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Lecture 3: ODE solution via Laplace transform

Laplace transform (review)

EEEEEEE : Systems and Control

* One of most important math tools in the course!
e Definition: For a function f(t) (f(t) = O for t < 0),

F(s)=L{®O} = [ e a

f(t) 1

Ve P

0

>

(s: complex variable)

&
L Fgs)

* We denote Laplace transform of f(t) by F(s).
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Laplace transform table (review)

f (@) F(s)
5(1) 1
OR=
u > S
tu(t) s% Inverse Laplace Transform
() £ e
—at 1
€ a 'U;(t) sa
sinwt - u(t)
coswt - u(t) 37—
—at 1
te™“u(t) (s+a)? (u(t) is often omitted.)
tkf(t) (_dekF(S)
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Advantages of s-domain (review) [

* We can transform an ordinary differential equation
(ODE) into an algebraic equation which becomes
easier to solve.

(This lecture)
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An advantage of Laplace transform

We can transform an ordinary differential equation
(ODE) into an algebraic equation (AE).

t-domain : s-domain
A : A
r N\ - r N\
L
ODE : AE

@

55_1 Partial fraction
@ expansion

Solution to ODE
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Propertles of Laplace transform
Differentiation (extended)

e transform

ems and Control

Let us extend this ...

c{f'(®)} =sF(s) - f(0) —
t-domain 706
f(t) ——f d/dt »|d/dt > ' (t)
| c| Ll

IO | sres) - 100) PO | stsk(s) - 101 - 0
) 5 -O+—— {5 -0

s-domain

Or, in general: | £ {f™ (¢)}

= §"F () — " 1£(0) — s 2 (0) -~ — £ (0) — £~ (0)
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Example 1 (distinct roots)

ODE with initial conditions (ICs):

d?y(t) L% (®)
dt2 T dt

F2y(t) = 5u(t), y(0) = —1, ¥/(0) = 2

1. Laplace transform

$2Y (5)—sy(0)—y'(0)+3 {sY (s) — y(0)}+2Y (s) = g
L{y"®)} c{y )
—s2 —s
m) Y(s) = T2

s(s - 1)(s + 2) «— distinct roots
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Example 1 (cont’d)

2. Partial fraction expansion unknowns
4/1/ J
B C

|

—82—8+5 _AI
s(s+1)(s+2) s s+1
Multiply both sides by s(s + 1)(s + 2):

Y(s) =

s+ 2

—5*—s5+5=A(s+1)(s+2)+ Bs(s+2)+ Cs(s +1)

Compare coefficients: 4 5
s’term : —1=A+B+C B:2
slterm : —1=3A+2B+C D) < o 55
s-term : 5 =24 C = 5

\
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aplace of mind

Example 1 (cont’d) UBC

-li\i ' i'il-

Note: We can also use a modified version of Residue Method for finding the coefficients.

Y(s) 8 —8+5 :é| B | C
s(s+1)(s+2) s s+1 s8+4+2

Find A:

Multiply both sides by the denominator of é, i.e., multiply by s:
5

(3}1)(3}2):}1'3}1{3

s —34+5 B(s) C(s)
-2

Let $ = 0, then A = 3

Find B:

Multiply both sides by the denominator of %, e, s+ 1

5 3}5_A(s}l)|
s(s+2) $ s+ 2

let s = —1,then B = —5
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Example 1 (cont’d)

Find C:

Multiply both sides by the denominator of %, e, s+ 2

5° 3}5_44(3{2){8(3{2)
s(s+1) 8 s+1

let s = —2,then C' = 3

=

Ny
uy
|
MO o | D] e
o

aplace of mind
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Example 1 (cont’d)

3. Inverse Laplace transform

— A | B | ¢
Y(s) = —A k1 sxo (You may omit u(t).)
5
=) |y(H)=| J +(5e "+ ‘2 e % [ u(®)
D o

If we are interested in only the final value of y({),
apply the Final Value Theorem, without explicitly

computing y(1):

Y(s) = —s?—s+5 =) Jimy(t) = lim sY(s) = im —5° —s+5

5
s(s + 1) (s + 2) 0+ (s +2) 2
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Propertles of Laplace transform
Frequency shift theorem (review)

L {e-at f(t)} = F(s 4+ a)

Proof.
L {e—at f(t)} = [P e abf(t)esldt
= [§° f(8)e~ T )idt = F(s + a)

© Siamak Najarian 2025

f(#)

and Control

t-domain

e

—at

e f(t)

ﬁ

U s-domain U
F(i-| s> (s+a) —»F(S-I-&)
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Propertles of Laplace transform
Frequency shift theorem

f(t) F(s)
) ; W
S s2 4 w? Frequency shift theorem
W
e~ gin wt
(s + a)? + w? cle ()} = F(s +a)
S
CcOS wt
o 2 1 2 :>
S + «
e~ cos wt Ll

© Siamak Najarian 2025

s+ a)? 4 w?
( )
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Example 2 (repeated roots)

ODE with zero initial conditions (ICs):

Py)  Py®) | dy(®) DY — o
di3 1 ;2 +8yd—t+4y(t) = 24(t), y(0) =y (0) =y"(0) =0

1. Laplace transform

$3Y () — s2y(0) — sy/(0) —¢"(0) «— L{y" (1)}
+5{s2Y(s) —sy(0) =y/(0)}  «——s5L{y" ()}

+8{sY(s) —y(0)} +4Y(s)
=2

_ 2 Repeated roots
= Y= F D20

15
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Example 2 (cont’d)

2. Partial fraction expansion A/A/Ulvl{nowns
2 A B C
Y (s) = + +

(s4+1)(s+ 2)? T s+l 542 (s + 2)?
Multiply both sides by (s + 1)(s + 2)*

2=A(s+2)*+B(s+1)(s+2)+C(s+1)

