Math 257/316 — Midterm Exam — 1 hr 15 min

June 03, 2025

e This test consists of 18 pages and 3 questions worth a total of 80 marks

e This is a closed-book examination. Notes, calculators, phones, com-
puters, or electronic device of any kind and cheat sheets are not

allowed.

e The formula sheet is on the last page of the exam booklet.

Student number

Section

Signature

1. Bach examination candidate must be prepared to produce, upon the
request of the invigilator or examiner, his or her UBCcard for identi-
fication.

2. Examination candidates are not permitted to ask questions of the
examiners or invigilators, except in cases of supposed errors or ambi-
guities in examination questions, illegible or missing material, or the
like.

3. No ination i shall be 3 to enter the examination
room after the expiration of one-half hour from the scheduled starting
time, or to leave during the first half hour of the examination. Should
the examination run forty-five (45) minutes or less, no examination
candidate shall be permitted to enter the examination room once the
examination has begun.

4. Examination candidates must conduct themselves honestly and in ac-
cordance with established rules for a given examination, which will
be articulated by the examiner or invigilator prior to the examination

ot Should dish behaviour be observed by the exam-
iner(s) or invigilator(s), pleas of accident or forgetfulness shall not be
received.

5. Examination candidates suspected of any of the following, or any other
. " N 4

similar may be i from the examination
by the examiner/invigilator, and may be subject to disciplinary ac-
tion: .

(i) speaking or communicating with other examination candidates,
unless otherwise authorized;

Student Conduct during Examinations

(ii) purposely exposing written papers to the view of other exami-
nation candidates or imaging devices;

(iii) purposely viewing the written papers of other examination can-
didates;

(iv) using or having visible at the place of writing any books, papers
or other memory aid devices other than those anthorized by the
examiner(s); and,

(v) using or operating electronic devices including but not lim-
ited to telephones, calculators, computers, or similar devices
other than those authorized by the examiner(s)(electronic de-
vices other than those authorized by the examiner(s) must be
completely powered down if present at the place of writing).

. Examination candidates must not destroy or damage any examination

material, must hand in all examination papers, and must not take any
examination material from the examination room without permission
of the examiner or invigilator.

Notwithstanding the above, for any mode of examination that does
not fall into the traditional, paper-based method, examination candi-
dates shall adhere to any special rules for conduct as established and
articulated by the examiner.

Examination candidates must follow any additional examination rules
or directions i by the iner(s) or invigilator(s)
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1. Consider the following Gauss’s hypergeometric equation:
(1 —xz)y" + (c—(a+b+1)x)y — aby = 0. (1)
where a, b and ¢ are constants.

(a) Classify all points co < x < oo as ordinary, regular singular or irregular
singular points. For the regular singular points, find the roots of the
corresponding indicial equations. (6 marks)

Solution: Rewrite in standard form. Divide (1) by the leading
coefficient (1 — x) (for = # 0,1):

y' 4+ P(x)y + Q(x)y =0,

c—(a+b+1)x __ab
z(l—x) Q) = z(l—2x)

The singular points are; z =0, x = 1.

Plx) =

All other finite points x # 0, 1 are ordinary points.
e Singular point at x = 0

c—(a+b+1)x

glc'gr(l)xp(x) = glcgr(l)x P = c¢ (finite) .
\l/\/\lc (G ek N
o, o , ab . CWV\(’MM
31013(1):6 Qz) = glcgr(l) —x w02 =0 (finite).

x = 0 is a regular singular point. l M CMW M '\\ \{M >

Indicial equation
r(r—1)4+c =0
— ;=0 and rm=1-c¢ \\V\/\\“
e Singular point at x = 1.

c—(a+b+1)z

S
lim —(z — 1)? x(f—_bx) =0 (finite).

xr = 1 is a regular singular point. \ W\
Indicial equation

rir—=1)+(a+b+1—-c)r=0
=— r1 =0 and ra,=c—a-> \\/\/\\L
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(b) Classify the points at infinity as ordinary, regular singular or irregular

singular points. If they are regular singular points, find the roots of the
indicial equation. (6 marks)

Solution: Let t =1/x, s0 v = 1/t and y(z) = Y (¢). Using

dy LAY Ry ,dY L, EBY
W_ pdr _ 9y p et
= i a2 a T e

The differential equation becomes

t—DY" + [2t(t—1)—ct?+(a+b+1)t] Y — aby = 0.

