SOLUTIONS TO HOMEWORK ASSIGNMENT # 7
1. Determine the nature of all singularities of the following functions f(z).

(a) f(z) =cosl/z.

1
(b) f(=) = 22sinz’
(©) f() = .
Solution:

(a) z = 0 is the only singularity. It is an essential singularity since the Laurent series
expansion about z = 0,
1

1
COSl/Zzl—Q‘—ZQ—i—M—F,

has infinitely many negative powers of z.

(b) The singularities are z = 0 and z = nm,n = +1,£2,.... The singularity at z = 0
is a pole of order 3 since z = 0 is a zero of order 3 of 2%sin z. This follows easily from
the Maclaurin series about z = 0 :

1 1 - 1
2., .3 1.5 T 1\ n+3
@isinz = 2" — gz +5!z + ngzo( 1) (2n+1)!z :
The singularities z = nw,n = +1,+£2,..., are simple poles since they are simple zeros

of 2%sin z.

(c) z =0 is a simple pole since

z z 1 1

-1 :z2+z4/2!+z6/3!+--- :z+z3/2!+z5/3!+--~ :;g(z)

ez

where ¢(z) is analytic at z = 0 and g(0) # 0. In fact g(0) = 1, although what’s
important is just that g(0) # 0.

The other singularities are the non-zero solutions of e” = 1, that is z = v/2nm, where
n is a non-zero integer. They are all simple poles since

d, .
d—(ez — 1) |,—yzmm= 2V 2nme*™™ = 2v/2nm # 0.
2

2. Evaluate the following integrals. In each case the contour is positively oriented.

(a) / zZ"dz, where n is an integer.
|z|=R

(b) / cot zdz.
|z|=3



1
(c) / —dz.
s—1|=4 28I 2

Solution:

(a) Make the substitution z = Re’. Then dz = Riedf and so

=27 0=27 2 _
/ Ny = / ZRn—He(—TH-l)zOde _ ZRn+1 / e(—n-l—l)wdg _ { 2mR n=1
|z|=R 6=0 6=0 0 n#1

0=2m
It is obvious e 049 — o if n = 1. If n # 1 then the Fundamental Theorem

=0
of Calculus gives
0=27 (=n+1)10 | p=21
/ ety = © ’9 7=
9—0 —n—+1 lo=0

The point to this question is that the function f(z) = z is not analytic, for if it were

the Cauchy Integral Theorem would tell us that Z"dz =0 for n > 0.
|z|=R

(b) This is a straight forward application of the Cauchy Residue Theorem:

ZCOS Z

= 2m.

/ cot zdz = 2miResidue(cot z, z = 0) = 2m
|z|=3 Sz 1z=0

COS 2

The singularities of cot z = are z = nm,n = 0,4+1,+2,... They are all simple

sin z
poles, but only the singularity at z = 0 is inside the cirlce |z| = 3.

zsin z
singularity at z = 0 is a pole of order 2 since the Laurent series at z = 0 is

(¢) The singularities of inside the circle |z — 1| = 4 are z = 0 and z = 7. The

1 1 1
zsinz  22(1 — 22/31 4+ 24/5! — +...) _§+6+”.
Here we have used the geometric series:
1 B 1 B 1
zsinz  z(z—23/31 4+ 25/50 — +--)  22(1 — 22/31 4 24/50 — +...)

1
22(1— (22/30 — z4/5! + -+ +))

= %(1 + (2%/3 = 2Bl 4 )+ (223 = 2Bl )P )

1
= — +1/3!+ higher powers of »
z

Therefore the residue at z = 0 is 0.



Another way to see this is that

1 1 z

puar ;g(z) where g(z) =

sin z

Now we could expand g(z) = z/sin z as a Taylor series about z = 0. But since g(z) is an
even function it follows that the Taylor series will have the form ag 4+ a;2% 4+ as2* 4 - -,
and therefore the residue at z = 0 is 0. We don’t actually have to compute the Taylor
series.

