Math 257/316 Assignment 4, 2025
Tuesday June 10, 2025. Submit online in a PDF document on Canvas by 11:59 pm of the
due date

Problem 1 (Do not submit) Fourier series - Determine whether the following functions are odd, even or
neither:
2

(a) f(z)=2%+|z| (b) f(z)=e""7 (c) f(z) = coshz +sinhz f(z)=tanhz

Solution
(a) f(x) =2*+ |z]

To check if f is even, odd, or neither, we compute f(—x) and compare it with f(z) and —f(x).

f(—z) = (—z)* + | — x| = 2 + |z| = f(x).

Since f(—z) = f(x) for all z, the function f is even.
(b)  flz) = e
f(—a:) _ esin2(fz) _ e(sin(f:p))2 _ e(fsinx)Q _ esin2w _ f(x)
Since f(—z) = f(z) for all z, f is even.
(c) f(xz)=coshz +sinhz
Recall that cosh x is even and sinh z is odd. That is,

cosh(—z) = coshz, sinh(—xz)= —sinhz.

Now,
f(—z) = cosh(—z) + sinh(—z) = coshz — sinh .

Hence, f is neither even nor odd.
(d) f(z)=tanhzx
Recall the definition:

sinh x
tanhx =
coshz
Therefore,
sinh(—z) —sinhz
f(==) = tanh(~z) cosh(—x) cosh x ana /(=)

Since f(—xz) = —f(z), the function f is odd.

Problem 2 (Submit only the sketches for part (b) and (c) ) Fourier series - For the following functions,
sketch even and odd extensions of f(x) on [—L, L], and find the Fourier sine series of f(z) assuming that the
function has a period of 2L.

(a) f(x)=22%, 0<x<L

Solution

Odd and even extensions over [—2L,2L]




Even egtension

1
Odd extension ) !
1

Fourier cosine series

The Fourier cosine series coefficients are unchanged from the single period case:

2 [F 2L
ag — L/O .’I,'2dl' = T,

Integration by parts (check to be sure it is correct)

2 [, nmx 412
A = L/o x“ cos (T) dx 5 (=1)".

Hence,

. £2+ = 4L2(—-1)" cos (nmc)
3 (nm)2 '

n=1

Fourier sine series
The Fourier sine series coefficients are:

0, if n is even,
bn = L2
_ 8 , if n is odd.
(n)?
>, 82 nrx > 82 (2k + )7z
2 = —_— =
T ; (nm)3 ( ) kz_o (2k+ D)m)3 " ( L >
n odd B
1 fo<z<l1

z+1 ifl1<z <2



Solution

Even and Odd Extensions

\ Even eXtenSiY\ /\

Odd extension / /

Fourier Cosine Series
The Fourier cosine series is given by

00
ao N
feven(SU) = ? =+ Zan CcosS (T) ,

n=1

an = (z) cos (?) dx.

0

1 2 72 2
aO:/ 1dx+/(x+1)dx:(1—0)+[2+x] = 3.5.
0 1 1

1 2
an:/ cos (%) dx—i—/ (x 4+ 1) cos (?) dx = I + I».
0 1




Apply integration by parts, Let:

du =dx, v= —sin (@)
nw 2
Then,
nrzy | 2 [? nne
Iy = (z+1)—sin (—) - / sin (—) dx
2 1 nm g
2 2 4
(x +1)— sin (mrx) = ——sin (@> ,
n 1 nm
2 2
2 2
/ sin (@) dx = —— cos (mmc) =—— [(—1)”—005 (n—ﬂ)}
1 2 nm 1 nmw 2
Therefore,

You can simplify this using properties of sin and cos
Therefiore,

an = %sin (%) - % sin (n;) + (n;lr)z [(—1)" — cos (%)} )

or,

Fourier Sine Series

The Fourier sine series is
o0
. /NTT
foaa(@) = Y basin (“37) |
n=1

where

bn:/ogf(x)sin(n;rx) da::/olsin(ngx) da:+/12(:v—|—l)sin(n72r:(;>da::J1+J2.