2 s (Al o

Divide by (¢ — 1) #? to write in standard form: )
l J{ ~ 2ZWMId
Y'+PO)Y' +Q(t)Y =0, M ’P""‘()
P(t):(Q_C)t+(a+b_1) Q) = — ab . )

t(t—1) ’

Classification at ¢t =0 (i.e. z = c0).
Compute

2 — -1
hm( c)t+(a+b

) _ .
lim o] =1—(a+0b) (finite),

\mie

] =ab (finite).

. ab
hm[—
t—1

t—0
Hence t = 0 (i.e. z = 00) is a regular singular point.

Indicial equation at t = 0. \N\ \¢ (_MQM)_ 1)V /\\‘ﬂ/\”’“

r(r=1)+ 1~ (a+b)r+ab=0 = (r—a)(r—b)=
= ry=a and ro=0> \ < KW\(MHL ()\LL(IQIL

“\\

Q\/LQ\)\QJB

y Lo

(c) Given that @ = 1, b = 1 and ¢ = 1. Use appropriate series expansion

to determine a series solution to (1) that satisfies y(0) = 0.5. What is
the radius of convergence of this series? (You may choose to write
the series in the general form, or only determine the first three
non-zero terms in each case.) (18 marks)

Hints: The following hints may be useful: Given z = 1/t,

2
dy _ = —thy and y = 2t3dy +t4d y

dx dt da? dt dt?
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Solution: With a =1, b =1, and ¢ = 1, Equation (1) becomes

t(1—z)y"+(1-32)y —y = 0. ‘V\/\K
Let

y(z) = Zan 2"y (x) = Zan(n + )zt gm
n=0 n=1

y//(x) = Z an(n + r) (n +r— 1) T2

n=2

Substitute into the ODE:

Z(n +7)(n+7r— a2zt — Z(n +r)(n+r—1)a,z™"" 7

n=0 n=0
+ Z(n +7)a,a" Tt =3 Z(n +7)a,z"" — Z a, "t =0
n=0 n=0 n=0
Simplify

Z(n +7)(n +r)ape™ Tt — Z[(n +r)(n+r+2)+1a,2"" =0
n=0 n=0
Shift index of the first summation, let n+7r—1 = m+r and simplify

2

aoriz™ !

\ e
+ D w0741 —ay(n+r)(n+r+2) + 1}a"" =0
n=0

Since difference x powers are independent, we equate x coefficients
to zero

2"~ 1: Indicial equation:
(107’220:7"172:0 \W\\L

2"": Recurrence relation
an((n+r)(n+r+2)+1)
(n+7r+1)2 ’

Note that we are in Case: r{ — 19 =0

n>0 1VYHL

A1 =

Case 1: r; = 0: The recurrence relation simplifies to

an(n+1)%

TS L

Apy1 =

Ky

Ay

N

N

LN
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Hence,
a, = ag, Vn>0.

Therefore

1—2z2’

- a
yl(x):Zaox”: 0 lz| < 1. \V‘NC
n=0

Case 2: r; = 0: Repeated root

yo(z) =lnz -y (x) + Z b,x™ Q MK {
n=0

The general solution is

y(@) = e (@) + ()| limc

Since y(0) = 0.5 is finite, set ¢ = 0 lm\L
We get
y(x) = cup ()

Th initial condition y(0) = 0.5 gives ¢; = 0.5. Thus

0.5
x

ylx) = 0.52:6" = 3= ‘VY\\L
n=0

The series >~ x" converges for |z| < 1. Hence the radius of con-

vergence is
\rfne
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2. Apply the method of separation of variables to determine the
solution to the one dimensional heat equation with the following Mixed ho-

mogeneous boundary conditions (Show all cases of the eigenvalue problem):

ou  Ju
P.D.E.: E = @, O<:17<7r, t>0 (2&)
B.C. : a“é?v’ D _ 0= uir 1) (2b)
I.C. u(z,0) = z(r — x) (2¢)

Hint: It may be useful to know that:

2 [T 2 1 4(=1)" — (2 1
—/ x(m — x) cos nx T da::§ (=" = @n+ D
T Jo 2 T (2n+1)3

Solution:

Use separation of variables: Let
u(z,t) = X(z)T(1).

