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Summary up to now &
Topics from now on

* Modeling: How to represent systems with transfer
functions (s-domain).

* Analysis: How to extract time-response information
from s-domain.
e Steady-state error depends on TF evaluated at s = O.
 Stability and transient depends on pole locations.
* Frequency responses contain all this information.

* Design: How to obtain “satisfactory” closed-loop
system.

* Poles can be placed by the root-locus technique.
» System’s frequency responses can be shaped in Bode plot.
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What is frequency response?
r(t) = Asinwt (1)

‘. ‘. yss(t)
] I L A I L\ 2 >
Stable linear NV,

. system .

* We would like to analyze a system property by applying a
sinusoidal input r(t) and observing a response y(¢).

* Steady state response y_(#) (after transient dies out) of a
system to sinusoidal inputs is called frequency response.
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Example 1

e RC circuit
R

* Input a sinusoidal voltage r(t)
* What is the output voltage y(7)?

Y(s) 1
R(s) = G(S)_RCS+1

G(s) =
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Example 1 (cont’d)

|
0.8} [

0 5 10 15 20 25 30 35 40 4 0

At steady-state, (f) and y(f) have the same frequency,
but different amplitude and phase!
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Example 1 (cont’d)

* Derivation of y(t):

_ -+ t _i/1 s+l
Y(S)—G(S)R(S)‘SH32+1_\2<s+1 | 82+1)

* Inverse Laplace: Partial fraction expansion

y(t) = % (e_t — cost + sin t)

Approaches 0 as t goes to infinity.

) Yss(t) = %(— cost +sint) = %sin(t — 45°)

Trig identity:

1 .
- yss(t) — E Sln(t - 450) a.sin(t) + b.cos(t) = (\/a? + b? ).sin(t + 9)

where 6 = tan™! (2)

a

7
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Response to sinusoidal input

* What is the steady state output of a stable linear
system when the input is sinusoidal?

r(t) = Asinwt y(t) 4 Vas (1)
|Zx [\_. — G(s) — 2NN

* Steady state outputis yss(t) = A|G(jw)|sin(wt + /G(jw))
* Frequency is the same as the input frequency W

« Amplitude is that of input (A) multiplied by |G(]w)|

* Phase shiftis ZG(]W) GY
daln

Phase Shift is also called Phase Angle.
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Phase shift

R — G(s) |-
yl1) ) )
e ‘\\ e ‘\\
R . R S
/ t
\\\ // \\\ /7
N . R N . s
;
i€ _>: Tshi ft E
mmoomoe e :
Tpem’od
Tshzft _ —ZG(jw) ) ZG(jw) _ _ shi ft % 360°
Tpemod 360° period
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Example 2 (revisited)

 What is the steady state output of a stable linear
system when the input is sinusoidal?

(Y y(t)
—G(s):8+1 > \ \

r(t) = sint
A=1:w=1 yss(t) = A|G(jw)|sin(wt + /G(jw))
\\~>
Gain: G(j 1)| Phase:
_ - [G(j-1) =/
GG - 1) :‘]—1| —11—1(34—1)
— 1 _ 1 — __ ko0
RS _0450 =45
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Example 3

* What is the steady state output of a stable linear

system when the input is sinusoidal?
(0 4 y] o«
[% AR
2 —\—f— S
_’G(S)zs-I-Q > \ II \ I'
r(t) = 7 cos 3t \, \,
A=7 ; w=3
5
t) =7 — COS(3t 0 :
Yss(t) i3 (3t + - ) Phase: :
GG3)) CU3) | 16G-3) = L3775
' Phase
1 Gain = Z5 1(3] —|—2)J
=0"  =tan~ %
yss(t) = 9.7 cos(3t-56.3) 0 =-56.3°
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Example 4: Frequency response function

* For a stable system G(s), G(jw) (w is positive) is
called frequency response function (FRF).

* For each w, FRF represents a complex number
G(jw), which has a gain and a phase.

* First order example:

e G(1 — =
6=, = G = g =FRF
1
G(iw)| =
- |G (jw)| \/1+w2

/Gljw) = /(1) - /(jw+1) = —-tan" 1w

12
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Example 4: First order FRF (cont’d)

* FRF G(jw) =

Jw—+1

frequency gain phase
w G(jw)| | LG(w)
0] 1 0°
0.5 0.894 | —26.6°
1.0 0.707 —45°
o0 0] —90°

 Two ways to represent a complex number (either gain-

phase plot or real-imaginary parts plot), therefore, two
different graphs can be used to represent FRF:

* Bode diagram (Bode plot) (today’s and next lecture)

* Nyquist diagram (Nyquist plot) (in two lectures)

© Siamak Najarian 2025
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Example 5: Second order FRF

For the given G(s), find the FRF magnitude and phase equations?

e Second order system (Method 1):

2
G(S)_32-|-38-|—2
= G(w) = : S —
T T G2 +30w) 2 2-w24 3w
-
2
G(iw)| =
|G(jw) \/(2_w2)2+9w2
=< [GGiw) = /(2)=/(2-w?+j-3w)
— —tan_l 3w
. 2 — w2

© Siamak Najarian 2025
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Example 5: Second order FRF

e Second order system (Method 2):