Then,

Boundary term:




Therefore,
6 4 nm 4 nm
2 mr( A nr o\ 2 (nm)? SN
2 nmw 4 nmw 4 nmw
== fon () s () - o on ()
o — |eos (3 + mr( T+ —cos (5 ()2 sin (5

Verify all the above calculations

(¢) f(z) =sin(rz/L), 0<z<L

Solution

Even extension

(d) f(x) =cos(mz/L), 0<z<L

Solution

Even extension




Odd extension

Problem 3 (Do not submit) Heat equation - Apply the method of separation of variables to solve the
heat equation

U = Uy, for ¢ >0, 0<x <4,
with boundary conditions
ug(0,t) = u(4,t) =0,
and initial condition
u(z,0) = cos(Tmx/8).

Problem 4 (Do not Submit) Heat equation - Apply the method of separation of variables to solve the
heat equation

U = Uy, for t >0, —1<z<1,
with boundary conditions
u(=1,t) = u(1,t), and wuy(—1,t) = uy(1,1)
and initial condition
u(z,0) = cos(z) + sin(x).

Problem 5 (Do not submit): Apply the method of separation of variables to determine a solution to the
one dimensional heat equation with homogeneous Neumann boundary conditions, i.e.

Ou _ 0%

at ¢ 9x2

BC: 9u(0,) =0 and u(m,t) =0
ox T

IC: wu(xz,0)=cosyx, 0<z<m

Distinguish between the cases in which v is and is not an integer. Show by evaluating u(m,0) that if v is not

an integer then:
11 < 2y
cot =— |- -

n=1

Solution

Assume separable solution




Substitute into PDE and separate variables:

T/ X//

2
2T X =
with A # 0.
Then
212
T(t)=Ce @ g t
and

X"+ N2X =0,

with boundary conditions
X'(0)=0, X'(m)=0.

The general solution is
X = Acos Az + Bsin Ax.

Applying X’(0) = 0:
X'(z) = —AXsin Az + B cos Az,

SO
X'(0)=BA=0 = B=0.

Applying X'(7) = 0:
X'(r) = —AXsin Ar = 0,

which implies
sinA\r=0 = A=n, n=12...

Eigenfunctions are
X,, = cosnx.

For A = 0, the solution is
X =Az+ B,

and applying X’(0) = A = 0 makes the BC at 7 hold automatically.
Thus the eigenfunction for A = 0 is the constant function
Xo=B-1.

By superposition (linearity), the solution is

(o)
u(z,t) = Ag + Z Ay cos(nm)e_o‘Z”?t.
n=1
Apply initial condition:
[e.e]
cosyr = Ay + Z Ay, cos(nx).
n=1

Using half-range cosine Fourier expansion,

a
AO = ?07 An = Qn,
where (1)
2 sin(ym
T - 7 ¢ Z>
2 d Y
= — CcoS =
o ™ Jo Ve 07 ’YGZ\{O}7
2, W=




and

™
n = / COS YT cos nx dx.
T Jo
For ~ # n,
2 (7 2 g 4 1
an = / cosyx cosnr dr = — [/ cos(y + n)zdz —I—/ cos(y — n)xdw] =,
T Jo 7 LJo 0 2
Therefore,
1 [sin(’y +n)r  sin(y — n)w}
Gn—= + :
T Y+n Y—n
For v € Z,

0, v#n,
1, v=n.

2 ™
an = / cos(yzx) cos(nz) de = {
T Jo

For the solution u(x,t), three cases arise depending on ~:

p

1, v=0 € Z,
e~ 1%t cos(nz) Yy=nezZ
u(x,t) = ’ 7
sin(ym) | 2 i {Sin((v +n)m) | sin((y —n)m) } cos(nz)e—"", ¢ 7.
Y T Y+n Y—"n

Evaluating u (7, 0) = cos(vy), we have:

cos(ym) = Ty 25y Bnam) cos(m) + oYM IT) o1

2 _ )2
7W n=1 e

sin(vym) cos(nm) — cos(ym) sin(n)

+(y+n) cos(nm).

