Lecture 10
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Multipole expansion: Making sense



Midterm 1

* When / where: Next Tuesday, Oct 14t in Hebb 100, please be inside at 18:45 pm

* What: focused on Weeks 1 — 4 & a bit of Week 5

* Any on-paper notes (don’t bring too much!), no electronic devices, no textbooks.
* It might be a good idea to have Griffiths cover formula sheet (on Canvas) with you.
* Calculator (though the exam is not about computing a number, you can bring it)

* Please bring a photo ID with you (default: UBC card)



Last Time: Multipole Expansion

* At a large distance r from a compact charge distribution, we can
expand potential in powers of a small parameter (r' /1)’ :
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* It’s a decaying series, since I/} « - (T—) . Usually it is enough to keep

just a few (1,2 or 3) terms in this expansion.
* After that, we fiddled around with the functions f;(a), to split V;(r) into two parts, one
depending only on r, the other being an r-independent integral of p(r’) over r'. These

integrals are called the [-th multipole moments of the charge distribution p(r). For [l = 0 it
is a scalar, for [ = 1itis a vector, for [ = 2 it is a second-rank tensor (and here we stopped).

*FindV(r) = CanfindE(r) =-VV(r).



A propos: Multipole Field Geometry

The electric field can be represented by a similar series, E(r) = ),;2, E;(r) has a similar
expansion, which is readily obtained by taking the gradient of each multipole of V(r):

E;/(r) =—-VV(r) (=0,1,2,...)

Monopole Dipole Quadrupole



Multipole Moments: Summary — 1

The first 3 moments of a charge distribution, p(r), and the resulting potential fields, V' (r):

1 @
* Monopole (I = 0) Q= /Vp(r’) dr’ Vo(r) = e
* Dipole (I = 1) P E/ p(r')r' dr’ Vi(r) = 1 @r
14 dmeg T2

° Quadrupole (l — 2) Q’Lg — /V p(; ) (37";7":; . 7,,1257;3.) dT, ‘/2(1_) _ Z Q’LJ



Multipole Moments: Summary — 2

The multipole moments for a system of point charges have similar expressions.

Let p(r —>an53 r—rg)

* Monopole (I = 0) Q = / Ndr' — Z Ja a&‘
~ ‘-aq
/‘/ r?_ ¢
* Dipole (I = 1) p= / p(xYr' dr' — anra
4 a
p(r’)

» Quadrupole (I = 2) Qij = /V 5 (3rir — r'26;5) dr’ — Z %(3%,7;?"@,3' — 120;)



Understanding Multipoles

Q: How many numbers do you need to specify to define...

* Monopole moment — \
* Dipole moment
* Quadrupole moment \

A. One | Q= [ p)dr
B. T Q) 4
. Two ﬁ
pE/ p(x")x' dr’
C. Three Qij._._th (6) v
D. Six

(9): 3x3 wsdnx

_ [ p(r)
E. Nine - > ij:/‘, y (Brary -



Understanding Multipoles

Q: How many numbers do you need to specify to define...

* Monopole moment » 1 (scalar)
* Dipole moment » 3 (vector)
e Quadrupole moment » 9 (3 x 3 tensor)
A. One Q= / p(r") dr’
1%
B. Two
C. Three P = /Vp(r,)r, ar’
D. Six (r)

_ [ P
E. Nine v /v 2 (3T7€r9 B TIZ(Sij)dT,



Dipole Moments: Example —1

Q: Two charges are positioned as shown. The separation vector between them is d,
as shown. What is the dipole moment of this configuration?

A. +2qd
B. —2qd 2

_— ==
C. Zero P - Z ﬂq rq/

D. None of the above Q= (



Dipole Moments: Example —1

Q: Two charges are positioned as shown. The separation vector between them is d,
as shown. What is the dipole moment of this configuration?

p= 2 q; I, = +2qr{ — 2qr,
[

= 2q(r; — 1y)

= 2qd
+2qd
B. —2qd
C. Zero * Note that here p does not depends on the

choice of the origin of the coordinate system
D. None of the above



Dipole Moments: Example — 2

Q: What is the magnitude of the dipole moment of this charge distribution?

+2q
y 0. d
\_q
0
A. qd
B. 2qd
C. 3qd - = N
= 2 g
D. 4qd P C‘q =

: . Q=
E. Not enough information



Dipole Moments: Example — 2

Q: What is the magnitude of the dipole moment of this charge distribution?

