Math 257/316 Assignment 2, 2025
Due Tuesday May 27 Submit online in a PDF document on Canvas by
11:59 pm of the due date

Problem 1 (Do not submit)— Power series: Consider the ODE:

(1+23)y" — 6xy = 0. (1)

(a) Compute the first 3 nonzero terms of power series expansion about z = 0 for two linearly
independent solutions.

(b) Use the ratio test to determine the radius of convergence of the series. Could your result
have been predicted by inspection?

Problem 2 (Submit)— Power series: Consider the Differential equation
(1+2%)y" +ay —y =0. (2)

(a) Find the first 3 nonzero terms of the power series expansion of the general solution
about z = 0.

(b) Use the ratio test to determine the radius of convergence of the series. What can you
say about the radius of convergence without solving the ODE?

(c) Determine the solution that satisfies the initial conditions y(0) = 1 and 3/(0) = 0.

Problem 3 (Do not submit)— Power series: Compute the first 3 nonzero terms of
the power series expansion about x = 0 of two linearly independent solutions of the ODE:
!

y' — (sinz)y = 0.

Problem 4 (Submit)— Frobenius series: Consider the following Gauss’s hypergeometric
equation:
(1 —2)y" + (c— (a+ b+ 1)x)y — aby = 0. (3)

(a) Classify the points 0 < z < oo as ordinary points, regular singular points, or irregu-
larsingular points.

(b) Find the exponents at the regular singular point(s)

(c) Assuming that 1 — ¢ is not a positive integer, find the series solution of (3), in the
neighborhood of = 0. What would you expect the radius of convergence of this series to
be?

(d) (DO NOT SUBMIT) Assuming that 1 — ¢ is not an integer or zero, find the second
solution for 0 < x < 1.

Problem 5 (Do not submit)-Singular Points at Infinity: (a) Consider the equation

4 2
y'+ -y + Sy=0.
x x

Use the change of variable t = % to identify and classify singular points at x = co. Compute
the indices of the associated Frobenius series (i.e. if y = 2" Y a,a", determine r).



(b) Verify that
L I
T x

has an irregular singular point at x = cc.

Problem 6 (Do not submit)—Bessel of one-half: Consider the Bessel equation of order
1/2

1
22y fay + (2 -1y =0, v= 2 x>0 (4)

(a) Show that (4) can be reduced to the equation
v +v=0

by the change of dependent variable y = 2=/ 2y(z). From this, conclude that

1/2 1/2

yi(z) =2 /“cosx and ys(z) =2 /“sinz

are solutions of the Bessel equation of order one-half.

(b) Show that = = 0 is a regular singular point. Find the roots of the indicial equation for
z = 0.

(¢ ) Use a Frobenius series expansion about x = 0 to find two linearly independent solutions
of equation (4). How does each of these solutions behave near = 07 Find the radius of
convergence of the series solutions.

(d) How does the solution in (a) compare with the series solution in (c)

Problem 7 (Do not submit)—Chebyshev polynomials: Consider the Chebyshev equa-

tion

(1—2?)y" =2y +a’y =0, (5)

where « is a constant. The solutions to this equation are the famous Chebyshev polynomials
that are used in the approximation theory and polynomial interpolation.

a. Show that x = 1 and x = —1 are regular singular points of equation (5).
b. Find the exponents at each of these singularities (the roots of the indicial equation).
c. Find two linearly independent solutions about x = 1. (Hint: Write (1 — 2?) =

—(z—1D(x+1) = —(x—-—1)2+(x—1)) and z = 1 + (x — 1) or make the change of
variable z — 1 = t.)

d. Explain how you write a power series solution about = 0 to find two linearly indepen-
dent solutions. You must not try to compute the series solution itself.

Problem 8 (Do not submit): Consider the differential equation

1
(m@M+§M+y=O (6)



a. Show that equation 6 has a regular singular point at x = 1.
b. Determine the roots of the indicial equation at x = 1.
o0
c. Determine the first three nonzero terms in the series > a,(xz — 1)"*" corresponding to

n=0
the largest root.



problem 1:

(1+2%)y" — 6zy =0,

expansion point: zg = 0. g = 0 is an ordinary point, hence assume power series solution.

oo oo o
Y= E apz™, Yy = E apna™t, Y = E ann(n — 1)z" 2
n=0 n=1 n=2

Substitute into ODE:

o0 00 0o
Z apn(n — 1)z~ + Z apn(n —1)z" ™ — 6 Z apz"tt =0
n=2 n=2

n=0

Shift the index of the first summation

oo ) o
Z amaz(m + 3)(m + 2)z™ " + Z amm(m — 1)z™ ! — 6 Z ama™ ! =0
m=0

m=—1 m=2

Combining the series, we obtain

oo
az'2-1-x0+a3-3~2-:E1+a4-4~3-x2—6a0x—6a112+Z [ama3(m =+ 3)(m 4+ 2) + am(m — 1) — 6a,,] 2™ =0

m=2
Equating the coefficients of x powers to zero.
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Radius of Convergence:

. a +3xm+3 T Am+3 3
limy, 00 W = limy,;, 00 % ‘1' |
. m—3
= lim |m3|=|x3’<1
m—oo |m + 3
—-1l<zr<l1

Singular points: 1+ 23 =0

l+2=0 i(2n+ 1)m
Ty = (—1)1/3 =e
s = cos (w) + isin (W)

The distance from zg = 0 to xg is:
2 1 2 1
cos? <<n;>ﬂ> + sin? (W) _1

which is a lower bound guess for the radius of convergence.