’)/2—712

Using trigonometric identities and simplify:

_ sinfizﬂ) N 2sir;('y7r) Z 07 (cos(nm))2.

n=1

Hence,

1(1 — 1
cos(ym) = — | — — 2v — |-

Problem 6 (Do not submit): Apply the method of separation of variables to find the temperature in a
laterally insulated bar with length L and thermal diffusion coefficient o whose ends are kept at temperature
zero and its temperature initially is

T ifogxgg
L—=x if%gmgL

u(z,0) = f(z) = {
Problem 7 (Do not submit): Assume that f has a Fourier sine series

flz) = ansin(mra;/L), 0<z<L
n=1



(a) Show formally that
2 (N2
7)) ver=30

Compare this result (Parseval’s equation) with that of Problem 17 in Section 10.3. in ‘Elementary Differ-
ential Equations and Boundary Value Problems’ by Boyce & DiPrima.” What is the corresponding result if f
has a cosine series?

(b) Apply the result of part (a) to the series for the sawtooth wave given in Eq. (9) of ’Elementary Differential
Equations and Boundary Value Problems’ by Boyce & DiPrima.’, and thereby show that

2 00
T 1 1 1 1
—:1 —_ —_— [— e e — —
5 +22+32+42+ nE:1”2

Problem 8 (Do not submit) Heat equation - Apply the method of separation of variables to solve the
heat equation

ou_ ot
ot 0x?’

IC:  w(z,0) = {

<z<2 t>0

1 fo<z <1
0 ifl<zr<2

subject to the following boundary conditions. For each case sketch the extension of the initial condition that
you would assume on the interval —6 < z < 6.

(a) 2400 — g anq 2420 — g

Solution

%(07 t) =0, %(2, t) =0 Neumann B.C.’s Separation of variables gives:
agp = nmwT nw )2
U($7t) - ? I Zlan COS (T) o 67(T) ¢
n—=

u(z,0) = f(x) = ao + ian cos (?)
n=1

Assume an even extension of f(x) :

~
., @
>
S
S~—

T
[ A

|

=)

SR

[, 8 SR
8




1 [ 2 (!
an:/ f(x) - cos <w> dx:/ cos (@> dz
2 /) 4 2 2 Jo
2 (nmc)l
= —sin [ —
nmw 2 0
2 (nW)
= —sin | —
nm 2
1 1
ao—-2/ 1-de=1
2 0
f(2) (2,0) 1+i 2 (mr) (mr:c)
= == —sin (— ) - —_—
T u(x, 5 st 5 cos 5
n=1
I = 2 nm
u(x,t) = 5 +; %sin (n—) - CoS (?) e (5

(b) u(0,t) =0 and w(2,t) =0

Solution

u(0,¢) = 0,u(2,t) = 0 Dirichlet B.C.

_y LABEDS
u(x,t) —;bnﬁn( 7 )e L
f(z) =u(z,0) = Z by, sin (@)
n=1
Assume an odd extension of f(x) :
f(z)
—6 4 -3 -2 4l 1 2 i 5

......

......

10




= oo (77|,
= [ (5) 1]
u(z,0) = f(z) = Z _—j [cos (n—) — 1} sin <@>
n=1
_ = 2 nmw nwT (eo)e:
u(x,t) = 2 - [cos (7) - } sin (—) e \2

()

9u00) — 0 and w(2,t) =0

Solution

9u(0,t) = 0, and u(2,t) = 0 Mixed type B.C.B
(2n + Dkz\ _(@ntnr)?
Eancos< n+) >e< 2L )t
Qqy, COS 2n+1)
Z " 2L

extension of f(x), where 2L =4 = L =2:

Compare this to the fundamental mode, Cos (%) :

2 /1 (2n + 1)z 4 . ((2n+ )7z
By = — cos| —————— | - dz = sin
2 Jo 4 2n+ )7 4

11




[e.9]

u(@,0) = f(@) = = -sin <<2”+1>7T> (<2n+1>m>

— (2n+ 1)m 4 1
o 2ntl)
w(t) = i 4 sin <¥) o (2n+ 1)z 67<W>2t
7 N n=0 <2n + 1>7T 4

ou(2,t)
(d) u(0,t) = 0 and % =0

Solution

u(0,t) = 0 and 9%(2,t) = 0, Mixed type B.C. A

. 2n+1 _(@ntDr)?
u(z,t) = g by, sin <( ks )W(m) e ( 2L ) ¢
n=0

2L
= . ((2n+ )72
0)=)> b S Ny
u(x,0) 7;) nsm( 5T
extension of f(z) :
f(z)
— ] — T
—6 =5 —:4 —:3 —2 —:1 | D) 3 4

- - ————— D e amm o -

(2n+1 4 o
“rnr [ ()

|
St b (252 (25229

4

Problem 9 (Do not submit) Complex Fourier series - Find the complex Fourier series of f(z) = e**
specified on —1 < z < 1, assuming a period of 2L = 2.

