Mathematics 317 — Final Exam — 180 minutes

April 22, 2025
e The test consists of 13 pages and 8 questions worth a total of 61 marks.

e This is a closed-book examination. You are allowed to bring in and use one
formula sheet (this sheet should be reasonable: for example you shouldn’t
need special glasses or intsruments to read it). None of the following are
allowed: documents, formula sheets other than the one you came with, or
electronic devices of any kind (including calculators, cell phones, etc.)

e No work on this page will be marked.

e Fill in the information below before turning to the questions.

Student number

Section

Signature
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Please do not write on this page — it will not be marked.

Additional instructions

Please use the spaces indicated.

If you require extra paper then put up your hand and ask your instructor.

— You must put your name and student number on any extra pages.
— You must indicate the test-number and question-number.

— Please do this on both sides of any extra pages.

Please do not dismember your test. You must submit all pages.

Smoking is strictly prohibited during the test.
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1. The cycloid is the trajectory travelled by an object attached to the rim of a

bicycle tire where the bicycle is travelling at constant speed. The cycloid is
given by the vector valued function

7(t) = (t —sint,1 — cost).

(a) Find and simplify |7'()].
n . S0 - _ A
Rl = Cl—cost, s> [Rt0]= Jo-aies
1= 2t 1 o8t <siw't

Con singhif) syt 22 el 2

1

)

(b) Find k(t), the curvature of the cycloid as a function of time

t. What are the largest and smallest values of the curvature and where
do they occur?

ky - Eel

=13 "> £ sint, cost?
v

LI < |—w§(’l ‘l'w*)
"3 = (o,9, sn‘-‘t-—mf'(t'mf»
= {o0,9, l-“s‘t_)

Bra?] = |- et 4w ke

L SL

N =

| -cost

= _/———,"—'
H‘*) 2(1_ (‘-“st)J‘-—“«

\

25 -t

Kk) =

K mw whin Jl-wd’ w swallost
K min " m J w”.d'

|
Con also weik Kl = q st
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c) Find the arclength of the part of the curve from (0,0) to

(27,0). You may use the identity 1 — cos(t) = 2sin® ().

i cte wsy
GRGIERE Jali-ast’  using iditily ¥ 1] = A5 fzsotsy = 2[sald)] = 253 brosbear 3 Yo

ar ar
- s dt "lmtz = - Yeasw +HYeoslo)
L= S 253 *do ’
0 = 4+4 = 8

) Parameterize the part of the curve from (0,0) to (27,0) by

arclength.
t . t . < .
5“"): SZsin-;-'Jk = —‘lcos;_] = -‘icos;,*‘l S0 q: -—wsi-\-l
w=0 ° <
mi: | — =
2 L]

-e;aws"(l«%)

Jhew Tl = (f—;iu"’) I-cost D  octear

5

Tl = ( 2cd(i-3)- sin( 2005 (1-3) ), I- s (2ea(1-3)) 7

prositle singliGeafins * et xreili3) e Af%_:g

- £

Q

{han 5'“l3“)’ B-\uum
-24/ -= ("‘) 26 = (aad'(1- §) - 2050 ie $,5°%57
wslzw) = cogtw —sin’o
- (-3Y- (5-%)

:.—4-.5'—
IS8
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(c)

—
£

2. The above plots depict four vector fields, ﬁa, ﬁb, ﬁc, ﬁd, in the zy-plane,
plotted for —1 <z <1 and —1 <y < 1. Each of the vector fields has a
constant magnitude. You may assume that each vector field is continuous
and differentiable on its domain.