4
1
1

(1+23)y" +ay —y=0 ,20=0

problem 2:

xo = 0 is an ordinary point, so use a normal power series.

o0 o0 oo
n / n—1 " n—2
Yy = E apx™, y = E apnz ",y = E ap(n—1)z

Substitute into ODE:

oo o0 oo o0
Z anpn(n — 1)z" 2 + Z apn(n —1)z" + Z apnz’ + Z anz"

n=2 n=2 n=1 n=0

shift index of the first summation

oo oo o0 o0
Z ami2(m +2)(m + 1)z™ + Z amm(m + 1)z™ + Z amma™ — Z ame™ =0

m=n m=2 m=1 m=0



0

a2-2-1-x0+a3-3-2-x1+a1x1—aox —alxl

[e @)

+ [@mi2(m+2)(m+ 1) +apm(m—1)+ ay,-m —ap]z™ =0
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Radius of Convergence:

. . m m—+42 . 1 2
ratio test:  lim;,—oe % = lim;,—oe ‘%‘ |1:2|
|x2| <1
“1<z<1, p=1

FEOLIVY

g = 0 nearest singular points: zs = +1i
distance from zg to x5 = 1.

c)y(0)=1—-y(0)=ay=1

So, the solution is:

16
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Problem 4—Frobenius series:
Consider Gauss’s hypergeometric equation
t(1-2)y"+ (c—(a+b+1)z)y —aby=0. (1)

(a) Classification of singular points.
Write (1) in standard form

—(a+b+ Dz ab
" P / =0. P — ¢ (a _ E I ER—
V' +P@y + Q) =0, P) == 7, Q)= —
At x =0: (atbt1)
. . c—(a+b+ 1)z . 9 _
AP =T s e e =0

both finite. Hence x = 0 is a regular singular point.

Atz =1:
lim (z — 1) P(z) = lim (z — 1) =00+ Ve —le=(atb+ Da)
z—1 z—1 :L’(l — :C) z—1 x
: 2 1 _ 2(__ ab _
lim(z — 1)* Q(2) = lim(w — 1)*(—5255) =0,

both finite. Thus z =1 is also a regular singular point.

=—(c—(a+b+1)),

At v =o00: Set © = 1/z, y(x) =Y (z). Then

dy _

2v/ d2y_4// 3y
dx—_ZY, W—ZY +2ZY,

Substitute into the ODE:
1

~(1-Y) Y 228 + (= (a+ b+ 1)E) (Y —abY =0
Multiply by 22 and simplify:

P-1D)Y"+ (2-0)22+(a+b—1)2)Y —abY =0.
You can show that z = 0, hence z = oo is a regular singular point.

The only singular points are = = 0, 1, oo; all other € (0,1) or (1,00) are ordinary.

(b) Exponents at the regular singular points.

We seek a Frobenius solution y = (z — x9)" Y oo an(z — 20)".

At 2 = 0: Substitute y = 2" Y a, 2" into the ODE and collect the lowest power 2"~
z(1—z)y" ~r(r—1)z"t, (c—(a+b+1)z)y ~cra"t

Indicial equation (You can plug in the limits into the general indicial equation):

r(r—=1)4+cr=0 = r(r+c—1)=0 = nrn =0, m=1-c

Atz =1: Lett=x — 1, set y =" > b,t".
We get

r(r—=1)4+(a+b+1—-¢c)r=0 = r(r+c—a—-b—-1)=0 = r=0,r=c—a—bh

At x = oco: From the transformed ODE in z, the indicial exponents at z = 0 are

rn=a, T9=>0.



(¢)  Assuming that 1 — ¢ is not a positive integer, in the neighborhood of 2 = 0 one solution is

ab ala+1)b(b+1) o
c'1!$+ c(c+1)2!

yl(as) =1+

By the ratio test (or from the singularities at = 0, 1), the radius of convergence is

R=1.

(d)  Assuming that 1 — ¢ is not an integer or zero, a second linearly independent solution on

O<z<lis
e (a—c+1)(b—c+1) (a—c+)(a—c+2)(b—c+1)(b—c+2)
o) =t 145 0(2—0)110 e a(;—c)(za—c)cm =t
Problem 5

(a) Let t = L. Note

x

dy _dtdy _ pdy

de dxdt  dt’
Py _dtd dy,
de?  dx dt dx
d dy
= 2 (-2
dt( dt)
d’y dy
=t 2137
a T
Substituting this into the ODE and simplifying, we have
2
i /
_z =0
iV Y

t = 0 is a singular point of this new equation. Since ¢ - (—%) and 2 - (t%) are both finite at t =0,¢t =0
is a regular singular point. This implies x = co is a regular singular point.

Using the expansions of ¢ - (—%) and t2 - (t%) and the formula for the indicial equation m(m — 1) +
mpo + qo, we deduce m = 2,1, which are also the indices corresponding to z = oo.

(b) By the change of variables formulae outlined in (a), we have the following transformed ODE

2 ct—1 a
" /
« _0-
y+<t 2 >y+t5y

Check that ¢ - (% — <21y and #2 - # both tend to oo as t — 0. Hence the singularity at ¢t = 0 (and

12
correspondingly = o) is irregular.

Problem 6

See lecture notes Section 2.3.3, page 51
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