
Math 257/316, midterm 1, section 202
Februray 17, 2023 , Duration: 50 min , Total marks: 100 , Number of questions: 3
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SID: Section: Signature:

Problem 1 2 3 Total

Points

Instructions:

• Notes, calculators, phones, computers and your cheat sheets are not allowed.

• The formula sheet is on the last page of the exam booklet.

• Show all your work. A correct answer without the intermediate steps will not receive
credit.
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1. (50 marks) Consider the second order differential equation

Ly = 3x2y′′ + 2x(x+ 1)y′ − 2y = 0, (1)

(a) Classify the points 0 ≤ x <∞ as ordinary points, regular singular points and irregular
singular points.

(b) Use the appropriate series expansion about the point x = 0 to determine two linearly
independent solutions to equation (1) . You only need to determine the first three non-zero
terms in each case.
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Question 1 (continued):
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Question 1 (continued):
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2. (25 marks) Find all eigenvalues and corresponding eigenfunctions for the following eigen-
value problem

y′′ + λy = 0 (0 < x < π/2), y(0) = 0, y(π/2) = 0. (2)

Please show all the cases when solving the eigenvalue problem.
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Question 2 (continued):
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Question 2 (continued):
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3. (25 marks) Consider the PDE for the wave equation with damping

utt + kux = c2uxx, (3)

(a) Use the Taylor expansions of u to find the finite difference approximations for the deriva-
tives in this equation and find a discrete form of the advection-diffusion equation.
(b) Explain how you would advance the solution in time to find u(x, t + ∆t) at each time
step and discuss the order of accuracy of your numerical scheme in time and in space.

Taylor expansion: f(x+ ∆x) = f(x) + f ′(x)∆x+
f ′′(x)∆x2

2!
+
f ′′′(x)∆x3

3!
+O(∆x4)
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Question 3 (continued):
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Question 3 (continued):
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Math 257-316 PDE Formula sheet - final exam

Trigonometric and Hyperbolic Function identities

sin(α± β) = sin α cos β ± sinβ cos α sin2 t + cos2 t = 1
cos(α± β) = cos α cos β ∓ sinβ sinα. sin2 t = 1

2 (1− cos(2t))
sinh(α± β) = sinhα coshβ ± sinhβ coshα cosh2 t− sinh2 t = 1
cosh(α± β) = coshα coshβ ± sinhβ sinhα. sinh2 t = 1

2 (cosh(2t)− 1)

Basic linear ODE’s with real coefficients

constant coefficients Euler eq
ODE ay′′ + by′ + cy = 0 ax2y′′ + bxy′ + cy = 0

indicial eq. ar2 + br + c = 0 ar(r − 1) + br + c = 0
r1 6= r2 real y = Aer1x + Ber2x y = Axr1 + Bxr2

r1 = r2 = r y = Aerx + Bxerx y = Axr + Bxr ln |x|
r = λ± iµ eλx[A cos(µx) + B sin(µx)] xλ[A cos(µ ln |x|) + B sin(µ ln |x|)]

Series solutions for y′′ + p(x)y′ + q(x)y = 0 (?) around x = x0.

Ordinary point x0: Two linearly independent solutions of the form:

y(x) =
∑∞

n=0 an(x− x0)n

Regular singular point x0: Rearrange (?) as:
(x− x0)2y′′ + [(x− x0)p(x)](x− x0)y′ + [(x− x0)2q(x)]y = 0
If r1 > r2 are roots of the indicial equation: r(r − 1) + br + c = 0 where
b = lim

x→x0
(x− x0)p(x) and c = lim

x→x0
(x− x0)2q(x) then a solution of (?) is

y1(x) =
∑∞

n=0 an(x− x0)n+r1 where a0 = 1.

The second linerly independent solution y2 is of the form:
Case 1: If r1 − r2 is neither 0 nor a positive integer:

y2(x) =
∞∑

n=0

bn(x− x0)n+r2 where b0 = 1.

Case 2: If r1 − r2 = 0:

y2(x) = y1(x) ln(x− x0) +
∞∑

n=1

bn(x− x0)n+r2 for some b1, b2...

Case 3: If r1 − r2 is a positive integer:

y2(x) = ay1(x) ln(x− x0) +
∞∑

n=0

bn(x− x0)n+r2 where b0 = 1.

Fourier, sine and cosine series

Let f(x) be defined in [−L,L]then its Fourier series Ff(x) is a 2L-periodic
function on R: Ff(x) = a0

2 +
∑∞

n=1

{
an cos(nπx

L ) + bn sin(nπx
L )

}
where an = 1

L

∫ L

−L
f(x) cos(nπx

L ) dx and bn = 1
L

∫ L

−L
f(x) sin(nπx

L ) dx

Theorem (Pointwise convergence) If f(x) and f ′(x) are piecewise con-
tinuous, then Ff(x) converges for every x to 1

2 [f(x−) + f(x+)].
Parseval’s indentity

1
L

∫ L

−L

|f(x)|2dx =
|a0|2

2
+

∞∑
n=1

(
|an|2 + |bn|2

)
.

For f(x) defined in [0, L], its cosine and sine series are

Cf(x) =
a0

2
+

∞∑
n=1

an cos(
nπx

L
), an =

2
L

∫ L

0

f(x) cos(
nπx

L
) dx,

Sf(x) =
∞∑

n=1

bn sin(
nπx

L
), bn =

2
L

∫ L

0

f(x) sin(
nπx

L
) dx.

D’Alembert’s solution to the wave equation

PDE: utt = c2uxx, −∞ < x < ∞, t > 0 IC: u(x, 0) = f(x), ut(x, 0) = g(x).
SOLUTION: u(x, t) = 1

2 [f(x + ct) + f(x− ct)] + 1
2c

∫ x+ct

x−ct
g(s)ds

Sturm-Liouville Eigenvalue Problems

ODE: [p(x)y′]′ − q(x)y + λr(x)y = 0, a < x < b.
BC: α1y(a) + α2y

′(a) = 0, β1y(b) + β2y
′(b) = 0.

Hypothesis: p, p′, q, r continuous on [a, b]. p(x) > 0 and r(x) > 0 for
x ∈ [a, b]. α2

1 + α2
2 > 0. β2

1 + β2
2 > 0.

Properties (1) The differential operator Ly = [p(x)y′]′− q(x)y is symmetric
in the sense that (f, Lg) = (Lf, g) for all f, g satisfying the BC, where (f, g) =∫ b

a
f(x)g(x) dx. (2) All eigenvalues are real and can be ordered as λ1 < λ2 <

· · · < λn < · · · with λn →∞ as n →∞, and each eigenvalue admits a unique
(up to a scalar factor) eigenfunction φn.
(3) Orthogonality: (φm, rφn) =

∫ b

a
φm(x)φn(x)r(x) dx = 0 if λm 6= λn.

(4) Expansion: If f(x) : [a, b] → R is square integrable, then

f(x) =
∞∑

n=1

cnφn(x), a < x < b , cn =

∫ b

a
f(x)φn(x)r(x) dx∫ b

a
φ2

n(x)r(x) dx
, n = 1, 2, . . .
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