ELEC 341: Systems and Control

Lecture 2

Laplace transform
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Laplace transform

* One of the most important math tools in the course!
e Definition: For a function f(t) (f(t) = 0 for t < 0),

F(s)=L{®O} = [ Jea

(s: complex variable)

dUN T
/\/\/ E

>

F(s)

0
* We denote Laplace transform of f(t) by F(s).
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Advantages of s-domain

* We can transform an ordinary differential equation
into an algebraic equation which is easy to solve.

(Next lecture)

It makes it easier to analyze and design
interconnected (series, feedback, etc.) systems.

(Throughout the course)

* Frequency domain information of signals can be
dealt with.

(Lectures for frequency responses)
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Examples of Laplace transform

L

* Unit step function f(t) .

1
0=10={ 5 %5

) F(s) = /OOO 1 &Sy = 1 [e_St]OO = !

S 0 S

. . Enforcing f(t) to be f(t) .
* Unit ramp function / zero for negative t.

»

_ [t t>0 /
f(t)—tU(t)—{O £ 20

0

1 o0
te Stdt = —= [test]oo+}/ e Stdt =

o0
0 t s 0O  s.Jo

=) F(s) = |

1

g2

(Integration by parts: see formula below)

ju dv=uv—Jv du
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Integration by parts

* Formula
[ F®atrat = 109 - [ 109 D)
Why?
IONOIELOYORNIOYIO
=) [ 1)) dt= [ |7t +f(t)g’(t)] i

=) (1 / FOgtdt+ [ £Og ()t ==
/ (Dg(t)at = F(B)g(t) - [ S (D)t
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Ex. of Laplace transform (cont’d)

aplace of min

* Unit impulse function f(t) = 6(t) £(t) ,'f,'z;’gz;ooo
- Area =1
[ieta=9©0) | = =
_OO 0 "

mm)> [(s) = /OOO(S(t)e_Stdt =50 =1

* Exponential function

1
e—oat tZO \\_

ft) = e Mu(t) = { 0 t<0 - 1

= F(s) = /OOO e~ e 5t = — 1 [e—(8+a)t}00 _ 1

s+ «
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Ex. of Laplace transform (cont’d)

aplace of min

e Sine function

W
LAsinwt -u(t)} =
{ W u( )} 52-|-w2
e Cosine function
S
t-ult)r =
L{coswt-u(t)} R

Remark: Instead of computing Laplace transform for each
function, you can use the Laplace transform table.
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Laplace transform table

f(#) F(s)

5 (%) 1

u(t) Lo i

tu(t) -1 4%3 — Inverse Laplace Transform
t"u(t) <= s"?‘:'l

e~ %y (t) ;1_—@

sinwt - u(t) SQ_C‘ng

coswt - u(t) 82_"’: —

te~u(t) ( 8_|_1a)2 (u(t) is often omitted.)
1 (1) W exil
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Properties of Laplace transform
1. Linearity

‘ LA{a1f1(t) + anfa(t)} = a1 Fi1(s) + agFo(s) ‘

Proof. L{aifi(t) +axfo(t)} = f (a1f1(t) + aafalt))e*dt
/ Stdt‘mz / fo(t)e dt

Fy(s)

Ex. ¢ {5u(t) + 3e‘2t} = 5L {u(t)}-|-3£{ —2t} g‘l‘s 1o

10
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Properties of Laplace transform
2. Time delay

Ly =Tt -T)} =

e TSF(s)

Proof.
L{f(t=T)u(t-T)}
= /T f(t—T)e di

= /OOO f(T)B_S(T—I_T)dT = ¢ T5F(s)

EX. £{080-y(t— a)} =

© Siamak Najarian 2025

ystems and Control

delay
f(t) f(t-T)
M\N

0 T
delay means: t = (t —T)

t-domain

SO bt

t->@—-T)

s-domain
_Ts e 5F (s)

ﬁ

F(s)

ﬁe
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Properties of Laplace transform

3. Differentiation

L{f' (1)} = sF(s) - £(0)

Proof.
C{FI()) =[50 f/(t)e"dt

— [ f(t)e—st]go L5 [ f(t)estdt = sF(s) — £(0)

Ex.