List all of the vector fields which satisfy the path- mdependence

property.
- \

, l-*,

F .JF hove "T“ with nm-en wark so de't s.d\;(, ‘uﬂnMQ Fu
m consecvative Fc o ol free on o singly conutal domsin Fb hos ‘nﬁJw’ [

List all of the vector fields which have a simply connected

domam.

only E
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c) Let C be the path from (1,0) to (0, 1) given by the part of the
unit circle with x and y positive. Say whether the following quantities

are positive, negative, or zero:
L [ Fy-dif  (ositiw

2. [ F,-dif e

3. [, F.-dF heative

A [ Fy-dF wgdiﬂ

d) Writing Fy = (P(z,y),Q(z,y)), say whether the following

quatities are positive, negative, or zero:

L P(025,0.75)  positive (T cmpant § i incremss a5 K icras05 )
2. P,(025,0.75)  Mgafive (T compont 3 wobr dlorous a5y inormss)
3. Q,(0.25,0.75) mﬂ‘"‘ (IWP%WMMS as K ierasts )

4. (),(0.25,0.75) pos-hve (j Conpant 3 vehr  inoreus  as Y imscs)

Page 6 of 13



3. Compute the work integral
/ (ysinx + zy cos x)dx + (xsinx)dy
c

where C' is any path from (%, 1) to (%, 2).

M!anl can ke writken ag J?-JF' where
c

F-4r,0) = (&;:.x +Yyeosx , XsinX )

DOmiv\ lb {-; © m" S0
« ' 3 > h;‘*' d‘r(k . . o

? o unsrnbn & ?3 Qx  which wt R— b *:'““” chack. :m f.n-(d‘h

sz Sink + XWOSX ‘6 L iu«,ﬁu\ 5uo¢j¢;+ F owwit be cngrmnive.

*

Fird ‘nfcdial Junchion £, ysin% + RgCOK ®
fy = xsink @

Y - . . "
Tk M‘kd’lw m M"‘ @ rcauiru M‘houd\a\ b’ Pr-k so H o @osier ) ‘M @
aking - with
@ = (l(‘,q)-, ‘A\asinx* Wy = ‘fﬁ

i) -; %siu X+ Xycosx

'
sm%T W 605)‘“‘\‘(
3 ) »Q

% ninw=0 » W9=C constdt

-F(Mh xnsinu (& wt an dke C=0

FTiT > [fa- $(E0-HED)
c - [Z)yins - EY0) sial®)

L -
91{'111"1-
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4. Consider the vector field / 3

J ) 7,’ ) 7’)
4 o mktS pert L) e,
F= - Vadly oo
") e e B sl
and let C' = C] 4+ Cy+ C3 be the loop where (] is the line segment from (1, 0)
t0 (0,0), Cy i i

’ hove losm
), Cy is the line segment from (0,0) to (0,1), and Cj is the part of the
circle #2 + y* = 1 in the first quadrant from (0, 1)

<e — 4y + ya?, tan

Semething et
(1 O) lilka 5“""1)
Compute the line integral ¢, F.d
Sisw orihbin oo C o Clikwiv, w kvt IR=-C and Gren's o
10, § 7w - - & Fae [, v, Vol
Cs c -c R
at7 R

&1"5" P":—‘i*xt

%0 &" ‘?a = L‘ - xz"JL
b < J
(oo & (40)

Gt — et il e ok
R
(&

!

W
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Page 8 of 13



(b) Find a smooth, simple, closed, counterclockwise oriented curve
Chax, in the xy-plane for the which the value of the line integral

7{ F.dr
Cmax

is a maximum among all smooth, simple, closed, counterclockwise ori-
ented curves. Here F is as in part (a).

$r any siaqle | clowd, comdorclouise ot cove C we ot C=OR uhive R

16 Rﬂl‘m insidp 1 C. We dhn wat
§F,,{;‘ = ’ﬁ(&-g’),{m’ - SS(H-%H")AI:, to be as hig as possiblo.
c R R

TO make the Mzam( as 53 as ‘m,‘bQ we ivwlulz, in R Mw\u« whare "l—x‘—q" ° P‘;G"
k T - T
and  nchadl Mlh't Yooyt o mgsfive . T R=§ ‘*"'3303’ f eyt §
T R o Do disk 3 mdiw 2 odhed at B origin ond %0
Cose = OR o 4k cirke odics & oudored ot e origin.
weri =

6 e ovquant  vsts Bree's Thawcon which reguires F ot be wil defisd o ¥e donsin ) R:k-‘d\
it want be in goual. o o a mishke ke rmabfin g thi  probe. | mat & F oo

e defind overywhore.
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D. Let S be the part of the surface z = 1 — 2% —y? above the zy-plane,
oriented downward. Let

F= <zey + xs,tan(z) + 3.5 — 32> )

Compute the flux integral [[g F.NdS. Hint: find a way to apply the diver-
gence theorem.

