ELEC 221 Final Formula Sheet

Continuous Time

Time domain convolution  y(t) = / x(T)h(t — 7)dr

- 2m 1 h2m
Fourier series x(t) = Z ke P F o = —/ x(t)e_jk%tdt
T Jr
k=—o00
Fourier transform X(jw) = / z(t)e 99t x(t) = 2—/ X (jw)e?“ dw
— 00 T J-
(o)
Laplace transform X(s) = / x(t)e stdt
N , M ,
dry(t dra(t
Differential equations Z ag dz’(“ ) = Z by, di’g )
k=0 k=0
Step response s(t) = h(t) xu(t)
d?y(t dy(t
ODE for 2nd order system d?j‘g ) + 2wy, ?ZZSS ) + wiy(t) = wx(t)
| ——
Time domain convolution  y[n] = Z x[k]h[n — K]
k=—o00
oo 1 2
Discrete Fourier series z[n] = Z e F o = N z[n)e TR FT
k=(N) n=(N)
_ > . 1 o
Discrete Fourier transform X (/%) = Z x[nle ™" z[n] = 5 X(e?Y)e! " dw
n=—oo T Jon
N M
Difference equation Z aryln — k] = Z bra[n — k]
k=0 k=0
Step response s[n] = h[n] * u[n]
N—
General Identities
Euler’s Identity e/ = cosf+ jsind  sin(f) = % (e1? — e97) cos(f) = 1 (77 + e777)
N o) N-1
1 — N+ 1 2mjk
G tric series b - b —— <1 =0
eometric series kZ:OZ T kz:%z T |z] I;)e




TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES
Property Section Periodic Signal Fourier Series Coefficients
x(¢) | Periodic with period T and ay
y(¢) | fundamental frequency wo = 27/T by
Linearity 3.5.1 Ax(t) + By(t) Aay + Bby
Time Shifting 352 x(t — to) age ket = g, g= k2D
Frequency Shifting eMeat (1) = e M @T/T) x(1) Ty
Conjugation 35.6 x"() a’,
Time Reversal 353 x(—1) a-y
Time Scaling 354 x(at), a > 0 (periodic with period T/c) a
Periodic Convolution J x(T)y(t — nydr Taiby
T
+00
Multiplication 3.5.5 x()y(1) Z arby
|=—
. _ dx(t : L, 27T
Differentiation —g%—) Jkwoa, = jk—f—ak
Int t' J L () dt (finite valued and 1 “ 1 p
ntegration — == |
E - periodic only if ay = 0) Jkwg k JkQm/T) !
ap =a',
Refar} = Refa_i}
Conjugate Symmetry for 35.6 x(1) real Imfay} = —Imla-,}
Real Signals lai| = |a-|
<)Eak = <)ia_k
Real and Even Signals 3.5.6 x(t) real and even a, real and even
Real and Odd Signals 3.5.6 x(t) real and odd a;, purely imaginary and odd

Even-Odd Decomposition

of Real Signals

{xe(t) = &{x(®)} [x(7)real]
Xo(1) = Od{x(¥)} [x(¢) real]

Refay}
]g 77%{0 k }

Parseval’s Relation for Periodic Signals

1 2. Sk
= L rOPdr = > |

k=-=




TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Property Periodic Signal Fourier Series Coefficients
x[n] | Periodic with period N and ag } Periodic with
y[n] | fundamental frequency wg = 27/N by ) period N

Linearity Ax[n] + By[n] Aay + Bb,

Time Shifting x[n — ng] age KmNny

Frequency Shifting MmNy p] Ak-m

Conjugation x*[n] a,

Time Reversal x[—n] a_y

Time Sealing senll]. = x[n/m], if nis a multiple of m 1 (Viewed as periodic)

Periodic Convolution

Multiplication
First Difference

Running Sum

Conjugate Symmetry for

Real Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition

of Real Signals

0, if n is not a multiple of m
(periodic with period mN)

> xlrlyln - r]

r=(N)
x[nly[n]

x[n] — x[n — 1]

X finite valued and periodic only
> [k,
if ay = 0

k=—o
x[n] real

x[n] real and even
x[n] real and odd

{ x.[n] = &4x[n]} [x[n] real]
xo[n] = Od{x[n]} [x[n] real]

L :
m " \with period mN

Nakbk

z aby-

[=(N)
(1 _ e—jk(Z'n‘/N))ak

1
((1 — ¢ ikamiNY) )ak

((lk = a“';,c

Re{ar} = Refai}
Imla,} = —9Imia_;}
|ax| = |a-4|

\<)iak = —da_,

a; real and even

ay purely imaginary and odd
Refar}

j9miai}

Parseval’s Relation for Periodic Signals

5 S Rt = 3 lai?
k=(N)

n=(N)




TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x(1) X(jw)
yir) Y(jw)

4.3.1 Linearity ax(t)y + by(r) aX(jw) + bY(jw)
432 Time Shifting x(t = 1) e X (jw)
4.3.6 Frequency Shifting e x(t) X(jlw — wa))
4.3.3 Conjugation xX(t) X'(—jw)
435 Time Reversal x(—1) X(— jw)
4.3.5 Time and Frequency x(at) ,ilx (E]