Substituting into u; = u,, gives

X@)T'(t) = X'(2)T(t) = = = -\

where \? is a separation constant. Then:
T'(t)+NTt)=0 = T(t) = De ™.
The eigenvalue problem:
X"(z)+ N X(x) =0, X'(0)=0, X(r)=0.
The general solution of X” + \2X = 0 is
X(z) = Acos(Az) + Bsin(Az), X'(z) = —AXsin(A\z) + B X cos(\x).
Impose X'(0) = 0:
X'(0) = —AXsin(0) + BAcos(0) =BA=0 = B=0.
Hence X (z) = Acos(Az). Next impose X () = 0:

X(m) =Acos(Ar) =0 = cos(A\m) =0 = At = g—i—knr, k=0,1,2,...
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Thus
2k+1

2 Y
and a corresponding (nontrivial) eigenfunction is

Xi(x) = cos(ﬂ€Jr1 x), k=0,1,2,...

A =

k=0,1,2,...

The time-dependent factor is then
2
Ti(t) = e Mt — e_(T) L

Hence the general solution is
> 2k+1 2
| 2kl
t):ZAkCOS 2k2—+13}>6 (%5 )t.
k=0
To satisfy the initial condition u(x,0) = z(7 — x), we require

x(m — 1) ZAkcos<2k+1:E>, 0<zx<m.

Since the eigenfunctions {cos((2k + 1)x/2)} are orthogonal on [0, 7] with
weight 1, the coefficients Aj are given by

/ x(m — 1) cos(%Jr1 > dx
0
/ COSQ(LQ+1 x) dz
0

Compute the denominator first:
g T
/ cos2<2kT+1 m) dr = —.
0 2

Ay = 2 / z(m —x) COS(2k+1 x) dr.
0

™

A =

Thus

An integration by parts yields

™ . A=) = (2k+ D
/Ox(ﬂ—a;)cos< 5 x)dx_ ( )(2k4(—1)3 ) 4.
Hence
42 AlA-1)F = 2k+1)7] 8 4(-1)F—(2k+ )7
T (2k + 1)3 T (2k +1)3

The final solution is therefore given by

8 — —2k+1)7
u,t) %2;[ 2k + 1)3

COS<2k2+1 :17) exp [— (2'““2—“)2 t} .
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3. Let f : R — R be an infinitely differentiable function. Using the
Taylor’s expansion, prove that

;oo 2f(x+3h) = 9f(x +2h) +18f(x +h) — 11 f(x)
() = o

and the deduce the order of accuracy p.

+O ("),

Hint: Taylor expansion: It may be useful to know that

B ) B gy S

(4) i k=1.2.3.-..
2 6 f (J;)_{_ 7]{; 773

f(z+kh) = f(x)+kh f'(z)+

Solution: Expand f(x+h), f(z+2h), and f(z+3h) about x via Taylor’s
theorem:

fla+h)=f(z) + hf@) + % f'(z) + % Va) + 5 D@ + o),
fla+2h) = f(z) + 20 f'(x) + 28 f"(2) + %= fO (@) + % fO(x) +|O(R),
fla+3h) = f(z) + 30 f'(x) + % f"(2) + % fOla) + m FO(x) + O

Substitute the Taylor’s expansion into
N = 2f(x+3h) — 9f(x+2h) + 18 f(x +h) — 11 f(x).

Substitute the expansions:

2 f( + 3h) = 2f(x) + 6h f'(x) + 982 f"(x) + 90° O () + ZL fD(2) + O(h®),

—9 f(x 4 2h) = =9f(x) — 18h f'(x) — 18h2 f"(z) — 121° O (z) — 6A* fW (1) + O(h),

18 f(x + h) = 18 (x) + 18h f'(x) + 9h% f"(x) + 3h° FP(2) + 22 @ (2) + O(h®),
—11 f(z) = —11f ().

The term-by-term summation gives:

Coefficient of f(x):
2-9+18—-11 = 0.

Coefficient of h f'(z):
6 — 18 + 18 = 6.

Coefficient of h? f”(z):

9 - 18 +9 =0.
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Coefficient of h® f®)(z):

9-12 +3 = 0.

Coefficient of h* f®(z):

27 3 _ 2743 _ 30 _ o _ 30-24 _
] 6+ 3= 6=+ 6="F"=

Thus 3
N =6h f'(x) + 5}# fO@) + o).
Divide by 6h:
2 f(x+3h)—9f(x+2h)+ 18 f(x +h) — 11 f(x) 30
oh —f($)+§6—hf4(l’)
= Fa) + @) + o)

Hence

f(x) = 2 f(x+3h) =9 f(z+ 2lé)h+ 18 f(x+ h) — 11 f(x) L oM.

The finite difference approximation has order of accuracy

p=3.