The singularity at z = 7 is a simple pole and therefore the residue at z = 7 is

- 1
cT = —1/m. Therefore / dz = —92.

lo—1|=4 ZSID 2

ZSINz le=n
o0
. Let f(z) be the power series Z n?z".
n=0
(a) Find all z such that the power series converges.

(b) Find a closed form expression for f(z).

Solution:

(a) By the ratio test the series converges for |z| < 1 and diverges for |z| > 1. The series
diverges for |z| = 1 since the terms n?2™ do not go to 0 as n — oo if |z| = 1.

=1+z2+2°4+2°+-- Then

(b) Consider the geometric series
-z

d
za(l—z)_1:z+222+3z3+---

Do it one more time:

d d d
92,2 L 923 | . _ Bl A B I 0 I e Rl G )
24227+ 3%2° + Zdz<zdz( 2) ) 2 (2(1—=2)7%) .

o
1
. Find all z such that the power series E — 2" converges.
n

n=1

Solution: By the ratio test we see that Z — 2" converges for [z| < 1 and diverges for
n
n=1

= 1

|z] > 1. It also converges for |z| =1 by comparison with the series Z —
n?.

n=1
. Suppose f(z) is analytic for |z| < 1 and |f(z)] < M for |z| = 1, where M is some
constant. Show that |f(0)] < M and |f'(0)] < M.



Solution: This follows from a Cauchy Integral Formula and the M L inequality:

1 e Lo
f) = om ) ——dz = |f(0 )]gzﬂM%_M
/ _ 1 f(Z) ! 1 o
POy = 5n ) 22 B POl goafzm =M

Exercise: What inequalities do you get for | (™ (0)|?

. Determine if there is a function f(z) which is analytic in some open neighbourhood of
the origin and which satisfies the following. If there is such a function find a closed
form for it and state where f(z) is analytic.

(a) F®(0) =k for k > 0.
(b) f¥(0) = (k1)* for k > 0.
(¢) f(0) =m and f®(0) = (=1)"'25(k — 1)! for k > 1.

f’“(O
k!

oo
Solution: In all cases we consider the Maclaurin series f(z Z
k=0

—fH0) L
=>. L :Z(k_

k=0 ’ k=1

= ze*. Thus f(z) is entire.

(b) In this case we would have f(z Z k!2"*, which diverges for all z # 0. Thus there

k=0
is no such function.

(c) =T+ Z k+1— Z k+1 =7+ Log(1 + 2z).

k=1
This converges for |z] < 1/2.

. Evaluate the following integrals. In each case the contour is positively oriented.

1
(a) / mdz, where R > 1 and Cf is the real axis from —R to R together
Cr z z

with the upper half of the circle |z| =

(b) /| 12261/len(1/Z)dZ

Solution:

(a) The singularities of f(z) = occur at the roots of z2 + z 4+ 1. The only

22+24+1

root inside the contour Cg is z = €™/, and it is a simple pole. Thus



1 1
/ ———dz = 2mResidue (2—, z = 627”/3>
op 22t z+1 2 +z+1

P 627rz/3

Z—
224241
1

2z+1

= 27
2—e2m1/3

_27r

Z=€27”/3_ \/g

(b) The only singularity of z2e/#sin(1/z) occurs at z = 0, and it is an essential
singularity. Therefore the formula for computing the residue at a pole will not work,
but we can still compute some of the coefficients in the Laurent series expansion about
z=0:

= 2m

1 1 1 1 1 1
2,1/2 g — 2 B e T e
z?eFsin(l/z) = =z <1+z+2!z2+3!z3+ )(z 3!z3+5!z5 + >
Y R O Tl
— z —_ J— - — - e =z - “ e
z 22 2 6) 23 3z
1

—>  Residue(z?¢"*sin(1/z),z = 0) = 3

3
Exercise: Read about the Cauchy product in the text.

oo .2 1
. Evaluate / Tt dz.
0

2
Therefore / 22t sin(1/2)dz = nliky
|z|=1

x4+ 1
Solution:

1 2
Consider the integral / %dz, where R > 0 and Cj is the positively oriented
Cr Z
contour comprised of the segment of the real axis from —R to R and then the upper
half of the circle |z] = R. Let C%, C% denote the real axis portion and the circular
1+ 22

;dz = 0 since the degree of 2* 4+ 1 is 2 more than

portion resp. Then lim
R—oo C}é ]. + VA

the degree of z? + 1. The singularities are at the solutions of the equation z* 4+ 1 = 0,

that is

m/4

s —¢ 37rz/4’ oy = 657”/4, oy = 677”/4.

L2 =€

w4 3m/4

The only singularities in the upper half plane are z = e , and they are

simple poles. It follows that

oo .2 1 1 2 1 2
/ Tt dr = 2m | Residue +e ,e™* ) + Residue i, e3m/A
o Tt 41 1+ 24 1+ 24

B (Z - 6%1/4)(1 + 22) (Z . e37rz/4>(1 4 Z2>
- 27TZ ( y—e3m/4

,Z=e

14 24 2=emi/4 14 24



1 1-—
= 2m (4 + + Z) :_%Z ((1_Z)€3m/4_’_(1+2)67rz/4))

(oo () 0 ()

m
= ———(—(1=2)?+ (1 +2)?) =7V2
s (=0 ()
© 241 s
Theref ——dr = —.
ereore/0 x4+1x 7

Remarks: In this calculation we have used the fact that }%im QEZ;dZ = 0,
—00 o zZ
where P(z),Q(z) are polynomials such that degree(Q)) > degree(P) Ij— 2. See page

P
322. The basic reason for this is that (2)
z

d = degree(Q)) — degree(P); whereas the arc only has length mR. Therefore the ML
inequality guarantees that the integral goes to 0.

4 1
. Evaluate / ——df

behaves like 1/R? on the arc, where

. 14sin?6
Solution:
We make the substitution z = €. Then dz = 12¢?df = 12df, or df = 2% Moreover
12
9 —10 -1
sinf = ‘ € __z /Z Therefore

21 21

™ 1 1 1
/—,2d0:/ de:/ —__dz
—x 1+ sin“ 0 |2|=1 - (1 i (zfl/z) ) l2=1 12 <1 22 -241/2 >

21 4

-4 VeIl M= T
ot e 2 (622 = 1/22) 7 0y 622 — 2 =1

The singularities occur at solutions of z* — 6z? +1 = 0, that is z = £1/3 £ 2v/2. All
of them are simple poles, but only z = 41/3 — 21/2 are inside the circle |z| = 1. Next
we compute the residues at these singularities:

, z / 2(z — V3 —2V?2)
Reszdue <m,z = 3 — 2\/§> = 622 — Z4 — 1

3 3-2V2 B 1 1
43— 2V2)p2 4123 -2/2  —4B-2v2)+12 82

In a similar manner we calculate that

. z / 1
Residue (m,z =—\/3- 2\/5) = m

6

2=1/3-2V2




10.

Therefore

T 1 4 4 1
/ ———df = — x 2m x (the sum of the residues) = — x 2m X —= = wV/2
1 v

. 1+sin?0 4+/2
o 1 m(2n)!
ShOW that /_wmdl‘: W fOI'TL:O,laQ;

Solution: We use an argument similar to that used in question 8. In particular see the

remark at the end of that question. The only singularity of a in the upper

F 22yt
half plane is at z =1, and it is a pole of order n + 1. Therefore

o0 1 : 1 2m d" (2 —o)"H!
/_OO mdm = 2mResidue <W, z = Z) = Fﬁm 2=1
2m d"

_ /0= —n—1
nl dzn (z+1)

zZ=1

27

= = =2) (n—n)2) 7
211 1n(n+1)(n+2)---(2n)

- Myl d
— 7 (n+1)(n+2)---(2n) _ 7(2n)!
22n n! 22n ()2