Scaling 1 a
4.4 Convolution x(1)* vin X(jw)Y(jw)
45 Multiplication x(D)v() TI%JNXUBJ Y(j(w — 6)d8
434 Differentiation in Time %I{I} JwX(jw)

I
434 Integration [ x(Ddt %—X{jw} + 7X(0)6{w)
o w
436 Differentiation in 1x(1r) i d X(jw)
dw
Frequency
X(jw) = X*(— jw)
Re{X(jw)t = Re{X(— jow)}

433 Conjugate Symmetry x(1) real Im{X(jw)} = —Im{X(— jw)}

for Real Signals X(jw)| = X(— jw)|

| X (jw) = —IX(~ jo)

4.3.3 Symmetry for Realand  x{r) real and even X(jw) real and even

Even Signals
433 Symmetry for Realand  x(¢) real and odd X{jw) purely imaginary and odd

Odd Signals

=& 1 RelX(

433 Even-Odd Decompo- xe() Vi [x(2) reall , “ (J(_u)}

sition for Real Sig- xo(t) = Odix(n)} [x(nreal] jIm{X(jw)}

nals
43.7 Parseval’s Relation for Aperiodic Signals

b= 1 o
| opde = 5= [ ixGoide




TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)
+oe +&
Z aelto 27 Z a;d(w — kwp) ai
k=—m= k=—=
s 2m8(w — wo) @ =1

a, = 0, otherwise

alza_l_—_l

coSs wyl 78w — wo) + 8(w + wy)] o
a; = 0, otherwise
1
. m a) = —d-| =
! —=[d - — 8w + 4
sin g J[ (w — wq) (w + wg)] 40 = 0, otherwise

a =1 a=0 k#0
x(t) =1 2m &(w) this is the Fourier series representation for
any choice of T > 0

Periodic square wave

L, f<T in o .
x(t) = [0, T, <l = % Z 2sin kwoT) 86w — kwo) woT) sinc kwoT), _ sin kwoT)
— k T ™ kw

and k==

x(t+T) = x(t)

s 27 <5 2wk 1
HZZS(I‘ - .PIT) "T'— kaﬁ(w - T) a, = T for all k
x(:)[ I, |f|<T 2sinwT) o

0, |1|>T, w

sin Wr X(jw) = { ], |w|l<W o

Tt 0, |wl>W
&(t) 1 -

1
u(t) — + 7 d(w) —
Jjo

&(t — 1p) e vl —

_ 1
e “u(r), Relal > 0 - —

a+ jw

—at 1
te u(l‘), (Rae{a} >0 m —_
e o), 1 _
®Rela} > 0 (a+ jw)




TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section Property Aperiodic Signal Fourier Transform
x[n] X{e™ }} periodic with
¥ln] Y(e/*)) period 27
53.2 Linearity ax[n] + by[n] aX(e'™) + b¥Y{e')
533 Time Shifting x[n — ny] ERED (C2a)]
5.3.3 Frequency Shifting " xln) X(eftw—wahy
5.3.4 Conjugation x"[n] X" (e ')
5.3.6 Time Reversal x[—n] X(e ™)
) ; = x[n/k], if n = multiple of k 1hes
537 Time Expansion xyln] = [ 0 if n % multiple of k X(e'™)
5.4 Convolution x[n] * ¥[n) X(e!™)Y(e!™)
5.5 Multiplication x[n]vin] % J X(e"MYie!'""da
535 Differencing in Time x[n] = x[n— 1] (1 — e ™)X(e™)
n 1 .
w 1 - Jur
535 Accumulation ‘Z x[k] e X
+maX(e™) Z Slw — 27k)
Fy—
Jich
5.3.8 Differentiation in Frequency  nx[n] _dX;:} )
X(e™) = X*(e 1)
RelX(e™)} = RefX(e )}
5.3.4 Conjugate Symmetry for x[n] real ImfX (e} = —ImiX(e =)}
Real Signals IX(e!) = |X(e /)
IX(e) = —LX(e™ )
534 Symmetry for Real, Even x[n] real an even X(e/) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e’) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &{x[n]} [x[n] real] Re{X(e'™)
of Real Signals x,[n] = Od{x[n]} [x[n] real] jIm{X(e™)}
5.39 Parseval’s Relation for Aperiodic Signals

o . 1
> lalalf = EEJ'

