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Transfer function (review)

* A transfer function is defined by

Y( s) « Laplace transform of system output

& p—
(s) R(s) *— Laplace transform of system input
R(s) Y(s) = G(s)R(s)
S — G(S) —
input output

* Transfer function is a generalization of “gain” concept.
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DC motor

aplace of mind

 An actuator converts electrical energy into rotationa
mechanical energy.

Electrical lead wires
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Why DC motor?

* It has a lot of advantages:
* High torque
* Speed controllability
* Portability, etc.

aplace of mind

* Widely used in control applications:
* Robots
 Surgical tools
* Tape drives
* Printers
 Machine tool industries
e Radar tracking systems, etc.
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How does DC motor work?

aplace of mind

U.'?ow,.z;d Armature Stator
Permanent magnet
il X Armature
Rotor winding 2 /
Brush v
ia Q_-"—-—--.__ o
Shaft -“"ﬁ" ,
\ - ¢ o

& RS Brush

Commutator

Commutator Downward

Force Bearings

Brush

DC Motor Conceptual Diagram

© Siamak Najarian 2025 6
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Model of DC motor

ia(t) Ra La wm (1) Output
N vv\ \ Om (t) lﬁﬁ&ﬁ'
Tr(t
eq(t) eb(t)‘ S )cha(d 30rque
Input Tin(t) ) l
Driving torque Bm
- J _J
' '
Armature circuit Mechanical load
"o . armature "m" . mechanical
eq . applied voltage O, . angular position
e . armature current wm . angular velocity
" back EME Jm . total inertia
Bn, : viscous friction
T;(0) =7, (2)
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Modeling of DC motor: t-domain

. . d‘a t
* Armature circuit ea(t) = Rata(t) + La Zdi )

+ ep(t)

e Mechanical load Jmwm(t) = Tm(t) — Bmwm(t) — T1(t)
/ AN

Driving torque Load torque

* Connection between mechanical/electrical parts
* Motor torque Tin(t) = K;ia(t)

* Back EMF ep(t) = Kywm(t)

* Angular position  wm(t) = Om(t)

© Siamak Najarian 2025 8
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I\/Iodelmg of DC motor: s- domaln

L 1
* Armature circuit  Iu(s) = ISR (Ba(s) = By(s)) (1)
: 1
* Mechanical load  Qu(s) = A (Tm(s) = Tr(s)) (2)

Note that Z{w(t)} = Q(s) and Z{6(t)} = B(s).

* Connection between mechanical/electrical parts
* Motor torque Tim(s) = K;I4(s)

©,
O,

* Back EMF Ey(s) = K Qm(s)

1
e Angular position  ©m(s) = ng(S) O,
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DC motor: Block diagram

Feedback system

© Siamak Najarian 2025
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Transfer function (TF) with feedback e
(Black’s formula)

* Negative feedback system

R(s) E(s) Y(s)
q % >| G(s) I >
[ H(s)]e
Y(s) = G(s)E(s) Eliminate E(s) a(s)
) - —) Y(s) = R(s)

E(s)=R(s) - H(s)Y(s) 1+ G(s)H(s)
OLTF = Open Loop Transfer Function = Loop Gain G(s) : forward path TF
CLTF = Closed Loop Transfer Function G(S)H(S) - open-loop TF
FPTF = Forward Path Transfer Function = Forward Gain '

Forward Gain Y(s)
1+Loop Gain ~ R(s)

* Black’s Formula: Closed-loop transfer function is given by:

= CLTF

© Siamak Najarian 2025 1 1
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DC motor: Transfer functions

K;
Qn (s) (Las + Ra)(Jms + Bm) K,
F — h — —
11, =0, then Ea(s) 4 n Ky K (Las + Ra)(Jms + Bm) + KpK;
(Las + Ra)(Jms + Bm) G1(s)
1
_ Qn(s) _ B Jms + Bm | Las + Rq
H Ba =0, ther TL(S) B 14 KpK; Bl (Las + Ra)(Jms + Bm) + KpK;
(LaS -+ Ra)(JmS -+ Bm) Go(s)

In general, when 7, #0 and E_,# 0, we can prove the following equation (see next
slide):

