Math 257/316 Assignment 5, 2025
Due on Monday June 17 , 2025. Submit online in a PDF document on
Canvas by 11:59 pm of the due date

Submit ONLY ONE question by the due date

SET 1

Problem 1: Consider the following initial boundary value problem for the wave equation

Upt = Ugy t>0, 0<x<1,

BC: u(0,t) =0, and u(l,t) =1

IC:  w(z,0) =sin(mz) + z, and us(z,0) = sin(37z)
(a) After dealing with the inhomogeneous boundary conditions, solve this problem using the
method of separation of variables. (Note: Only show cases that give non-trivial solutions
when solving the eigenvalue problems.)
(b) Find the D’Alembert’s solution for the initial boundary value problem that corresponds

to the problem stated above with homogeneous boundary conditions. Compare this to the
solution you find in part (a).

Problem 2: Solve the following inhomogeneous initial boundary value problem for the
wave equation:

utt202um+6_tsin(5$), O<z< g, t>0
u(0,t) = 0 and uw(g,t) =t t>0
w(z,0) =0, w(z,0)=sin(3z)+2z, 0<z< g

Problem 3: Consider an infinite string subject to the initial conditions

r+1 if —1<z<0
u(z,0) = f(r) =< 1—x ifo<z<1
0 if |z| > 1

ut(x,0) = g(z) = 0.

Assume that for this string (T'/p)'/? = 1, with T being the tension in the string and p the
density of the string per its unit length.

In the x-t plane draw the important characteristics that can be interpreted from the
D’Alembert’s solution. Using these characteristics identify different regions in the x-t plane



that have the same expression for the displacement of the string. Find the expression for the
displacement in each region. Then, use this geometric interpretation of the D’Alembert’s
solution to sketch the shape of the string at times ¢ =0, 1/2, 1 and 2.

Problem 4: The motion of a string subject to a gravitational load satisfies the following
initial-boundary value problem:

U = gy —g, 0<z <1, t>0 (1)
u(0,t) =u(l,t) =0 (2)
u(z,0) = sin(nzx), u(z,0) = 0.

Here g is the acceleration due to gravity, which you may assume is constant.

(a) Determine the static deflection of the string, which is determined by solving (1) in which
it is assumed that uy = 0 subject to the boundary conditions (2).

(b) Use the solution obtained in (a) to reduce the initial-boundary value problem to solving
a homogeneous wave equation subject to homogeneous boundary conditions. Now use
separation of variables to determine the solution to this boundary value problem and hence
the complete solution of the entire initial-boundary value problem.

HINT: The following integral may be useful:

cosnm — 1
n3m3

1
/ (1:2 — ) sin (n7rz) do = 2
0

SET 2

Problem 1: Consider the static deflection of a plate that satisfies the Laplace’s equation
and is subject to the following boundary conditions

Ugg + Uyy =0 for 0 <z <3 and 0 <y <2

uz(3,y) =0, uy(xz,0)=0

T fo<z<l1
2—x fl1<z<3

y ifo<y<1
U(O,y)Zf(y)Z{Z_y 1<y <2

The above boundary conditions state that the plate has zero slope on its x =3 and y = 0
sides and undergoes triangular deformations on the x = 0 and y = 2 sides.



(a) Use the method of separation of variables to solve this boundary value problem.
(b) Verify that the solution you found satisfies all the boundary conditions.

Problem 2: A metal plate occupies a quarter-annular region €2 with 0 < a < r < b and
0 < 0 < /2. The horizontal face of the plate is insulated while the vertical face is kept at
2 degrees and the outer hoop is maintained at 2 degrees. The inner hoop is maintained at
a temperature of cos(26). Determine the steady state temperature by solving the following
BVP in Q:

1 1 .
VUpr + ;vr + r—2v99 =0 in Q
vg(r,0) =0 fora<r<b, v(r,m/2) =2 fora<r<b

v(a,f) =cos20 for 0 <6< m/2, v(b,0) =2 for0<6<m/2
Problem 3: Consider the BVP:
" +6¢ +Xp = 0, O<xz<lL

¢(0) = 0

(L) = 0
(a) Put this BVP into Sturm-Liouville form.
(b)Compute all eigenvalues and eigenfunctions.
(c¢) Show explicitly that the eigenfunctions are mutually orthogonal. (Don’t forget to include
the weight function inside the integral.)
Problem 4: Consider the eigenvalue problem

2y vy +dy = 0
y(1) = 0=9'(2)

a. Reduce this problem to the form of a Sturm-Liouville eigenvalue problem. Determine
the eigenvalues and corresponding eigenfunctions.

b. Use the eigenfunctions in (a) to solve the following mixed boundary value problem for
Laplace’s equation on the quarter-annular region:

1 1
Upp + ~ur + —sugg = 0, 1<r<2, 0<b<m/2
r r
0 2
u(r,0) = 0 and Oulr, /2) = f(r)
00
ou(2,6)
1,0) = d =
u(1,0) 0 an 5 0
Problem 5:
Solve the following heat conduction problem:
u = 2 uge +4zu, for x e (1,2), t >0
u(l,t) = 1 u(2,t) =1
w(z,0) = 1—5z73/?2
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Pmblem 4.

4. Consider the eigenvalue problem
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(a) Reduce this problem to the form of a Sturm-Liouville eigenvalue problem. Determine the eigenvalues and
corresponding eigenfunctions. [8 marks]
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