+ O(hY)
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Math 257-316 PDE  Formula sheet - final exam

Trigonometric and Hyperbolic Function identities

sin?t + cos®t = 1

sin? t = 1 (1= cos(2t))
cosh?t — sinh? ¢ = 1
sinh®t = L (cosh(2t) — 1)

sin(a + 8) = sinacos 3 £ sin Bcosa

cos(a £ ) = cosacos B F sin Bsin a.
sinh(a £ ) = sinh acosh 3 + sinh 3 cosh o
cosh(a + ) = cosh acosh 3 + sinh B sinh a..

Basic linear ODE’s with real coefficients

constant coefficients Euler eq
ODE ay’ +by +cy=0 az®y" + by +cy =0
indicial eq. ar’ +br+c=0 ar(r—=1)+br+c=0
1 # ro real y = Ae™* 4 Be™® y = Aa™ + Ba™
r=ro=r y = Ae"™ + Bxe'™ y = Az" + Ba"In |z
r=XA+iu | e’[Acos(ur) + Bsin(ux)] | 2*[Acos(uln |z|) + Bsin(uln |z])]

Series solutions for y” + p(z)y + q(2)y = 0 (%) around x = .

Ordinary point zp: Two linearly independent solutions of the form:

y(z) = ZT:U an(z — o))"
Regular singular point zy: Rearrange () as:
(@ - 70" + [z — 20)p(@)](z — 70)y’ + (@ — 70 2a@)y = 0
If ry > 7y are roots of the indicial equation:  r(r — 1) 4+ br + ¢ = 0 where
b= lim (z — 20)p(z) and ¢ = lim (z — z)?q(x) then a solution of (x) is
z—a0 -0

y(z) =307 g an(z — 29)"+™ where ag = 1.
The second linerly independent solution y; is of the form:

Case 1: If ry — 7 is neither 0 nor a positive integer:

o
= z by (2 — x0)" "2 where by = 1.

n=0

y2(x)
Case 2: If ry —ro = 0:

~
y2(7) = y1(z) In(z — 20) + Z by (z — )" " for some by, by, .

n=1

Case 3: If 71 — 72 is a positive integer:

y2(7) = ay1 (z) In(x — 20) + Z by (x — 0)" "2 where by = 1.
n=0
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Fourier, sine and cosine series

Let f(z) be defined in [—L, L]then its Fourier series F'f(z) is a 2L-periodic
function on R: Ff( 5) =%+ {ﬂn cos( L' ) + by sin(232 )}
f f(z) cos "”)dr and b,, f f(x) sin(2F2) da

Theorem (Pomtw1se convergence) Ifj( r) and f'(z) are piecewise con-
tinuous, then F f(z) converges for every x to 3[f(z—) + f(a+)].
Parseval’s indentity

For f(x) defined in [0, L], its cosine and sine series are

+Za,,cob n7rz 7/ flz ) Tz,

- nwr 2 [k . e
= Z bn, sln(—) by = — f(z)sin(——) da.
= L Jy L

where a,, =

fw)pas = 0 +Z ol 4 [baf?)

n=

D’Alembert’s solution to the wave equation

PDE: uy = uy,, —0o < <00, t >0 IC: u(z,0) =
SOLUTION:  u(z,t)

f(@), w(x,0) = g(x).
1 slf(@+ct)+ flz—ct)] + % ];f:f g(s)ds

Sturm-Liouville Eigenvalue Problems

ODE: [p(2)y] —q(z)y+ M (z)y =0, a<z<b

BC: ay(a )+azy( )=0, Biy(d) + By (b) = 0.

Hypothesis: p, p/, ¢, r continuous on [a,b]. p(z) > 0 and r(z) > 0 for

2 € [a,b]. af+a3 >0. B} + B3 >0.

Properties (1) The differential operator Ly = [p(z)y’]’ — ¢(z)y is symmetric

in the sense that (f, Lg) = (Lf, g) for all f, g satisfying the BC, where (f, g) =

f:’ f(z)g(x)dx. (2) All eigenvalues are real and can be ordered as A\; < Ay <
- < Ay < --- with A, = 00 as n — oo, and each eigenvalue admits a unique

(up to a scalar factor) eigenfunction ¢,.

(3) Orthogonality: <o>m 160) = [} b (@)bn(2)r(x) dz = 0 if Ay # A

(4) Expansion: If f(z) : [a,b] — R is square integrable, then

e _ Jf@)bn(@)r(@) de
= 0 On (T 7~
2 et 1P 2 (@) de

,a<z<b, ¢, n=12...