) n(s) =Ci9E(s) +Go(s)Te(s)  EH)

1

S

Om(s) =

() = = (G1()Eals) + Ga()T1(5))

© Siamak Najarian 2025 12
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DC motOr Derivation of TFs

* Why Qn(s) = G1(s)Eu(s) + Go(s)T1(s) T

Ea Qm

Q(s) = F1(s) [-T1(s) + Fa(s) { Eals) — F3(s)Sln(s)}
=) {1+ F1(s)Fa(s) F3(5)} Qm(s) = F1(s) {~Tr(5) + Fa(s) Ea(s)}

_ F(s)F(s) O Fi(s) .
= 0= RO RERO S T RO RORE LY

) | Sn(s) = Ga(s)Ea(s) + Ga(s)TL(s)

© Siamak Najarian 2025 13
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DC motor: TFs (cont’d)

* Note: For DC motors, L s << R, (for moderate values of s). Then, if
T,(s) =0, an approximated TF is obtained by setting L = 0.

/ 2" order system 1st order system

Qn(s) K, K,

Ts+1 RoBm + KK RaoBm + Ky K;

2"d order system wm)p 15t order system

Om(s) K
Eu(s) s(Ts+1)

Om(s) = %Qm(s) —

© Siamak Najarian 2025 14
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aplace of mind

Gearbox Transfer Function

* A gearbox is a mechanical device which is used to increase the output
torque or to change the speed (RPM). Below are some of its applications:

Car engine and jet engine DC motor Wind turbine

Anemometer

ve 'y

High speed shaft BN :J'f\grqg
Blades Gear box Generator

Rotor

Low speed
’n
Wind “' g’
direction
M .
Brake

\ L__Tower

Pitch

control

Industrial machines, such as
paper machine, elevator,
conveyor, etc.

06 N 1
02 B Nl B 11
N, N,:number of teeth on gear 1 and gear 2 15

© Siamak Najarian 2025
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Gearbox Transfer Function

T1(t) 01(t) b1 Nz 2 rz(t)—T1(t)£

.. : L
—> JO,(t) = Tl(t)x_i_ B 0,(t) — K0,(t) — Js?6,(s) + BsO,(s) + K0,(s) = Tl(S)Z_j

> (Js? + Bs + K)0,(s) = Ty(s) 22 (1)
1
01 _ Ny _ 1 substitute in (1)

L
== - 0,(s) = 91(5)% —>

0, B Ny T1

91(5)_ ( )2
T.(s) (Js? + Bs + K)

- (Js2 +Bs+K)91(s)( )Z—Tl(s) —>

© Siamak Najarian 2025 16
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Modeling

¥ Laplace transform

v Transfer function

¥ Models for systems
w’f « Electrical
v * Electromechanical

v * Mechanical

W Linearization, delay

N

Course roadmap

Analysis

Stability
* Routh-Hurwitz
* Nyquist

:> Time response :>
* Transient

» Steady state

Frequency response
» Bode plot

t

Matlab simulations

ELEC 341: Systems and Control

Design

Design specs
Root locus
Frequency domain
PID & Lead-lag

Design examples

/

17
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Linear system

ELEC 341: Systems and Control

* A linear system satisfies the Principle of Superposition:

r(t)

— System

e

r1(t) — y1(t)
ro(t) — yo(t)
Vaq,ao € R

} = o171 (1) Faora(t) — a1y (t)+aoya(t)

('V' means 'for all’)

A nonlinear system does not satisfy
the principle of superposition.

18
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aplace of mind

Why linearization? UBC

oy o Ny gy
—i‘|.|.i'i~

* Real systems are inherently nonlinear because system parameters like
stiffness K and resistance R often vary with other physical quantities such
as displacement or temperature.

* For example, in mechanical systems, a spring might follow the relation
F(t) = K(x)-x(t), where K is not constant but changes with the position x.

e Similarly, in electrical systems, resistance can depend on temperature, as
in V/(t) = R(T)-i(t), where R increases with temperature T.

* Many control analysis/design techniques are available for linear systems.
* Nonlinear systems are difficult to deal with mathematically.

* Often, we linearize nonlinear systems before analysis and design. How?