2w

iXte™ ) dw




TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
- . s 2wk
l akeﬂl(In!N)n 2o Z aka (w o T) ay
(N) k= -
@ wy =3
: I I, k=mm=zxNm=z2N,...
elwon 27 Z 8w — wy — 2wl) a, = . "
i 0, otherwise
(b) 5L irrational 3> The signal is aperiodic
(a] wy — Q;m
+= I - = gy
cos wyn T Z {8lw — wy — 27D) + 8w + wy — 27} a =1{7T k=xmzmeNxmz2N,...
I=-= 0, otherwise
(b) ';—Qv irrational > The signal is aperiodic
(@) wy = 2%
. 5 k=rriNre2N..
Si]'l(l)uﬂ ? Z{&(m—w(,—Zwl)—S(w+w[;—21rl)} ag = —%, k = —r,—r:N,—r:ZN‘___
fer= 0), otherwise
(b) 3¢ irrational 3> The signal is aperiodic
I 1, k=0 =N, %2N....
x[n] =1 27 8w — 2wl) ay =
! .r;,, * 0, otherwise
Periodic square wave
I Inl =N sin[QakINYN| + 3)]
onl = b= i, = . k#0, 2N, £2N,.
ol 0, Ny<lnf=nN2 | 27 > afs( - 2k * Nsin|2mki2N ]
and k=—= A N 28 + 1
a = L k=0 =N, 2N, ...
x[n + N] = x[n] N
ST T S, 2k = forank
k;ﬁ lﬂ“ N] szq (IJ_T ﬂg—ﬁ ora
a"uln)], Jal <1 :
' 1 — ae J»
I, |nl =N sinfw(Ny + 1)
x[n] ——— _
0, |n =N sin(w/2)
. 0=|w =W
sinWn W Wn
=== = —=sinc {— Xw) =
" i (”) ) 0, Welwl=m —
O<W<m X(w) periodic with period 27
&[] I _
l +%
ufn] = e + kz 78(w — 2k) —
8[n — nyl e /M —
(n+ Da"uln), ol <1 1 —
' (1 — ge~Jw)?
(m+r—1) , |
R — < - —
=t ¢ enl el <1 (1—ae Joy




TABLE 9.1 PROPERTIES OF THE LAPLACE TRANSFORM
Laplace
Section Property Signal Transform ROC
x(t) X(s) R
xy(1) X (s) R,
x(1) X;(s) R;
9.5.1 Linearity ax,(t) + bx;(8) | aX,(s) + bX:(s) | Atleast R, N R,
952 Time shifting x(t — tp) e X(s) R
953 Shifting in the s-Domain e x(1) X(s — sn) Shifted version of R (i.e., 5 is
in the ROC if s — 5 is in R)
954 | Time scaling x(at) rlix(i) Scaled ROC (i.c., s is in the
® 4 ROC if s/a is in R)
9.5.5 Conjugation x'(1) X'(s7) R
9.5.6 Convolution x () * x2(1) X, (5)X5(5) Atleast R, N R,
957 Differentiation in the %x{t) sX(s5) At least R
Time Domain
9.5.8 Differentiation in the —tx(1) E?X (s) R
s-Domain §
9.5.9 Integration in the Time I x(1)d(7) -l-X (s) At least R N {Re{s} > 0}
Domain B .
......................................... B b
Initial- and Final-Value Theorems
9.5.10 If x(#) = O for ¢ < 0 and x(¢) contains no impulses or higher-order singularities at ¢ = 0, then

x(0F) = lim sX(s)

— o
If x(1) = 0O for t <0 and x(r) has a finite limitsas t— =, then
lim x(f) = lim sX(s)
[ = 5 =%




TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Transform
pair Signal Transform ROC
I 5(1) 1 All s
2 u(r) % MRelst =0
3 —u(—1t) % Refs} <0
4 Lu(r]- L] Refs} >0
(n—1)! 5"
5 " 1 Refs} < 0
-0 o €S
—at 1 B
6 e " u(n s Relst > —a
7 —e *u(—1) ! Refs} < —a
s ol 4
I"_I - 1 B
8 TENY e " u(t) GTa)y Rels) > —a
! L 1 1
9 “GoD! e~ u(—1t) Grar Re{st < —a
10 8@t —T) el All s
11 [cos wot]uli) 5 ’ ~ Rels} =0
52 + wd
E Wy
12 [sin wyt]u(r) Tral Refs} =0
- st+a B
13 [e *" coswot]u(n) —{s Tart wﬁ Rels} > —a
a Wy _
14 [e™*" sin wqt]u(t) Graftal = Rels} > —a
_dra(n .
15 u,lr) = T 5 Alls
16 U_p(t) = u(t)y*- *=u(t) ~1— Rels} =0
— "

n times
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TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. 8[n] | All z
2. u[n] l—lz i 2| > 1
3. —u[—n—1] l _lz : Iz
4. 8[n — m] - All z, except

O@Gfm=0)or
= (1f m<0)

o |

5. a"u[n) = 2| > x|
M ]

6. —a"ul-n—11 Iz < |

" az‘_l
7. na’uln] d—az ') |z| > |e|

o az’!
B o = it | T—az 1) Iz < |al
1 — [coswp)z™"

9. [coswyn]u[n] [~ eosawglz ' + 2 lzE= il

: (sinwgylz '
10. [sinwon]u[n] [ eoswole T 22 Izl =

. 1 — [rcoswy]z
11. [r" coswyn]uin] [~ 2rooswalz! + 7722 lz| = r

: -

12. [r" sinwyn]uln] [rsinwolz Falt s

1 = [2recoswy]z !

11
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