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Typical step response (review)
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aplace of mind

Performance measures @g

* Transient response «——\ (Today’s lecture) @
e Peak value
* Peak time
* Percent overshoot
* Delay time Next, we will connect
e Rise time > these performance
measures

e Settling time ] ]
with s-domain.
» Steady state response

 Steady state error - (Done) ¥
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aplace of mind

Today’s topics UBC

oy o Ny gy
‘i\|i|'ilih

e Characterization of step responses (performance measures)
for 1st-order and 2"9-order systems in terms of (1) system
parameters and (2) pole locations:

e 1st-order system:

K
G —
(8) = 71
e 2nd-order system: 5
Wn,
G(s) = 5 5
8¢ + 2Cwns + w3

* System parameters are: (K, T), (¢, »,)

Note: For second-order systems, it is not necessary to have @? in the
numerator of G(s).
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First-order system

e A standard form of the first-order system:

* DC motor example (See L5)
17,
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DC motor example (cont’d)

* If L,s << R, we can obtain a 1st-order system:

Cm(s) _ K; N K;
Ts+1 " RuBm+KyK;' ©  RuBm+ KK;

2"d order system wmp 15! order system

e Remember that:

* TF from motor voltage (E,) to motor speed (L2,) is 1st-order
(after using the approximation)

* TF from motor voltage (E_) to motor position (6,) is 2nd-order
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Step response of 1st-order system

* Input a unit step function to a first-order system.
What is the output?

Lﬁ(t) y(t)
1 U(s) K Y (s) [ ?
; -t T's—+1 0 ~t
Y(s) = G(s)U(s)
_ K/T 1 Ay = L7HY(s)} =
— s+1/T s w
_ K, -K / y(t) = K(1—e YT
s s+1/T (t>0)

(Partial fraction expansion)
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Meaning of Kand T

* K: DC gain (next slide) @ y(t) = K(1-e¥7)

* Final (steady-state) value \1 K=1,T=1
im y(t) = K = T |
tl_“)oy B ~ Yss 08 /
* T': Time constant | /,/ K(1-e1)~063K

* Time when response rises
to 63% of final value

* Indication of speed of

Amplitude
(=] (=]
' o
§

response (convergence) 02 [ initial slope =X - T = initiaIKsIope
* Response is faster as T ] I
(also shown by 7) becomes % 1 2 3 4 5 6

smaller. | Time
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DC gain for a stable system

* DC gain: Final value of a unit step response
* For a stable system G, DC gain is G(0O).

lim (1) = lim sG(s) - = G(0)

 Example:

Gls) = 231 5 G0 = g

Note: The formula for the DC gain can also be used for systems of any other order. For
example, if you have a 2"9 order system, you can use the same formula to find the DC gain.

10
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Settling time of 1t-order systems (&

y() = K(1—e 1) or  y(t) =yss (1 - e T)

* Relation between time and exponential decay (K = y_,):

t o T y(t)

0 1 0

T 0.3679 0.6321y,,

2T 0.1353 0.8647y .,
3T 0.0498 ~5% | 0.9502y.. ~ 95%Y..
4T 0.0183~2% | 0.98171y .~ 98%Y..
5T 0.0067 0.9933y,,

5% settling time is about 37
2% settling time is about 47T

11
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Step response for some K& T

K=1, T=1 E K=1, T=2

N
N

(a) (b)

-_—
-_—

Amplitude
Amplitude

(c) (d)

Amplitude
Amplitude

0 5 10i 0 5 10
Time Time
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System identification

e Suppose that we have a “black-box” system:

u(t)

!
L = Unknown I_’
. >1

0

* Obtain step response experimentally:
y(t) 1

> L

e Can you obtain a transfer function? How?

13
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Summary:

Step response of 1%t order systems
K
Ts—+1
* For 15t order systems, step responses have:
e Steady-state value: K
* Peak value, peak time, percent overshoot: undefined
e Delay time: 0.7T
* Rise time: 2.2T
e Settling time:

G(s) =

X is used to show poles

e 2%:4T .
. LO/. aster  slower *|m
5%: 3T- | | ] :
* Characterization in terms of poles: % >
1 Re
1 1 1 T
Ts+1=0-s=—=-|pole] ==—-|T =
T T |pole|

14
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Second-order systems

e A standard form of the second-order system:

G(s) = w% (. damping ratio
24 2wns + w2 wn, . undamped natural frequency

Note 1:

For second-order systems, it is not necessary to have @.? in the
numerator of G(s).