12




Solution

The complex Fourier series for a function with period 2 is

f(l’): Z Cneimr:v,

n=—oo

where

Substitute f(z) = e**:

I , 1 [t :
Cp = / O o —INTE 1o / e(a—zmr):pdx‘
2/, 1
This gives:
1 e(af'mﬂ')x e 1 ex—inm _ p—otinm
Cp=—- ——— ==
"2 a—inm 2 o —inm
r=-—1
Simplify

Recall that e =" = cos(n7) — isin(n7) = (=1)", so

eafinﬂ _ ea(_l)n, efaJrinTr — efa(_l)n'

Thus,
1 (=1)™(e*—e™®) sinh v
= — =(-1" .
n 2 a —inm (=1) o —InT
Therefore,
= sinh «
— 0T _ 1\ Z‘TLTI’JJ‘
f@)=ew= 3 (U

Problem 10 (Do not submit) Heat equation with inhomogeneous boundary conditions - Consider
the following boundary value problem for the heat equation governing the temperature within a conducting
bar:

U = Ugy, 0<z <1, t>0
BC : wu,(0,t)=1, w(l,t)=0
IC : wu(z,0)=0

(a) Determine the steady-state temperature oo ().

(b) Let u(z,t) = uso(x) + v(z,t) and identify the PDE, BC and IC satisfied by v(z,t).

(c) Use the method of separation of variables to solve the above boundary value problem for v(x,t) and from
this determine the solution u(z,t).

Solution

(a) Steady-state solution u ()
At steady state, us = 0, so

Integrate twice to get:

13



where A, B are constants.
Apply boundary conditions:

Uso(l))=A-1+B=1+B=0— B=-1
Thus,

‘uoo(:r):x—l.‘

(b) Find PDE, BCs, IC for v Let
U= Uso + U,

substitute into PDE:
Ut = Ugy = UVt = Vg + Ung (T) = Vg + 0 = gy,

Boundary conditions:
ug(0,1) = ulp (0) + v,(0,8) =1 => 14 v,(0,t) =1 = v,(0,¢) =0,

u(1,t) = uso(l) +v(1,t) =0 = 0+ v(l,t) =0 = wv(1,t) =0.

Initial condition:
v(x,0) = u(z,0) —us(x) =0—(z—1)=1—ux.

Therefore,

V¢ = Vg, O<z<l, t>0,
vz(0,t) =0, v(1,t) =0,
v(z,0)=1—2z, 0<z<I1.

(c) Solve for v(z,t) using separation of variables
Consider
Vt = Vppy, 0O0<z<1,

with mixed boundary conditions:
vz(0,¢) =0, w(l,t)=0.

We let
v(z,t) = X(x)T(t).

Substitute into PDE:

Tl X/I
/ v/ L _ 4
X(@)T'(t) = X" ()T (t) = 7 e A,
ODEs:
T'(t)+ A\T(t) =0, = T(t)=e",
X"(z) + AX (z) = 0,
with BCs:

General solution:

X(x) = Acos(V\z) + Bsin(VAz).
Apply BC at z = 0:

X'(0) = —AVAsin(0) + BV Acos(0) = BVA=0 = B =0.

14




Apply BC at z = 1:
X(1) = Acos(VA-1) = 0.

For nontrivial A # 0, hence we require

on + 1
Cos(ﬁ):o:f:(”;r)”, n=0,1,23,...

- ((21@21)%)2'

Hence eigenvalues are:

Corresponding eigenfunctions:

The general solution for v(z,t)
Using initial condition

using orthogonality:

Cm = 2/01(1 + 1) cos <(2m2_1)”x> dz.