A +2q
P = 2qr1 — qro = qr1 + gd = 2qd — gro Y o&
—q

* p depends on the origin of the
coordinate system if Q # 0

A. qd

B. 2qd e ...and does not depend on the X
originifQ = 0!

C. 3qd ginitQ

D. 4qd

@ Not enough information



Dipole Field: Example -1

Q: Suppose you have two point charges, +qg and —q, separated by a vector d, with
p = gd. Which statement about the following form of V' (r) is correct?

1 q q
Vir) = 4Aeg (|r—r1| |r—r2|)

This is an exact expression for the potential everywhere
It is only valid forr > d
It is only valid forr < d

o 0w p

None of the above.



Dipole Field: Example -1

Q: Suppose you have two point charges, +qg and —q, separated by a vector d, with
p = gd. Which statement about the following form of V' (r) is correct?

1 q q
Vir) = 4Aeg (|r—r1| |r—r2|)

This is an exact expression for the potential everywhere
B. Itisonlyvalidforr > d
C. Itisonlyvalidforr < d
D. None of the above.



Dipole Field: Example — 2

Q: Suppose you have two point charges, +qg and —q, separated by a vector d, with
p = gd. Which statement about the following form of V' (r) is correct?

1 - T °
V(I‘) o p-r o

! Ameg T2

V(e = Z V, )

=9

This is an exact expression for the potential everywhere
It is only valid forr > d
It is only valid forr < d

o 0w p

None of the above.



Dipole Field: Example — 2

Q: Suppose you have two point charges, +qg and —q, separated by a vector d, with
p = gd. Which statement about the following form of V' (r) is correct?

1 p-r
Ameg T2

Vir) =

* The previous exact expression
reduces to the above dipole
potential in the limit thatr > d

e Check this!

A. This is an exact expression for the potential everywhere

‘ It is only valid forr > d

It is only valid forr < d
D. None of the above.



|deal (or Pure) Dipole vs Physical Dipole

* Physical dipole: two charges with the same magnitude_ggd opposite signs
separated by a (small) distance d L Bf V, =

1
Qng, €2 = yne,.
A 71
Q: What is the monopole moment of a dipole? _ é '/*:/Zero! Q- 11
P:1.4 VC:)= VQ"'U""\,z"’"'
2, Q: What is the multipole expansion for dipole’s V (r)?

o @
r-o
o

+q (see Griffiths, Example 3.10)
P
¢ 2
1 gdcos@ 1/d
e Vohys (1) = Ame, 12 +0 r\ 7 physical dipole
\ Y,
g

“assumes d — 0 but g — oo,

ideal / pure / point-like dipole so that p = gd = const”



Dipole E-Field

Q: Calculate the electric field of an ideal electric dipole, with p at the origin pointing
in the 4z direction (in spherical coordinates).

F E(r) = —VV(r)

1 T 1
Vir) = p-r p cosf

Ameg 12 Areg T2

ov. 10V . 1 oV,
V= Er+;%9+ rsin @ 8¢¢




Dipole E-Field

Q: Calculate the electric field of an ideal electric dipole, with p at the origin pointing
in the 4z direction (in spherical coordinates).

ovV. 1 2pcost

E. =2 —
Z ’ or Ameg 79
P .
10V 1 psinf
E9 = ——— =
r 00 A4mwey 713
1 oV
By=—— =0
rsin@ 0¢ E(r) = -VV(r)
0 )
1 p-t 1 pcosb
p 1 D R Vir) = Amey 12 Amey T2
| E(r):4——3(2cost9f'-|—sin09) o 1ov. 1 v
TEY T ) X X
L YV =5ttt rama ag




Dipoles: Ideal vs Finite

* For a pure dipole along the z axis, we found:  E(r) = L » (2 cos 0t + sin 6 é)

=7 .
(d — 0, p=qd= const.) Teo’

* How does this compare with a “real” dipole (finite d)?

“ideal” dipole “real” dipole




Dipoles —small and large

I”

dipole

“idea

\ “real” dipole

Polarized thin disk

Finite-size parallel-plate capacitor

 Similarly to how any charged compact object (a rod, a disk, a sphere, a cube) will
look like a point charge from a very large distance, any neutral and “bipolar”
object will look like a dipole when you are far away from it.



Dipoles: Summary

p:/ p(r’)r'dr'—)Zqz-r;
v i

* Dipole moments add and transform like vectors. P = 414

* For physical dipoles made of two point charges +Q separated by a distance d,
p = Qd, where d points from negative to positive charge.