B 343 -3 —niv, ot owld like %o Uy .
! Lt S, ke & \)ni: disk w1 15-‘){“0 S = iz;(), x"“”'g’}
oinatel doonused: M2 %
L E be T solid region belod € and abme the Wy~
-~ E=50c2< )-yv$

\

[\l

11‘“ 2E=s|'s

mings st indved orichtim on
IE © ot wed , b givo- orieddbin
di\l thm om S o inwed.

JES 32w - é{ﬁ’.m - gjﬁi o
E

D\/‘ s

Bga was = [ s(e-pava

S E

0 sin 220 m S [

( ooy 53> <00, 08 — SS g 3 (1) rdzdclo

6=0 =0 2-0
S

Cs(fas — an§ a2l e

S, £=0

) 2
'S/’d‘m(fgi) - J.TS -y (\}_,\) dr

=0
)
-6r  + 67 l:_L Lr"-l)s]
32 =0

-€r < T('[Q—\)%- ‘—I)”] = -STr+mWT =
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6. Let C' = C1+Cy+C5+4C4 be the loop consisting of 4 line segments:
(' is the segment from (1,0,0) to (0,0,1), Cy is the segment from (0,0, 1)
to (0,2,1), Cj is the segment from (0,2,1) to (0,0,0), and Cj is the segment

from (0,0,0) to

—

(1,0,0). Let F be the vector field

F = <e“’2 + 32 — 6ayz, —cosx — 3222, V1 + 22 — 7y> .

Compute the line integral ¢, F - dr.

43 .
W
lol"l l) Co lU) 3L )
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Sekt Mwen: STt = ((enre
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guu"o
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7. Let S be the part of the surface 22 + 22 = y* lying between the planes y = —1
and y = 1. Note that the surface S is the surface of revolution obtained by
rotating the curve {z =0,z = y*, —1 <y < 1} about the y-axis.

(a) Sketch the surface S and find a parameterization of S (be sure
to include the domain as well as the vector valued function).

1% G(W$d3)x+-‘z36a ;
cmhib eadivs 5". We can vse ‘,.mm Y e

Bla,0)= { @eosd, y ,y'sime D A5yl
T lyo)= (e, Yy Sy

i
as o chuk , wt an su YWt pora meter iaihe

Safisfes S eﬁ@ﬁ"‘ :
(o) (§5+0) =
b“( 9 -\-g‘q 3 = b" l/

1+4 2

Compute the integral [, ———
cp!
AS n’olAﬂlO o SS_I_’Jg_/g;S‘ B.ﬂtﬁ Jﬂdo

- - 1+ Uy>
?r Lagome, |, 29540) 00 Y=-
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8. The paraboloidal coordinate system is an unusual coordinate system on R3
which is very useful in certain circumstances. The coordinates are (u,v, )
and the standard Cartesian coordinates can be expressed in terms of the
paraboloidal coordinates by the equations

z = (u-+v)cosb
y=(u+wv)siné
Z=u—"v
(a) Express dx, dy, and dz in terms of du, dv, and df.
dy= coso du+ caodv — (uw)sinedo
JA‘) = Sing du + smedV + (usv) coso do

da= M -~

(b) Express the Cartesian volume form dz A dy A dz in terms of

the paraboloidal volume form du A dv A df. Simplify as much as possible
(your answer should be quite simple).

[n gl (umA,.tvfn,doh(v,ms,dwBBMA(C.JHC»""*%J&)

K,k K
= |g 87;533 durdv ado
6, ¢ G
L V\M'om'-m‘*

coso cose  —(uw)sine

‘ i W | uadiede
%0 dv.ufa.qd; = 64;0 S—\e [uvo

=

Sing  5in@
sing (ur )40 3in0 U(M”W} - Luw)sinez ( dundv «do
( coso’ o o | T®R o -l

__Lmto (uw) " cos”e('“-*") - qu\sine(_zs-‘w)] ,Cuulvldﬁ

= L&Lw\ (coso + 9&’3)] dudido =
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