1 1
Oy — 2/ cos(apmx)dr — 2/ x cos(amz)dz,
0 0

where
2m+ D)7
/1Cos(ozm:v)dx _ sinama) 1 _ sin(am)
0 77} 0 Qm

Use integration by parts:

sin( o, x)

1
/ x cos(amr)dr = x
0

Qm (6770) Qm Qmy

1 1 i !
1
_ / sin(omz) , _ sin(om) / sin(oumz)dz.
0 0 ’

/1 sin(,x)dx = _Cos(amx) ! _ 11— Cos(am).
0 Om 0 A
Therefore,

1 .

1—
/ x cos(mz)dr = sin(am ) _ COQS(Oém)‘

0 Qm a2

or:
S sin(amm) 9 (sin(am) 1 CO2S(am)> s
m Om am (6

Therefore

o0 2
8 _(Cntyr on +1
U(waﬂ=um(x)+v<x,t>=x—1+z2we( 2 >tC°S<(n2m>’
n=0

15




Problem 11 (Do not submit) Heat equation with inhomogeneous boundary conditions - Solve the
following heat conduction problem with heat loss and a distributed heat source

U =Upp —uU+2, 0<x<1, t>0
BC: uz(0,t) =1, ug(l,t) =2
IC: u(z,0) ==z

Hint: First try to find a steady-state solution that satisfies the PDE and the inhmogeneous boundary condi-
tions. Next, let u(z,t) = uso(x) + v(x,t) and identify the PDE, BC and IC satisfied by v(z,t).

It may be helpful to know:

B Azx)sinh(B Asin(A h(B
/COS(AJJ) cosh(Bz)dx = cos(Az) sinh( jz)j__stm( z) cosh(Bz)
Solution
Consider the steady-state problem
Une () = uoo(2) = —,

with boundary conditions
u (0) =1, u (1) =2.

0o
The general solution of the homogeneous equation u” — u = 0 is
up(z) = Cy coshx 4+ Cysinh x.
A particular solution can be found by variation of parameters or undetermined coefficients:
up(r) =,

since
" _ _
Uy —Up=0—2z=—x,

Thus,
Uoo(x) = Cq coshzx + Cysinhx + x.

Applying the boundary conditions:

ul (z) = Oy sinhx + Cycoshz + 1.

At z = 0:
uloo(0)201~0+02'1+1202+1=1:>CQZO.
At x = 1: ]
(1) = inh 1 1=2 = .
Ug (1) = Crsinh 1+ 0 + = —

Therefore, the steady-state solution is

oo () = cosh z
> ~ sinh1

Define v(z,t) = u(z,t) — uso(z). Then v satisfies
UVt = Uge — U,
with homogeneous Neumann boundary conditions

vz(0,8) =0, wgy(1,t) =0,

16



and initial condition

cosh x cosh x
v(z,0) = u(z,0) — uso(z) = — <sinh1 +$> " sinhl’

Show that separation of variables on the PDE for v gives Fourier cosine series:
o
2
v(z,t) = Zane_(“"+1)t cos(pnx),
n=0

where 1, = nm, and the coefficients are (Derive the expressions)

2(—1)tt
(=1) n>1.

1 1
= ,0)de = -2, a, =2 ,0 dr = ————, >
aop /0 v(z,0)dz a /0 v(z,0) cos(nmx)dx ) T 1

Use the given formula to evaluate the integrals

h R
u(z,t) = Z(l)jhf S aog + Z 1@ T cos(nmx).

n=1

Problem 12: (Do not submit) Steady state solutions - Find the steady-state solutions for the following
heat conduction boundary value problems:

a) up = QUgy, w(0,t) = 1, u(m,t) =2
b) ur = &gy, u(0,t) =5, uy(1,t) =0

¢) U = O Ugg, u(0,8) =0, uz(2,t) + u(2,t) =4
d) up = ugy — B?u, u(0,t) =1, u(m, t) =
e) Up = Ugy — B2u, ug(0,t) =1, u(m, t) =2

Solution

(a)

up = 0ugy, u(0,t)=1, u(m,t)=2.

Steady-state: uy =0 = wu,, = 0.
General solution:

Apply BCs:

(b)
up = 0Puge, u(0,t) =5, ug(1,t)=0.