L{(cos2t)'} = sL{cos2t} -1
— 82 . 1 — -4

T 5244 T 5244

(= L{-2sin2t})
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f(#)

F(s)

t-domain

)| d/dt

F1(¢)

ﬁ

U s-domain U

f(0)

Sl St

F(s) - f(0)
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Properties of Laplace transform
4. Integration

t F(s)
Yo f(r)dr; =
{/O } ’ t-domain
Proof. 1@ | [ [ 1@
L l/()tf(T)dT = fooo ([Otf('r)dT) e St
s N
,1 foof (et s-domain
s /o F(s) F(s)

F(s) —>1/S—> S

13
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Complex plane:

Left Half Plane (LHP)
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Properties of Laplace transform
5. Final value theorem (FVT)

Im (Imaginary axis)

\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
N N

N A AN,
A N A N A Y
QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ\
QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ\

QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ\
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\‘\\“\\“‘\“‘\“‘\

\\\\\\\\\\\\\\\\\\\\\\\\
QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ\
QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ\

A i N

R N NN
I Y

QQQQQQQQQQQSSSSSSSSSSSQQQQQQQQQ\
nNHnn

i ..
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\Q
T
LT
LT
T
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\}

1111111111111111111111111

11111111111111111111111111111
/////////////////////////////
FE LTSS ST,

/?999??7???????9999999990066666’
AT LTSS LSS SIS LTSS

/???????????????????????????????
/???????????????????????????????

/???????????????????????????????
///////////////////////////////

o O RHP ’”’
///,« pen 2’/,’/5

////////////////////////
/???????????????????????????????
/???????????????????????????????

LSS TS SIS ST ST S

LSS LSS LSS LSS LSS LSS LSS S S S S S S S S S
AL LL LA AT LS LSS TS LSS

A A S,

G775

I
/////////////////////////////A
G
G
G
L
/7777772224

aplace of mind

Right Half Plane (RHP)

Re (Real axis)

“Open” means that it does not include imaginary axis.
“Closed” means that it does include imaginary axis.
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Properties of Laplace transform
5. Final value theorem (FVT)

If all the poles of s.F(s) are in open left y lim f(t) = lim sF(s
half plane (LHP), with possibly one simple t—>oof( ) s—0 ( )

pole at the origin, then we have:

The term “with possibly one simple pole at the origin” means that even if s.F(s) has an s
in its denominator, you can still use the FVT.

5 5 5

EX. F) = sy = im i@ =lim 5 =5

Poles of sF(s) are in open LHP, so final value theorem applies.
(poles = roots of the denominator)

4 , _ 4s
EX. F(s)—82+4 ‘tlrgof(t)X;L%32+4—O

Since the poles of sF(s) are not in open LHP (i.e., they are
on imaginary axis), final value theorem does NOT apply.
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Properties of Laplace transform
6. Initial value theorem (IVT)

ti?—l— f(t) = Jim. sF(s) if the limits exist.

Remark: In this theorem, it does not matter if pole
location of sF(s) is in LHP or not.

EX. F(s)= (52 +58+2) — tlrghrf(t) = lim sF(s) =0
EX. F(s) = == lim f(¢) = lim sF(s) =0

s?+4 t—0+ §—00

16
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Properties of Laplace transform
/. Convolution

Fi(s) = L{f1(t)}
Fy(s) = L{f2(t)}

LA R -7 or L{{flt-T)p()dry=2 =

L{R Aot —)dr} = L{Ef1t =) fa(T)dr} = Fi(9)Pa(s)

The above is called convolution theorem.

IMPORTANT REMARK

L{A10)f2(0)} K Fi(s)Fas)

17
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Properties of Laplace transform
8. Frequency shift theorem

L {e-at f(t)} = F(s 4+ a)

t-domain
Proof. £(1) T e MW
L{e®f(t)} = 5ot (e tdt i
=I5 f(t)e_(s’l'“’)tdt = F(s+a) U U
s-domain
EX. ja
ﬁ{te_Qt}z L Fﬂ» S=(+a) fm— (S—l_a)
(s+2)

18
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Example 1

L{5(t—2T)) =7
£ =14(t)

© Siamak Najarian 2025

(L)) = L{fD}= F(s) =1
~__£ {f(t = 2T)}=£{(5(t — QT)}: e_QTSF(s) — e

L{6(t—2T)} = e %1%

ELEC 341: Systems and Control

—QTS. 1 = e—~2Ts
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Example 2

L {sin2tcos2t} =7

1
L{sin2tcos2t} = L {5 sin 4t}

1

Eﬁ {sin 4t}
1 4

2 24 42

20
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Euler’s formula

e)? = cosf + jsind

el = cosf+ jsin@
e 1V = cos@ — jsin®
eIV =79
COSfH = 5
_ eV — =30
Sinfg = ,
27

21
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Example 3
L {t Sin Qt} =7 0i0 _ o0
sing = _
27
. €2jt L 6—2jt
LA{tsin2t} = L3t ,
2)
1 . .
= —{L{te*"} — L {te="
5 L {te} - £ {te 1))
1 { 1 1 }
25 (s =20 (s +25)?
1 (s+25)2—(s—25)* | 4s
Y (s +4)2 | (s2+4)
An alternative method is to use the following formula:
c{ero} = 1y dE)

22
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Summary

 Laplace transform (an important math tool!)
e Definition
* Laplace transform table
* Properties of Laplace transform

* Next
e Solution to ODEs via Laplace transform
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