Note 2:
Other names for { are damping factor and damping coefficient.

15
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Example 1:
Second-order system (a mechanical system)

* Mass spring damper system (L4):

A 4 X(s) :
F(s) Ms?2 4+ Bs+ K
K B _ = 1
I-I—l K (M/K)s2+4 (B/K)s+ 1
‘ M ‘ x = 0: Static equilibrium _ 1 (K/M)
------ = K524 (B/M)s+ (K/M)
*l‘ i w%
(@) x() T K 2+ 2Cwns + w? =
W2 = K/M __8B _ K
> n - > C - 9 Wn = &
M
2w = BJM 2VKM
Note: Presentin X(s) in the form of (%) is also acceptable
: g F(s) Sz+(%)s+(%) P .

16
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Example 2:
Second-order system (an electrical system)

* Series RLC circuit system:

R Sl
IM Y Y Y |
+ lr T
Vg C_) 1/SC —~V OUtpUt
Input -

* If the output is the capacitor voltage (/):

Vo (sC)! - ]
V, R+sL+ (sC)"  s°LC+sRC+1

17
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Example 3:
Second-order system (an electromechanical system)

* DC motor position control:

Amplifier Motor
R(s) Es)[ 05 ] ©n)
K > >
s(s +2) Om(s) 0.5K

R(s) s2+2s+05K

e Standard form of the second-order system:

.
W 1

G(s) = n —> — \/O_SK; - -

) = 2 e & 2 “n ‘= JosK

18
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Step response of 2"%-order system

* Input a unit step function to a 2nd-order system.
What is the output?

u(t) y(t)
1 ?
2
0 —_— “n » 0
2 + 2(wns + w,,%

lim y(¢) = lim SG(S)1 = (G(0) =>
t—o0 f s—0 5

Final value theorem

DC gain
=) tlim y(t) = G(0) = 1;if G is stable
— 00

19
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Step response of 2"d-order system
for various damping ratios

 Undamped

-@rdamped

* Critically damped

(=0

O0< (<1

(=1

* Overdamped

© Siamak Najarian 2025

¢>1

ELEC 341: Systems and Control

y(1) (=0

0.5¢

0 5 10

¢ =0.2

X

¢=0.5

15
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Step response of 2"d-order system:
Underdamped case

* Math expression of y(t) for underdamped case, i.e.,
for 0 < ( < 1:

w% 1
Y(s) = s2 4 2Cwns + w,,% | B
[,_1 e—Cwnt
=) | y(t)=1- sin (wdt + cos™1 C)

Damped natural frequency ——— =wp\y1—¢ °

21
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aplace of mind

Peak value and peak time: Underdamped case

> ‘x —Cwnt
J1-¢ sy (t) = c sin (wdt—l—cos_lg)

) .
Ymaz =1+ € 1= L .
1.4 C = (0.2
s 1.2

CUd 1 EEN
0.8
0.6
0.
y(0) =
0 'S :
y'(0) = ! 5 i 10 ; 15
2 27 L wnt
Wy B Wy "

22
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Properties of underdamped 2"-order system in terms

of  and o,

2

“n 0< (<1

G(s) =

s2 4+ 2Cwns + w%

(5%) (2%)

Settling time, Ty | =~ C%n or %@
[ T

wq wpV/ 1—C2

Peak value, y.,ax

1 —|— e_Cﬂ-/ Vv 1_C2

Percent overshoot,
PO or % 0S

100e—¢7/V1-¢?

© Siamak Najarian 2025

14 0.7¢
wn

Delay time = T; =

1

Time constant=T = —
Cwn

PO - 1006—7T/tan 0

23
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Remarks for underdamped case

: : R
* TimeconstantisT = o indicating convergence speed.
n

* Percent overshoot depends on ¢, but NOT ®,. (See the next
slide.)

* For £ > 1 (overdamped case), we cannot define peak time, peak
value, and percent overshoot (PO).

* For the 2nd-order transfer function, we can use the following
formula for the rise time:

1763 — 0.417¢% +1.039¢ + 1

. 0 L6 1
wn

* |t has been shown that the rise time is mainly affected by the
dominant poles (i.e., the poles closest to the imaginary axis).