Steady-state:
Upg = 0 = uso(x) = Az + B.

BCs:

17



Hence,

(c)

up = gy, w(0,t) =0, ug(2,t)+u(2,t) =4

Steady-state:
Ugy =0 = uxo(z) = Ax + B.

BCs:
Uso(0) = B =0,
ulo(z) = A, ulo(2)+tuw(2)=A+(2A+B)=A+24+0=34=4 = Azg.

Therefore,

@)=

Uoo (T) = = .
3

(d)

Up = Uge — BPu, u(0,t) =1, u(m,t)=2.

Steady-state:
Ugy — BQU =0.

General solution:
Uso(x) = C cosh(Bz) + Cysinh(Bx).

Apply boundary conditions:
Uoo(o) = Cl = 1,

Uso(m) = C1 cosh(fm) + Co sinh(pm) = 2.
Solve for Cy:

) B 2 — cosh(Bm)
1- COSh(ﬂT{') + CQ Slnh(ﬁﬂ') = CQ = W
Therefore, the steady-state solution is
B 2 — cosh(fBm) .
Uoo () = cosh(Bz) + Snh (A7) sinh(fz).

(e)

Ut = Ugy — BQua u:ﬂ(ovt) =1, U(Tl',t) =2.
Steady-state:
Ugy — 62u =0.

General solution:
Uoo () = C cosh(Bx) + Cy sinh(Sx).

ul (z) = BC sinh(Bx) + BCs cosh(Bx).
Apply BC at z = 0:

1
uﬁx,(O) =pCr=1 = Cy = B
Apply BC at z =
Uso () = C cosh(fBm) + Cy sinh(fm) = 2.

18




Substitute Cay:
2— % sinh(f8)

Cy cosh(fBm) + S sinh(fr) =2 — C1 = cosh(fm)

8

Thus the steady-state solution is

_2- %sinh(&r)

Uso(x) = cosh(B7) cosh(fx) + ;sinh(ﬁx).

Problem 13 (Do not submit): Solve the following heat conduction problem with a distributed heat source

ut:16um—i—cos<T>, O<zx<2,t>0
BC: uz(0,t) =1 = ug(2,t)
IC: u(z,0) = 2° — 4

Problem 14 (Submit only the final solution): Solve the following heat conduction problem with heat loss
and a distributed heat source

Ut = Uy —u+x, 0<x<1, t>0
BC: ug(0,t) =1, u,(1l,t) =2
IC: u(z,0) ==
For Problem 14, submit only the final solution, not the workout

Hint: First try to find a steady-state solution that satisfies the PDE and the inhomogeneous boundary condi-
tions.

Solution

See problem 11

Problem 15 (Do not submit): Solve the initial boundary value problem:

7
ut:uxx+63tcos<7rx>+1, O<z<l, t>0

2
BC: uz(0,t) =1, w(l,t)=t
IC: u(z,0) =1
Problem 16 (Submit): Solve the inhomogeneous heat conduction problem subject to time dependent

boundary conditions:

ut:a2um+1—xe*t, O<z<1,t>0
u(0,t) = e !, and u (1,t) =t

u(z,0) = sin (%) + 1.

Solution

Find a particular solution satisfying the boundary conditions
Let Up(z,t) = A(t)x + B(t)

19



Boundary conditions for U,:
Up(0,t) = B(t) = e,

Uy(1,t) = A(t) = t.
So,

Up(z,t) =tz +e".

Write u = U, + v, where v(z,t) satisfies homogeneous boundary conditions
BCs for v:
v(0,t) = u(0,t) — Up(0,t) =e " —et =0,

vp(1,t) = ug(1,8) — Up(1,8) =t — t = 0.

Initial condition for v:

v(z,0) = u(z,0) — Up(z,0) = sin (%) +1—(0-2+¢€") =sin (%C) :

PDE for v

Since

up = vy + Up(t)x — e !,

and
Ugy = Vzg + 0,

substitute into PDE:
Ut = 02Uy +1—ze™t = v+ A'(t)x + B'(t) = 0®vgp + 1 — ze™t.