19
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Linearization

Linear Systems:

= Easier to understand and obtain solutions.
= \We can use superposition.
" Linear ordinary differential equations (ODEs):
= Homogeneous solution and particular solution
* Transient solution and steady state solution
= Solution caused by initial conditions (ICs) and forced solution
" Easy to check the stability (after we apply Laplace Transform
to ODEs).
= As part of the control theory, we will look at a systematic method
called Generalized Method for Linearization for handling these
types of control problems.

20
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Taylor se

ELEC 341: Systems and Control

ries expansion

e Taylor series expansion of a smooth function
(i.e., infinitely differentiable), g(x), around x = x,
can be obtained as shown below:

dg(x)

£ R i r — X g(ﬂ?) A
g( ) g( 0) -+ dr a::wo( O) g(ac)
d?g(x) (z — x0)?
L dx? =y 2 LAl g(zo)
(=0 if 2 ~ x0) 3350 - T
9@) ~ gao) + LD (@ ap)
T=IQ

21
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Example 1: Nonlinear spring

* Linear spring: x(2)
N i
Mi(t) =F(t) — Ka(t) NI
= X(s) 1 \§\ _’ F(2)
F(s) Ms2+K \\\

* Example of nonlinear spring:

Nonlinear term! Jk 4

Mz(t) =F(t) — Kz(t) — 23(¢)

* We cannot represent L {a:3(t)} in terms of X(s).

© Siamak Najarian 2025 22
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Example 1 (cont’d):
Specifying an operating point

* Operating point: The point around which the system is assumed to
be operating.

N ) [(F, x) = (0,0) : static equilibrium]

N K

g—/\/\ —» F,

N 1t

N\ RS [(F, x) = (Fo xp) : operating point]
0o o r

* We linearize the nonlinear system around a specific operating
point.

* Note that sometimes the operating point is also called equilibrium
operating point or even equilibrium point.

© Siamak Najarian 2025 23



Lecture 5: Modeling of DC motor, linearization, and time delay ELEC 341: Systems and Control

Example 1 (cont’d): Linearization Procedure

Step 1: Identify input and output variables:

F(t) = input
x(t) = output

Step 2: Express non-linear ODE in the form of f (i, x,x, F) = 0.

Step 3: Find the Operating Point (OP) of (x,, ). That is, find F,
at the given x,,.

Step 4: Write the Taylor series expansion at (x,, ), i.e., at the
OP.

Step 5: Change variables to perturbation variables in the Taylor
series expansion.

Step 6: Re-write the Taylor series expansion as a linear ODE.

The linearized model is valid only around the specified operating point!

© Siamak Najarian 2025 24
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a place of mind

Example 1 (cont’d)

Our aim is to linearize the ODE at x = x,, Mi(t) =F() — Kz(t) — z2(t)

Step 1:

Identify input and output variables:
F(t) = input
x(t) = output

Step 2:
Express non-linear ODE in the form of f (X, x, x, F) =0, (in this case, f (X, x, F) = 0):

ME(E) = F() — K - x(t) —x3(6) == f(,%F)=Mi+K x+x3—F(t) =0

) | ME+K-x+x*—F(t)=0]
Step 3:

Find the operating point (x,, F7)). That is, find I, which is the operating value of F'at x = x,;:

2(t) = xp, &(t) =0, #(t) = 0 b Ag//o+1<.x0+xg—p0=o
0

Note: x,1s a given value. If it is explicitly given, you can
substitute it in the F,equation and find the value of F,. 25

—[F0=K.x0+x8’ ]

© Siamak Najarian 2025
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a place of mind

Example 1 (cont’d)

Step 4:

Write the Taylor series expansion at (x,, ), i.e., at the Operating Point (OP):

iy _ rr | o w . Of 3 of 3
FGx ) = fGon ) + 2] G —i+ 2] G-+ 2| ¢ -F |

Step 5:
Change variables to perturbation variables in the Taylor series expansion:

0X = x — Xy
OF = F — F,
60X = X — Xy

of

[fo‘e, ¥ F) = fGoxo Fo) + o8 65+ 5

5% + ==
OP Ox

af
ox + —
OP or

OoF Eqn. 1
OP

© Siamak Najarian 2025 26
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aplace of mind

Example 1 (cont’d)

—i\l | i’ih

Step 6:

Re-write the Taylor series expansion as a linear ODE:

fG,x,F)=MX+K- -x+x3—F(t) —>
% =M % =K+3x3=K" % S e
oP 0 OP oP
f(&,x, F) = f(%y, xy, Fy) + MGZ% + K - 6x + (—1)8F
We know that f (%, x, F) is also equal to O: E—) [ MS% + K ™ 6x = 6F ]
Linear!

