
Math 257/316 : Final Exam

April 19, 2023, Time: 2.5 hours

• The test consists of 26 pages and 5 questions worth a total of 100 marks.

• This is a closed-book examination. None of the following are allowed:
documents, cheat sheets or electronic devices of any kind (including calcu-
lators, cell phones, etc. ) A formula sheet is provided.

Page 1 of 26



1. Consider the second order differential equation

Ly = (x2 − 1)y′′ + xy′ − y = 0, (1)

(a) Classify the points −∞ < x < ∞ as ordinary points, regular singular
points and irregular singular points.

[3 marks]
(b) Use the appropriate series expansion about the point x = 0 to determine

two independent solutions to equation (1) . You only need to determine the first
three non-zero terms in each case.

[15 marks]
(c) What can you say about the minimum radius of convergence of the series

solution you found in (b)?
[2 marks]

[total 20 marks]
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Question 1 (continued):
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Question 1 (continued):
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Question 1 (continued):
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Question 1 (continued):
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2. Consider the following boundary value problem for the heat equation gov-
erning the temperature within a conducting bar:

ut = uxx + sin(x), 0 < x < π, t > 0 (2)

BC : u(0, t) = 1, u(π, t) = 0 (3)

IC : u(x, 0) =
−x
π

(4)

(a) Determine the steady-state temperature u∞(x).
[3 marks]

(b) Let u(x, t) = u∞(x) + v(x, t) and identify the PDE, BC and IC satisfied
by v(x, t).

[3 marks]
(c) Use the method of separation of variables to solve the above boundary

value problem for v(x, t) and from this determine the solution u(x, t).
[9 marks]

(d) Consider the following discretized equation that uses the finite differences
approximations to solve the PDE in equation (2):

u(x, t+ ∆t)− u(x, t)

∆t
=
u(x+ ∆x, t)− 2u(x, t) + u(x−∆x, t)

∆x2
+ sin(x) (5)

Assuming a time step size of ∆t = 0.1 and a spatial mesh size of ∆x = π/4, use
equation (5) to estimate the temperature of the bar at x = π/4 and t = 0.1, i.e.,
u(π/4, 0.1).

[5 marks]
[total 20 marks]
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Question 2 (continued):

Page 8 of 26



Question 2 (continued):
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Question 2 (continued):
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Question 2 (continued):
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3. Consider the following initial-boundary value problem for the wave equation
with damping

utt + γut = uxx + e−2t sin(
3x

2
) t > 0, 0 ≤ x ≤ π (6)

u(0, t) = 0, and ux(π, t) = 0 (7)

u(x, 0) = sin(
5x

2
), and ut(x, 0) = 0 (8)

Assuming that the damping coefficient 0 < γ < 1, use the method of eigen-
function expansions to determine the solution to this problem.

[25 marks]
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Question 3 (continued):
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Question 3 (continued):
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Question 3 (continued):
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Question 3 (continued):
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Question 3 (continued):
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4. Consider the Laplace’s equation on a rectangular domain subject to the
following boundary conditions that represents the steady-state heating of a plate.

uxx + uyy = 0 0 ≤ x ≤ 4 and 0 ≤ y ≤ 2 (9)

ux(0, y) = 0, ux(4, y) = sin(πy), u(x, 0) = 0, u(x, 2) = cos(πx). (10)

Solve this problem using the method of separation of variables.
[total 20 marks]
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Question 4 (continued):
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Question 4 (continued):
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Question 4 (continued):
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Question 4 (continued):
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5. Use the method of separation of variables to solve the following boundary
value problem for an annular region:

urr +
1

r
ur +

1

r2
uθθ = 0, a < r < b, 0 < θ < π (11)

uθ(r, 0) = 0, uθ(r, π) = 0, u(a, θ) = 0 and u(b, θ) = cos(θ) + 1 (12)

[total 15 marks]
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Question 5 (continued):

Page 24 of 26



Question 5 (continued):
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Question 5 (continued):
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