Recall A(t) =t, B(t) =e™, so
At)=1, B'(t)=—-e"

Simplify to get

v = +(1+e )1 —-2), O<z<1, t>0,

with homogeneous BCs:
v(0,t) =0, wvg(L,t) =0,

and initial condition
. (TT
v(z,0) = sin <?) .

Solve PDE for v by eigenfunction expansion

Eigenvalues are:

2 1
)\n::u‘7217 lun:(n—;)ﬂ-a n:07172737"'7

and eigenfunctions
X (z) = sin(upz).

Expand
v(@,t) =Y Tn(t) Xn(2).
n=0
Also expand the source term
fl@t)=1+e )1 —z) =) falt)Xn(2),
n=0

20




where

1
fa(t) =21+ et)/o (1 — 2)sin(upz)dr = Sp(1+e7).

with .
P )
Hn Ky
Solve ODEs for T, (t)
Substitute back the expansions into the PDE
D [Th®) + 2 Tu(t) — fu(8)] sin(pnz) = 0
n=0

Each coefficient vanishes, hence
T (8) + PpsTu(t) = fult),
Solve the ODE by integrating factor:

t
T.(t) = e~ Hnt [cn +/ ea%isfn(s)ds} .
0

Simplify to get

Therefore we get

Use IC to get ¢,

Thus

Final solution

u(zx, o(z,1) +ZT sin(pnx),

with
Up(z,t) =tz + e,

and T, (t) as above.

Problem 17 (Do not submit): Solve the inhomogeneous heat conduction problem with heat loss, a time
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dependent source, and subject to time dependent boundary conditions:
. 77
Up = Ugy —u+ € 'sin(z), 0<z < =, t>0

2
d ou(m/2,t) ot

u(0,t) =0, an 5 =

u(z,0) = .

Solution

Let w(z,t) = A(t)x + B(t) such that it matches the BC.

0=W(0,t) = B(t) W,=A(lt) Wy(r/2,t)=At)=e" W=xet W;=—ze’
Now let u(x,t) = w(z,t) + k(x,t) and substitute into the PDE
Let u(x,t) = w(x,t) +v(z,t). Then v(z,t) satisfies
Vp = Vpp — U+ e tsing
v(0,¢) =0, vy (3,t) =0,
v(z,0) = u(z,0) —w(z,0) =z — 2z =0.

Expand v(z,t) in eigenfunctions of the Laplacian with v(0,%) = 0 and v, (%,t) =0, i.e., u, = 2n + 1 and
Xp(z) =sin((2n + 1)z) for n =0,1,2,...

(@, t) =Y vn(t)sin((2n + 1)z).

n=0

Expand also the source term

oo
e 'sinx = Z 5p(t) sin(2n + 1)z. = 5, () = Spoe”"
n=0

Now let - - -
v(z,t) = Zvn(t) sin pp,r vy = ZU” SIN @ Vpy = Zvn {—ui sinunx}
n=0 n=0 n=0

[o¢]
d
S 0=v — Vg +v—etsing = Z {;tn + (ui + 1) Uy, — et5n0}sin,un:z

n=0

We have 22 4 (14 pi2) v, = e~t6, = 4 {e+(1+uz)tvn} — erhlg,

t 2%
2\1 2 eun — 1
6(1+M")ttvn = / eﬂnénodT +c, = <2 5n0 + Cn.
0 K

n

—t _ —(1+p2)t
’Un(t) = (6 ¢ 3 ) Ono + Cnei(lﬁu%)t; Un(o) = Cn

Now

0="> Vu(0)sin (pnz) = Va(0) = cp = 0
n=0

00 —t _ —(1+p2)t
u(z,t) = ze ' + Z ‘ ‘ 5
=0 M

L eft _ 672{/ )
= e + 71 s x

) Ong Sin pipx o =1
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Problem 18 (Do not submit): Solve the inhomogeneous heat conduction problem subject to time dependent
boundary conditions:

Ut =Uge +at+1, 0< <1, >0
uz(0,¢) =0, and u(l,t) =t
u(z,0) = 0.

Problem 19 (Do not suubmit): The motion of a string on an elastic foundation with a stiffness v satisfies
the following initial-boundary value problem:

U =Uge —u+1, 0<ax<l, t>0
BC: u(0,t) =1, wu(l,t) =2
IC: u(z,0) =1
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