2 L
G(S):32+38-|-2 =) ) =G e~ ‘YT e Die D

N 2
‘ lG(]w)l_\/a)2+1\/a)2+4
AG(]'a))=42—L(ja)+1)—4(ja)+2)=0°—tan_1(2)—tan‘1(—) ﬂ

£G(jw) = —tan™!(w) — tan™? (%)

1G(w)| =

Vw? + 1Vw? + 4

—

2G(jw) = —tan"1(w) — tan™1 (%)

15
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General Method for Computing Phase Angle

* After converting G(s) to G(jw), plug in the given value of omega and then
compute the angles based on which quadrant the vector 1s located at. That
1s, you first need to determine the quadrant in which the point lies, and
then use the appropriate equation to find the angle based on that.

Crls) = (SH)(S V(-$-)
(S+5)s-6)(-s-1V(-3+ QD

Wwe |

15t quadrant: justuse +tan~1 (‘%‘)
LOGN = d (1) + daut" (&) + o™ (5

-3

21 quadrant:  +1 180 — tan"1(|Z|) . ,
{ } " Ao (7€) - 4o () - o () - da ' ()

x
34 quadrant: — { 180 — tan™1( % )}
L 40692 40 & (- hou(4))
. -1
4" quadrant:  justuse —tan”!([%) (80407 (8) - hat(4) - (1o tct)

+(180 - 3o (1Y) 4 ton ( )

LCCed= 3Y, 00 16
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Bode p\ot (Bode diagram) of G(]w)

* Bode diagram consists of gain plot & phase plot

2010910 |G(jw)| (dB) M(w) = |G(jw)
Gain Plot 10 \ (I)(w) — LG(]C‘))
_1% 0.1 1 10 ™S00 o (rad/s)
N\
/G(jw) (deg) log-scale
Phase Plot T\ > /
0.1 \L 10 100 w (rad/s)

—90 \
—130

18
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Bode plot of a 1st order system

ELEC 341: Systems and Control

e TF ng /Corner frequency
LTI
G(s) = 1 A0 1\ QOdB/Cecade
Ts+ 1 -G (s) = uLUlLLUE
30— S ‘I‘ 1
1 FRF
40 E

. 1 i

G(jw) = - T4+ 1 5?0'2 10" 18’ 10' 10°
at deg 5 rad/s

{ 1 if1> T OHN E
~ -20
~~ l . N

—— if 1 K T T
Jwi’ _4540...................... i _45deg/decade
The shown Bode plot is for T' = 1. N
_90100IIITIIITTTFTIIITIIIFTrFT TITIF | W W B
10° 10" 10° 10° 10°
¥-----" are straight line approximations Cl ___-1=10°
T 1 19
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Effect of T on Bode plot
first order system
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m
-5} 4 =
10+ < %
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Remarks on Bode diagram

A Bode diagram shows the gain and phase shift of a system’s
transfer function G(jw) as a function of input frequency. It
characterizes how the system modifies the amplitude and phase
of sinusoidal inputs at different frequencies.

* Bode diagram is very useful and important in analysis and design
of control systems.

* The shape of Bode plot contains information of CL stability, time
responses, and much more!

* |t can also be used for system identification.

 Given FRF experimental data, we can obtain a transfer
function that matches the data (see next slide).

 MATLAB command for bode plot is “bode(sys)”.
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aplace of mind

System identification UBC

P |y iy
—i\|'|'ili-

e Sweep frequencies of sinusoidal signals and obtain
FRF data (i.e., gain and phase).

* Select G(s) so that G(jw) fits the FRF data.

1. Generate sine signals 3. Collect FRF data

2. Sweep frequencies 4. Select G(s)

L | z
2z G I | )

A @,E] @.m,@_@_& . A
v v Unknown U U
" system g
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Why deg(den) > deg(num)?

e All the transfer functions we encountered so far
have the property deg(den) > deg(num)

Ex: 1 . K K8+Z
Ms2 + Bs+ K ’ Ts+1 s+ p

 What if deg(num) is larger than deg(den)?

* Then, ,
o G(jw)| = 00 as w — o

 However, there is no such system in reality that has
increasing gain as input frequency increases to infinity.

* That is why all the transfer function needs to meet
deg(den) > deg(num)

© Siamak Najarian 2025
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Why deg(den) > deg(num)?

Strictly proper transfer function:

* In control theory, a strictly proper transfer function is a
transfer function where the degree of the numerator 1s less than
the degree of the denominator, i.e., deg(den) > deg(num).

Ss+1
s24+1

 For instance, K

Proper transfer function:

* In control theory, a proper transfer function 1s a transfer
function 1n which the degree of the numerator does not exceed

the degree of the denominator, 1.€., deg(den) > deg(num).

. S+z
 For instance, K —
S+p
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aplace of mind

Summary UBC

P o Ry gy
‘i\|'|'iii-

* Frequency response
» Steady state response to a sinusoidal input

* For a linear stable system, a sinusoidal input generates a
sinusoidal output with same frequency but different amplitude
and phase.

* Bode plot is a graphical representation of frequency
response function.

* Next
 How to sketch Bode plots
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