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Lecture 5: Examples of Frobenius Series: Bessel’s Equation

and Bessel Functions

(Compiled 14 July 2023)

In this lecture we will consider the Frobenius series solution of the Bessel equation, which arises during the process

of separation of variables for problems with radial or cylindrical symmetry. Depending on the parameter v in Bessel’s

equation, we obtain roots of the indicial equation that are: distinct and real, repeated, and which differ by an integer.

Key Concepts: Frobenius Series Solutions, Bessel’s equation; Bessel Functions.

5 Bessel Functions
5.1 Bessel’s Function of Order v ¢ {...,—2,-1,0,1,2...}
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5.2 Bessel’s Function of Order v =0 - repeated roots:
In this case
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Series solutions to ODE with variable coefficients
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FIGURE 1. Zeroth order bessel functions jo(x) and Yp(z)
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5.3 Bessel’s Function of Order v = %:
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Consider the case v = 1/2: Ly = 2%y" + zy’ + <x2 — ) y=0.
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Un—2

Recurrence: ap = —m n 2 2.
r = —|—1/2:
Ap—2 Gp—2 9 1
an = = il=——=]ar=0=a=0
n+ -1 (+bn (3-3)» 1
- aon - (—1) ao o (—1)”@0
27732 MT 5432 T 2nt 1) (5.17)
1 0 (_1)nx2n o & ( 1)nx2n+1 .
yi(z) = x> = 22 — =& Zsinz
o (2n+1) o (2n+1)
1
T9 = —53
Up—2 Ap—2
n = — =— , > 2,
G e ST A
1 2 4 (5.18)
n=1=a (—2 + 1> 1 =0a1.0=0 a; and ag arbitrary.
ap:
ap (—1)2a0 (—1)”@0
=—— =-—" .. n=—— 5.19
27751 M7 1321 2 (2n)! (5.19)
aq:
[25] (—1 2&1 (—1)”&1
e ] = ————— 5.20
BT 732 T 5132 "TT g1 (5:20)
(o) e}
1 (_1)nx2n 1 (_1)nx2n+1
) =t 3 oy 92 ED0
= (2n)! — (2n+1)!
= apx" % cosx + ayz 2 sinx (5.21)
N included in yq(z).
Note: In this case the recursion spawns another solution for the smaller root r = —% so we get away without having

to do anything special to get another solution. In the next subsection we give an example where this is not the case

and we have to use our differentiation with respect to r trick. We could always use the method of reduction of order

along with the first solution.
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5.4 The roots differ by an integer - an example for enrichment

Let Ly =2y’ —y =0, x =0 is a regular singular point.
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