Compare coefficients:

s’term : 0=A+ B A=
slterm : 0=4A+3B+C ‘ B = —
s'-term : 2=4A4+2B+C C = —

© Siamak Najarian 2025 16
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aplace of mind

Example 2 (cont’d) UBC

Note: We can also use a modified version of Residue Method for finding the coefficients.
2 A B C

GIDGLE s+l 542 T Gr2E

@ For A: Multiply both sides by (s + 1):

2 B(s+1)  C(s+1)
Grar At vz T srop

let s = —1, then A = 2

@ For C: Multiply both sides by (s 2)2:

let § = —2. then C = —2

17
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Example 2 (cont’d)

@ For B: Multiply both sides by (s + 2):

2 _ A(s+2) B C
(s+1)(s+2) s+1 s+ 2
Let s = —3 (an arbitrary number otherthan s = —lors = —2), then B = —2

( A=2
m) ( B=-2
| C=-2

18
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Example 2 (cont’d)

3. Inverse Laplace transform

A B C
Y(s) = + + 5 .
s+1 s+2 (s+2) (u(t) omitted.)
o —t B —2t . —2t
— y(t)—\f(e +(=2)e " + (=2) te
B »

If we are interested in only the final value of y({),
apply the Final Value Theorem, without explicitly

computing y(1):
2s

2 . o o B
Y(s) = lim y(t) = lim sY (s) = lim CIDGEE

(s + 1)(s + 2)2 = 0

19
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Example 3 (complex roots)

ODE with zero initial conditions (ICs):

2
TV 1280 1 5y(1) = 3u(1), ¥(0) =0, v'(0) =0

1. Laplace transform

$2Y (s) + 2sY (s) + 5Y(s) = 3

S

3
s(s? 4+ 25 +5) ~—— Complex roots

==) Y(s) =

20
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Example 3 (complex roots)

aplace of mind

A Note on Partial Fraction Decomposition:

If the denominator is a polynomial of order 2 or more, the partial fraction numerator will be in the form of
- (ags + ay), for degree 2

- (ags? + a1s + ay), for degree 3, etc.

This is only true if the denominator polynomial does not have any repetitive roots.

Examples:
3 _é} Bs +C
s(s2+25+5) s 8 +2s+5
3 _Al Bs?*+Cs + D
3(s®+552+65+3) s ¥ 4+5s2+6s5+3

Note: The degree of the numerator is always one less than the degree of the denominator polynomial in
each term.

21
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Example 3 (cont’d)

2. Partial fraction expansion unknowns
// J
3 A | Bs+ C

Y(s) =

s(s2 4+ 2s+5) s s24+2s+5
Multiply both sides by s(s% + 25+ 5)

3=A(s*+254+5)+ s(Bs+O)

Compare coefficients: (4= g
s°term : 0=A+ B < B _§
sliterm : 0=24+C BB 5
s%-term : 3 =54 _ _§

\ 5,

© Siamak Najarian 2025 2 2
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Example 3 (cont’d)

3. Inverse Laplace transform
A | Bs+C
Y(s)="2 4 o7

s 1s242s+5

4 Bs+C | _ .4(B(s+1)+C-B) _ _1{B(s+1) C-B }

. {82+28+5} = L { (s+1)2+4 }_ﬁ (3‘|‘1)2‘|‘4+(3‘|‘1)2—|-4
. | S‘I‘l C—B 1 2
= BL {(s-l—l)2-|—4}Jr 2 £ {(s-|—1)2-|—4}
— Be ltcos2t+ e tsin2t )

y(t) = £L{Y(s)} = g—ze_t (cosZt—I—;sith)

23
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Examp\e 4: Newton’s \aw

f(t)
degzgt) _ ) :>
| - x(t)
Want to know position x(t) when force f(t) is applied.
M (52X (5) — s2(0) — :13'(0)) = F(s)
=) X(s) =

_2(0) , #/(0)
' .
S S
\ J N\ J
Y Y

(Total Response) = (Forced Response) + (IC Response)
r A N\ 4 N N\
= |o() = £7H{5F6) |+ 2(0)ul®) + 2/ (0)tu(®)

24
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Example 5: Electromechanical accelerometer

Accelerometer

:—» x =Car position

© Siamak Najarian 2025

25



Lecture 3: ODE solution via Laplace transform ELEC 341: Systems an d Contro !

Example 5 (cont’d): Accelerometer

* We want to know how y(t) moves when a unit step
f(t) is applied with zero ICs.

* By Newton’s law:

i s (£)
< MES () + y() = -6 — ky(t)
d2x(t) = (1)
Mg =1
=) My (0) + by (1) + hy() = — 2 f (1) LU= |
:> Y (s) = 1 1_ 1 1 i

MS Ms2+bs+k s M 82+ (b/M)s + (k/M) s

26
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Example 5 (cont’d): A

ELEC 341: Systems an d Contro !

ccelerometer

* Suppose that b/M =3, k/M=2 and M_ = 1.

 Partial fraction expansion
1 1 1 1 1
Y(s) = - —=—— —~
s243s4+2s 25 s+1 2(s+2)
0 x ‘ ‘
* Inverse Laplace transform
01}
_ (1 —t L1 o v 02
y(t) = ( 5 + e 26 ) u(t) %0.3
<
04
03 2 4 6 8 10
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Summary

e Solution to an ODE via Laplace transform consists
of performing the following steps:
1. Taking Laplace transform
2. Using partial fraction expansion
3. Taking inverse Laplace transform

* Next
* Modeling of engineering systems in s-domain
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