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Lecture 17: Heat Conduction Problems with
time-independent inhomogeneous boundary conditions

(Compiled 27 November 2019)

In this lecture we consider heat conduction problems with inhomogeneous boundary conditions. To determine a solution
we exploit the linearity of the problem, which guarantees that linear combinations of solutions are again solutions. In
particular, (excuse the pun) we first determine a well chosen particular solution, known as the steady-state solution that
can be used to remove the inhomogeneous boundary conditions. This reduces the problem to one of solving the same
boundary value problem but with homogeneous boundary conditions and an augmented initial condition. Although the
steady state solution is a natural choice in this case, the choice of particular solution, as always, is by no means unique.
To solve the homogeneous boundary value problems we demonstrate two distinct methods: Method I: comprises the
more elementary method of separation of variables; while Method II introduces the more generally applicable method of
eigenfunction exrpansions.

Key Concepts: Inhomogeneous Boundary Conditions, Particular Solutions, Steady state Solutions;
Separation of variables, Eigenvalues and Eigenfunctions, Method of Eigenfunction Expansions.

Reference Sections: Boyce and Di Prima Sections 10.5, 10.6, and 11.2

17 Heat Conduction Problems with inhomogeneous boundary conditions

17.1 A Summary of Eigenvalue Boundary Value Problems and their Eigenvalues and Eigenfunctions

Thus far we have discussed five fundamental Eigenvalue problems: The Dirichlet Problem; The Neumann Problem;
Periodic Boundary Conditions; and two types of Mixed Boundary Value Problems. Since these Eigenvalue problems
will recur throughout the remainder of the course, for convenient reference we list the boundary value ODEs and
the corresponding eigenvalues and eigenfunctions. We also plot the first few eigenfunctions, which can be seen to
satisfy the prescribed boundary conditions. You will see that it is sometimes convenient to remember these so that
we do not need to resort to the method of separation of variables in order to derive the appropriate eigenvalues
and eigenfunctions for a particular problem. Recognizing the appropriate eigenvalues and eigenfunctions for a given
problem gives rise to the so-called method of eigenfunction expansions, which we introduce in it simplest form in
this lecture. There is, however, a word of warning. If the boundary value problem is new, in that it includes extra
terms that cannot be grouped with the time variables in the separation process, it is necessary to consider the new

eigenvalue problem in order to determine the appropriate eigenfunctions and eigenvalues.
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I: The Dirichlet Problem: Ice both sides

Dirichlet Modes
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II: The Neumann Problem: Insulation both sides
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ITII: The Periodic Boundary Value Problem: The closed ring
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IV: Mixed Boundary Value Problem A: Ice Left and Insulation Right
Mixed Modes A
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V: Mixed Boundary Value Problem B: Insulation Left and Ice Right
Mixed Modes B
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17.2 Specified Constant Temperatures

Example 17.1

up = Uy,  0<z <L, t>0 (17.1)
BC: u(0,t) = ug u(L,t) =u1 wup,u1 constants (17.2)
u(z,0) = g(x). (17.3)
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FIGURE 1. Initial, transient, and steady solutions to the heat conduction problem (17.3) with inhomogeneous Dirichlet BC

Subtracting out a particular solution:

Firstly consider the steady-state solution (i.e., when u; = 0) which we denote by us (). In this case (17.1) becomes

ull (z) =0 = uso(z) = Aoz + By
Uso(z) = (“F40) 2 + ug

0) =By = L) = ApL =u =
oo (0) 0=t tx(L) ol tp =t steady state solution

Let u(x,t) = ueo(x) + v(x,t). Substitute into (17.1)
ur = (oo (z) +v(2,1)), = o (uso () + v(z,t)),, = v = Vg (17.4)

since (uoo()) , = 0. Substitute into (17.2)

Z

w(0,t) = wy = Uo(0)+v(0,t) = wy+wv(0,¢) = v(0,t) = 0
u(l,t) = w1 = us(L)+v(L,t) = w+v(l,t) = wv(L,t) = 0.

Substitute into (17.3)
u(z,0) = g(x) = uso(z) + v(x,0) = v(x,0) = g(x) — U ().

Thus we have to solve a new problem for v which has homogenous BC:
2

vt(O,t) _ 0= v(L.1) (17.5)
U(J’J,O) = g(w)_uoo(x)

Method I: Solving the homogeneous problem using Separation of Variables
Separate variables: v(x,t) = X (z)T'(t).

() _ X"(x)

a2T(t) X(z)

T(t) = cem ol

= —)\2 = const




X" +A2X =0 X(O)zOzX(L):Xn(x):sin(n “") A= E =1,

X"+ XX =0 . A =2 n=12,...
X(0)=0=X(L) in (27

Thus

v(w,t) = Z bnefoﬂ(%)% sin (?)
n=1

v(x,0) = g(x) — uso(x) = Z by, sin (
n=1
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) = b, = %/{g(z) — Uoo ()} sin (?) dz

Thus the solution to the inhomogeneous problem is:

u(x,t) = uoo(m) + ’U(:L’,t)
Cugs () Sy et () g (2T
_u0+( 7 )x—l—;bne sm(L)
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by, = %/{g(x) — Uso () } sin (?) dz.
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Method II: Solving the homogeneous problem using Eigenfunction Expansions
nmwe
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In order to solve the boundary value problem (17.1)-(17.3) we could recognize that {sin (T)} are eigen-
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functions of the spatial operator:
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along with the homogeneous Dirichlet BC v(0,¢) = 0 = v(L,t). We therefore assume an eigenfunction expansion of
the form:
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Therefore

v(z,0) = i 0, (0) sin (%) = g(x) — uco ()
n=1
L
i (0) = %/{g(m) ~ g (a)y sin (77
0

which is the same solution as that in (17.8) above.

Example 17.2
U = gy O<z<L, t>0
BC: u(0,t) =ug ux(L,t) =0
IC: u(z,0) = g(x).
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FIGURE 2. Initial, transient, and steady solutions to the heat conduction problem (17.3) with inhomogeneous Mixed BC

Look for a steady solution: u”_ (z) = 0.
Uoo(¥) = Az + B us(0)=B=ug u. (z)=A=0

Therefore

Let u(x,t) = uoo(x) + v(2,t) = uo + v(x, t).

Uy = OPUpy = U = 0P
u(0,t) = ug = up = up +v(0,t) = v(0,t) =0
Ug(L,t) =0=0=0,(L,t) = v, (L, 1) =0
u(z,0) = up + v(z,0) = g(x) = v(z,0) = g(x) — ug
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Thus v(z,t) satisfies

Vy = OLQUII

v(0,t) = 0 = vy (L, t)

v(x,0) = g(x) — uo.
u(z,0) = ug +v(z,0) = g(z) = v(z,0) = g(z) — uo.
We now need a solution v(z,t) = X (2)T(t) to (17.29):
t) _ X"(z)

7( >
a?T(t)  X(z) A

T(t) = —A2a2T(t) = T(t) = ce M1

X"+ XX =0, X(0)=0=X'(L)
X (x) = Acos(A\x) + Bsin(A\z)

X'(z) = —AX sm(/\as) + B\ cos(dx)

X(0) =

Therefore X'(L) = BAcos(AL) =0 = A\, = (2k — 1)

k=

2L°

or A =0 which yields the trivial solution.

Therefore

Z::b pe Moty ((%QL 1)7rx)
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Returning to u(x,t) = ug + v(x, t):

u(zx,t) —u0+Zbke A% sm(
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