Note that if we take the Laplace transform of the above linear ODE, we obtain (use 6x = X):

[ X(S) ] 1 } Note: “~" is the same as "6"

F(s) Ms2+K*

where Z{6x(1)} = Z{x(#)} = X(s) and Z{SF (1)} = Z{F(?)} = F(s).

© Siamak Najarian 2025 27
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aplace of mind

Linearization (General Method)

The Six Steps of Linearization

r(f) c(f)
»

——>» System

1) Identify the system model’s input »(¢)and output c(¢).

2) Express Model in the form f(»,7,#,...,¢,¢,¢,...) =0.
3) Define an equilibrium operating point (r,c) = (ro,co ).

4) Perform a Taylor Series expansion about the operating point (ro ,co) retaining only 1*
derivative terms.

f(@,ri,...,c¢c,...) = f(r,,00,...,.c,,00,...)

q. ( ) q (. .) aj. (.. ..)

— r-r)+—=— F =T, )+ i =i ) +..

Ol e ¥, c) 07l e,y
TN fe-c)+ Y (-0)+Y (-2
+ c-c,)+= ¢ )+= E=¢ )+...
& (n.,) aC (ry.¢5) aC nis)

28
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aplace of mind

Linearization (General Method)

5) Change variables from original input »(¢) and output ¢(¢) to deviations about the defined
operating point. These new variables are the differences required in the Taylor expansion.

Note: ¥ =
“~"is the same as "&"

with f(r,,0,0,...,¢,,0,0,...) =0 from step 3 yields
f(F,F\F,...,8,C,Cy..) =0 + g ¥+ 1 ¥+ a—f ¥ 4.
a‘ (75.¢0) & (7,¢5) ar (r.6,)

o

.[i }E‘+ : ]3 +[@: ]E ...
&l c,) ¢l c.,) Ol )

Note: Each of the terms in square brackets evaluates as a constant.

6) Rewrite the function defined in 5) in the standard ordinary differential equation form.

0l c,) 0¢les, c.) &l c,) Ol c,) Fl, ) ¥l )

© Siamak Najarian 2025 29
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aplace of mind

Linearization (General Method)

The Six Linearization Steps Summarized:
1) Identify input and output variables.
2) Express non-linear differential equation in the form f(»,r,#,...,¢,¢,¢,...) =0

3) Find the equilibrium operating point (r,c) = (ro 50, ) i.e., find r, at the given c,.
4) Perform Taylor expansion neglect derivatives above first order.

5) Change variables: ¥ = (r —ro), ¥ =(r —fo), ¢ =(c -C, ), ¢ =(¢ —éo),

6) Rewrite result as a linear ODE in standard form.

Note:
The standard form of a linear ODE means that all the terms related to the input are

placed on the right-hand side of the ODE and all the remaining terms on the left-
hand side.

30
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aplace of mind

Time-delay UBC

oy o Ny gy
‘i‘i'ri'i-

int t) . temperature
y(t) = r(t — Ty) P r(t) P % low temp. water

A few applied examples are given below:

Metering

L . +— ) V4— ‘Jalvu<
Mixing fluids j : N

|4 d ,{ high temp. water
: d
Delay time: 1; = —
Thickness v
Steel thickness measurigg gauge
control Jy(#) = r(t —T,) Roller(9)
Ve— r(t) +—Steel plate
- 3 — Roller@
‘_\\ Y “ > — L
—~—
15\/ < e ] ;

Thickness Sensors

© Siamak Najarian 2025 3 1
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Time-delay transfer function

aplace of mind

TF derivation
y(t) =r(t—"1Ty) (Ty. delay time)

L Y(s T
= V() =cToRG) o=

The greater the time delay, the harder it becomes to control the system! (You’ll
learn the theoretical reasoning behind this later.)

