F

Vx(Vg)=0 (curlgrad = 0) Ve(VxF)=0 (div curl =0)
2?¢ 0% 9?9
2 _ — di _ e, ve, Y9
v ¢(‘T7yuz) - V0V¢(x,y,z) _dlvgrad¢— 8x2 + ayQ 322
SURFACE NORMALS AND AREA ELEMENTS
For any oriented surface normal n #0, dS=ndS=————dexdy=———derdz=——dydz, ds = |dS|
neal nea, nea
Graph Surface z = f(z,y) : normaln—:t<%, g—ch, —1> ﬁdS—:I:<%, g—ch, —1> dz dy
Level Surface G(x,y,2) =0: normal n = +VG(z,y, z) (choose sign to orient)
: OR OR ) . . dS
Parametric Surface (z,y,z) = R(u,v): dS=+ (% X %) du dv (choose sign to orient; n = w)

CARTESIAN COORDINATES (z,y, z)

Line Element: dL = a, dr + a, dy + a, dz
Scalar field: f(z,y, 2)

Differential operator V:

Gradient: Vf = %aw + Z_Jy[ay + %az
ag Ay ay
Curl: VX F =curlF = ar By %
F‘E F’U Fz

Volume Element: dv = dxdy dz
Vector field: F(z,y,2) = Fya, + Fya, + F. a,

V*a£+a2+a2—3££
— dg 830 yay 2 82 — ax, 6y, az
. 0F, O0F, OF,
Divergence: V e F(z,y,z) = 2 + 8—y o
*f  O*f  O*f
o T2s
Laplacian: V°f = 2 + 97 + Py



POLAR AND CYLINDRICAL COORDINATES (p, ¢, z)

Transformation: x = pcos¢, y =psing, z==z

Local basis: a, =cos¢a, +singpa,, as=—singa, +cosgpa,, a,=a,
Surface element (on p = a): dS = +aa,d¢dz Surface element (on z =const.): dS = +pa, dpdep
Line Element: dL = a, dp + pas d¢ + a, dz Volume element: dv = pdpd¢ dz
Scalar field: f(p, ¢, 2) Vector field: F(p,¢,2) = F,a, + Fyas + F; a,
af 10f af 10 1 0F, OF,
Vf=2sa,+ - ocas + oa. VeF=—-—(pF,)+- -2+
o0 p 96 T 92 pap( 2 p O
a, pa, a,
110 0 0 9 10 (9f) o%f  0%f
VXxF=-|— — — Vii==-—|r= | +S555+ 55
pldp 9O¢ 0Oz / p 0 ( 8p p? 0?2 022
E, pF, F,
SPHERICAL COORDINATES (r,0, ¢)
Transformation: x = rsinfcos¢, y=rsinfsing, 2z =rcosf
Local basis: a, = sinf cos ¢ a, + sinfsinpa, + cosfa,, ag = cosflcospa, + cosfsingpa, —sinfa.,
as, = —singa, +cospa,
Volume element: dv = r?sin 6 dr df d¢ Surface area element (on r = a): dS = +a*sinf a, df d¢
Line Element: dL = a, dr + rag df + rsinfay d¢
Scalar field: f(r,0,¢) Vector field: F(r,0,¢) = F.a, + Fpag + Fyay
3f 13f 1 of 10 ,, 1 0 1 O0F,
Vf=—=a, - VeF=——(rF, F 0 —
f= or tr 86’ rsinf (9¢a¢ ¢ r2 Or (T )+rsm989( osin )+rsm9 o
a, rag rsinfay
1 0 0 0 1 0 af 1 0 af 1 0%f
F=——|— — — = - (2 — 0 —
VAE= e | ar 98 99 Vi=5 ar(r 3T>+7’251n939(1 39) 2 sin? 0 092

F. rFy rsinfF,
INTEGRATING DERIVATIVES: THE FUNDAMENTAL THEOREM OF CALCULUS (FTC)

Line-integral form: / VgedL = / 29 g + @ dy + ? dz = gfinal — Ginitial
z
Stokes’s Theorem: [/ (VxG)edS = ]{ GedL = ]{ Gydx +Gydy+ G, dz
s c c
Divergence Theorem: // VeGdv= # GendS
R s

DEFINITE INTEGRALS

/2 /2 /2 /2 )
/ sinxd:vz/ cosxdr =1 / sin® :vdac—/ cosPxdr = =
0 0 0 3
/ 3

/2 /2 8
/ sin5:vd:v=/ cos® xdr = —
0 0 15

/2 /2 /2 - /2 /2 5
/ sinzxdx:/ congcdx—— sin :vdx—/ costxdr == / sinﬁxd:vz/ cos® v dr = =
0 0 0 0 1 0 0 32
INDEFINITE INTEGRALS
e e dx 1 1
/:zre da::a—Q(a:c—l) /tan:cdx_ln|sec:1:| /aQ—l—xzia n_— (a>0)
/sinzxdx* E—lsin2zc / cos> xdx = ——|—ls1n2:1: / de *sm_l(f) (a>0)
o 2 4 o 4 a2 x o a
x . (T x dz +x
————— =sin (—) (a>0) = _
Vi —* a 252 T et = o2 @EZEa?)p2 PR ia
d
/\/a2—l'2dl':§ _$2+2 1(5) ((l>0) /ﬁ:m‘x—i—\/:ﬁia?‘

Adapted from R. A. Adams, Calculus, A Complete Course, Addison-Wesley, 2003.