24
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of 1st and 2nd order systems

EEEEEEE : Systems and Control

PO VS. damplng ratio

100

80

60

40

Percentage overshoot

20

|C7r

100e

1-¢2____

N,

S

T,

\

0.4 0.

Dampin

g ratio {

6 0.

8 1.0 1.2
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Step response properties of underdamped
2"dorder system in terms of pole locations

* Poles (0< (< 1) Im+
. Root s-plane
s:—gwnijwn\/l—gz " A— —F
\ Y J }\ ;
¢ = cosd W g wn |Wi=wnyl-C
,
T'=Time Constant = 1/Cw,, ” l >
>4'CW’:'L_""” Re
ST, =3T=7— ; 2%L=4T=——
Pole Performance
: — 3 A1 _ 3 4
Real part (w, determines T = Cwﬂ%@n Rel’ TRe
Imag. par rmin Ty=— |2
ag. part wy dete ! es P= 0y T
Angle 0 determines overshoot
cos § = (j—”={ ;  tan@ = ;Z)d = “1(_(2 =) PO = 100e~7/ N4

© Siamak Najarian 2025 26
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ELEC 341: Systems an d Contro !

Angle O and the overshoot

X

.
.
(3
.
.
— .
 e— — .
.
.
.
.
.
.

A Im

Re

( =cosfd =0.5

a
A\ 4

0.8

/

0.6

16% overshoot

0.4 /
0.2
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A Im
o=" x.
1
= C0s = — ~ 0.707
‘ /2
|
1 //1
0.8 //
06 / 5% overshoot —
04
a /
00 2 4 6 8 10
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Influence of real part of poles

ELEC 341: Systems and Control

* As (w, increases, settling time T, decreases.

Im4
14—
1-¢2
Root s-plane
-~ —F
/'}\ _ 2
9 u_)n wd — Wn 1 - C
” \ l : 1.05
)‘_C(A)n* 0 Re ;gg
Ts = =
< ° 7 Cwn
Root
Ty = L, = constant i
1
1— N

> sin (wdt + cos™ ! ()
1-¢

y(t) =1-

So— - — liﬁﬂ?ﬂ: ______
l"‘* e—Swnt
S
| Ts w,t

28
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Influence of imag. part of poles

ELEC 341: Systems and Control

* As damped oscillation frequency (w,) increases, T, decreases.

Im#4
1 i
Root s-plane =
1T
/,}\ i
9 w'n Wi =Wn C
[‘ \\\ l 1.05
> .
)"C(A)n*ﬂ Re ;.gg
T, =T
X P wg
Root 3
Ts = e = constant 0=
o1 f
1—¢2

B—Cwnt

1—¢?

sin (wdt + cos™1 g‘)

4—/’ A
s __i__z.q:__;,{:__ _____ =
e e—Cwnt
1 —
1-—-¢2
T, T, w-,,t
29
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aplace of mind

Influence of angle of poles UBC

* As O decreases from 90° to 0°, T increases from 0 to 1 and W
overshoot (or undershoot) decreases.

y(t) =1 - = sin (wdt + cos™1 C)
90° . 1— (2
0 l+—=—
s-plane e
e—Cwnt
T lt_____al + 2 — _(m -
5, Ymaz =1+ ¢ ey
Wy =wpy1-( f,.\f
f’l |
1.05 fumeny f,f\\ e —
" ol N i
Re 0.95 ] 31; :
1 "J/ '
( = Ccosf x— [N e
X PO Jllll A1 — <2
Aot Wy, = constant ; / :
1 Ts w,t

30
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aplace of mind

Variation trend of Tp, 1, PO, and Cin s-plane

r
- COSOOC% PO,
™ j(ﬂ
< =1 A o
— O T, P p—
\TS — CTTL POI P z
s-plane
T, !

1 -

§

Arrowheads show the direction
of increase in parameter.

bl

31
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Summary

* Step responses of

* 1st-order system is characterized by:
* Time constant (7') and DC gain (K)
* Pole location

* 2nd-order system is characterized by:

* Damping ratio ({') and undamped natural frequency (®,)
* Pole location

* Next
* Time response examples

aplace of mind
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