Imagine you are trying to control the flow rate of water at the end of a very long
pipe by adjusting a valve at the beginning. When you open or close the valve,
the change in flow does not reach the other end instantly—it takes time for the
pressure and flow rate to adjust along the length of the pipe. If you react too
quickly before seeing the actual result, you might keep adjusting unnecessarily,
causing unstable or oscillating flow at the outlet.

© Siamak Najarian 2025 3 2
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Block diagram

e Represents relations among signals and systems
* Very useful in representing control systems
* Also useful in computer simulations (Simulink)

* Elements
* Block: transfer function (“gain” block)
e Arrow: signal
 Node: summation (or subtraction) of signals

D(s)
Y (s)

)'T- E0 b
: IH(3)|<

R(s

33
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Typical mistakes

R
_P‘ E >
x ‘ ‘\ Unclear which signal is “E”

> é—"— Signal must be indicated on an arrow.

R

>

34
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Typical mistakes (cont’d)

X .
\ 2%
There must be only one output from a node.

Both are fine, but they have different meanings!
/) Tme

‘{ ~~~---.>

/_é -/ .

© Siamak Najarian 2025 35
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Block diagram

Block Diagram Reduction

Transfer Function . C (S )

(7 (s l
L\ / Output
Signals

C(s)=0G(s) R(s)

(Only in indicated direction)

© Siamak Najarian 2025 3 6
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Block diagram

a place of mind

Summing Disturbance D(s) -

Point Control ,
Element  Manipulated Point
_ Error Signal Signal _
R(s) G, (s) o G,(s) C(s)

E(s)=R(s)- B(s) M (s)

Reference Controlle

Input B(s) Forward Path Plant d Output

@
b Feedback
Feedback omen

Feedback Path Element

Signal
i H{s) |'

* In the block diagram above, we assume that the Control Element consists of both
the Controller and the Actuator, combined into a single unit.

© Siamak Najarian 2025 37
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Block diagram

a place of mind

Definitions

e G (.S' ) = Direct transfer function = Forward transfer function = Feed-forward transfer function.

o I (S ) = Feedback transfer function.

e G ( )H (S ) Open-loop transfer function. ¢ (S G ( S)
e C (.S /R ) Closed-loop transfer function = Control ratio R ( ) 1+ ( \) ) H ( ) )
. /E § ) = Feed-forward transfer function.

Block diagram of a closed-loop system with a feedback element

© Siamak Najarian 2025 38
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Block diagram

a place of mind

R(s) C(s) R(s) G(s) C(s)
Input Output
Signals System

(a) (b)

R(s)

R(s) AL R(.v)’_

R(s)

Summing junction Pickoff point
(¢) (d)

© Siamak Najarian 2025 39
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Block diagram

a place of mind

Basic rules with block diagram transformation

Manipulation Original Block Diagram Equivalent Block Diagram Equation
1 Combining I:Iocks in X —G,>Gr—7Y X —» Gle e Y = (G'IGQ)X
cascade

Combining blocks in | X G, —»@—»
2 parallel; or eliminating \ iT ¥ X—| G, =G,

a forward loop £y

L P Y=(G+G)X

3 Moving a pickoff u GrH— U ——— ) y =Gu
~=~ || point after a block ) 1
i Il ~— u = E’ }

40
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Block diagram

a place of mind

Manipulation Original Block Diagram Equivalent Block Diagram Equation
4 Moving a pickoff UH——» G _ u GfF+» YV =G
—_ point before a block ) 8 =
Y Vai G
c Moving a summing 1’1_’®_’ G u—» G ¥
e point after a block T ¢ iy = G(Nl —u, )
U, U, —» G
Moving a summing Uy —» G > U ’ @ G >) _G
6 point before a block hg T_ y=uu -u,
Uy 1/ G [+—U,
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Summary

* Modeling of DC motor, nonlinear systems, delay
time.

* Main message up to this point: “Many systems can
be represented as transfer functions!”

* Next

e Stability of linear control systems, which is one of the
most important topics in feedback control.
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