* The pure dipole field, V/; (), is exact in the limit that Q = 0 and d — 0 with p fixed.

*If Q = 0, the dipole moment is independent of the origin. For Q # 0, the origin matters.



Multipole Moments: Example — 1

Q: Which charge distribution(s) below produce a potential that drops off
as 1/r* at large distances? ‘e e el

F V= U + V + V
+2q +2q +2q +qg E
¢ © © © © © More than one of
\/‘.. 2y 1; 2\ i qxzq ~ the above (which?)
Q ® ® ® ® o

#0 Q£o  Q=o Q=0 — Vo =o©

A i B i C i D ~\ E

a a v a v Vi =



Multipole Moments: Example — 1

Q: Which charge distribution(s) below produce a potential that drops off
as 1/r* at large distances?

+2q +2q +q +g +2q +q .
© © @ © @ ® | More than one of
124 — — — ~2g the above (which?)
O O O O O

A B C\/ D\/ @

* A & B have monopole moments, so V(r) o« 1 /7.

* C & D have no monopole, but both have a dipole, so V(r) « 1/r?.



Multipole Moments: Example — 2

Q: Which charge distribution(s) below produce a potential that drops off
as 1/r* at large distances?

| | | 944
+2q +2q +q —q +2¢q
o * o 0 © . More than one of
i i i ich?
iy _2'[7 P _l‘ +17 _q;‘ ‘\q the above (which?)
O i O i O e i ® e
A g v/ C pv' | @
Q7o 9 = Q=0 Q=0
1 ~ L B=o S o Vl R
Vomt  FEe~l  Bre p a



Multipole Moments: Example — 2

Q: Which charge distribution(s) below produce a potential that drops off
as 1/r* at large distances?

+2q ! +2¢q ! +q —q . +2q :
© © © ® o . More than one of
' | | the above (which?)
—q —2q —q +q —q —q

o O o e O

N N B BV R G

* A has a monopole moments, so V(r) o< 1/r.
* B & D have no monopole, but both have a dipole, so V(1) « 1/r?2.

* C has a quadrupole as a lowest moment, so V(1) o 1/73.



Multipole Moments: Example — 3

Q: For which charge distribution(s) the dipole term is the leading non-zero
contribution to the potential?

3D ZDG_
—q@-0 tq © Y 4@ 07q o )
—q;:.o +g © +2¢ +2q9 @  +¢ O +q 60 = 0y cos 6
1V o X > 5
)’gi#o Q £o QEO v
1and3 Here @ = S?O‘") dt/ =o
2 and 4 ( check it!)
Only 1 and B = I ?U:') T/ dT' # 0
1and 5 ( check ul.-l)

m O O © >

Some other combination



Multipole Moments: Example — 3

Q: For which charge distribution(s) the dipole term is the leading non-zero
contribution to the potential?

3D 2D
4@ 0+ ©q —q@ 0+q
4@ @4y ©+2q 290 e+ ot ‘ 7= ocost
1 2 ©7q 3 4 5
A. 1and3 * 1 has no monopole but has a dipole
B. 2and 4 * 2 & 3 have monopoles as their leading terms.
C. Only1 * 4 has a monopole (net charge non-zero).
e 1and>5 * 5 does not have monopole (zero net charge)

but has a dipole (check it!). >

E. Some other combination P = 89(}')?’&7



Multipole Moments: Example — 4

Q: What can you say about the potential of the following charge distribution?

+q | —q
....... @ .
_______ O -
—q i Tq

V(r) = Vy(r) + higher-order terms
V(r) = Vi(r) + higher-order terms
V(r) = V,(r) + higher-order terms
V(ir) =0

None of the above.

m O O © >



Multipole Moments: Example — 4

Q: What can you say about the potential of the following charge distribution?

q@ ........... .q Q=) q=0-V(r)=0
4 I “
LY

R R p= Y aure =0 Vifr) =0

A. V(r) = Vy(r) + higher-order terms
B. V(r)=V;(r)+ higher-order terms
@ V(r) = V,(r) + higher-order terms
D. V(r)=0 * Thinking about x and y components

E. None of the above separately might help to see that p = 0.



Quadrupole Moment & Potential

Q: Compute the quadrupole moment, Q;;. Say we have point charges with (x,y) = (+d, £d):

| p(r) 2 q 2
4= §a=1 Qij p— /V 9 (37“;7“; —’I”/ (523) dT/ — ;;(37"0,,7;7"%3' —radij)
....... @@
=3 %

Next time! See you on Tuesday.
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