
Math 257/316 Assignment 2, 2025
Due Tuesday May 27 Submit online in a PDF document on Canvas by

11:59 pm of the due date

Problem 1 (Do not submit)– Power series: Consider the ODE:

(1 + x3)y′′ − 6xy = 0. (1)

(a) Compute the first 3 nonzero terms of power series expansion about x = 0 for two linearly
independent solutions.
(b) Use the ratio test to determine the radius of convergence of the series. Could your result
have been predicted by inspection?

Problem 2 (Submit)– Power series: Consider the Differential equation

(1 + x2)y′′ + xy′ − y = 0. (2)

(a) Find the first 3 nonzero terms of the power series expansion of the general solution
about x = 0.
(b) Use the ratio test to determine the radius of convergence of the series. What can you
say about the radius of convergence without solving the ODE?
(c) Determine the solution that satisfies the initial conditions y(0) = 1 and y′(0) = 0.

Problem 3 (Do not submit)– Power series: Compute the first 3 nonzero terms of
the power series expansion about x = 0 of two linearly independent solutions of the ODE:
y′′ − (sinx) y = 0.

Problem 4 (Submit)– Frobenius series: Consider the following Gauss’s hypergeometric
equation:

x(1− x)y′′ + (c− (a+ b+ 1)x)y′ − aby = 0. (3)

(a) Classify the points 0 < x < ∞ as ordinary points, regular singular points, or irregu-
larsingular points.
(b) Find the exponents at the regular singular point(s)
(c) Assuming that 1 − c is not a positive integer, find the series solution of (3), in the
neighborhood of x = 0. What would you expect the radius of convergence of this series to
be?
(d) (DO NOT SUBMIT) Assuming that 1− c is not an integer or zero, find the second
solution for 0 < x < 1.
Problem 5 (Do not submit)–Singular Points at Infinity: (a) Consider the equation

y′′ +
4

x
y′ +

2

x2
y = 0.

Use the change of variable t = 1
x to identify and classify singular points at x = ∞. Compute

the indices of the associated Frobenius series (i.e. if y = xr
∑

anx
n, determine r).
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(b) Verify that

y′′ +
c− x

x
y′ − a

x
y = 0

has an irregular singular point at x = ∞.

Problem 6 (Do not submit)–Bessel of one-half: Consider the Bessel equation of order
1/2

x2y′′ + xy′ + (x2 − ν2)y = 0, ν =
1

2
, x > 0 (4)

(a) Show that (4) can be reduced to the equation

v′′ + v = 0

by the change of dependent variable y = x−1/2v(x). From this, conclude that

y1(x) = x−1/2 cosx and y2(x) = x−1/2 sinx

are solutions of the Bessel equation of order one-half.
(b) Show that x = 0 is a regular singular point. Find the roots of the indicial equation for
x = 0.
(c ) Use a Frobenius series expansion about x = 0 to find two linearly independent solutions
of equation (4). How does each of these solutions behave near x = 0? Find the radius of
convergence of the series solutions.
(d) How does the solution in (a) compare with the series solution in (c)
Problem 7 (Do not submit)–Chebyshev polynomials: Consider the Chebyshev equa-
tion

(1− x2)y′′ − xy′ + α2y = 0, (5)

where α is a constant. The solutions to this equation are the famous Chebyshev polynomials
that are used in the approximation theory and polynomial interpolation.
a. Show that x = 1 and x = −1 are regular singular points of equation (5).
b. Find the exponents at each of these singularities (the roots of the indicial equation).
c. Find two linearly independent solutions about x = 1. (Hint: Write (1 − x2) =
−(x − 1)(x + 1) = −(x − 1)(2 + (x − 1)) and x = 1 + (x − 1) or make the change of
variable x− 1 = t.)
d. Explain how you write a power series solution about x = 0 to find two linearly indepen-
dent solutions. You must not try to compute the series solution itself.

Problem 8 (Do not submit): Consider the differential equation

(lnx)y′′ +
1

2
y′ + y = 0 (6)
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a. Show that equation 6 has a regular singular point at x = 1.
b. Determine the roots of the indicial equation at x = 1.

c. Determine the first three nonzero terms in the series
∞∑
n=0

an(x− 1)n+r corresponding to

the largest root.
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