Lecture 15

Separation of variables: Cartesian coordinates



Separation of Variables:
Cartesian Coordinates

(Ch 3.3.1)

* |dea: Reducing one differential equation in partial
derivatives to a set of ordinary differential equations

* Types of boundary conditions and corresponding
solutions

 Completeness and orthogonality of separable
solutions

X(x)

Y(y

)

Z(z)



LaSt Poisson Equation — Redux

Time: V2V (r) = A V2V (r)=0 (p=0)

€0

The 2nd-order Poisson equation (p # 0) and Laplace equation (p = 0) encode the pair of
1st-order Maxwell equations:

Since its solutions are unique, clever methods may be used to find solutions:

* Method of images (today) A technique for solving a subset of electrostatics problems
involving charges and conductors with certain symmetry.

4 )
e Separation of variables (next time) A widely useful technique for solving partial (i.e.,

multi-dimensional) differential equations. Closely related to the method of multipole
moments and orthogonal function expansions.

\.




Other Examples in Physics

There are numerous other important equations in physics that contain the
Laplacian that can be solved with separation of variables techniques. For example:

The heat equation:

%_ff — V2T T =T(tz,y,2)

The Schrodinger equation:

%, 1 [—h?
a_f:z'h[ V2+V(r)]¢ v =9 z,y,2)
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Separation of variables — 1

An important technique which relies on uniqueness of solution of Laplace equation is
separation of variables, which can give a direct solution of the Laplace equation, subject to
boundary conditions on V and/or dV /on.

The technique trades one partial differential equation for N ordinary differential equations
(in N dimensions).

Let’s first illustrate the method in Cartesian coordinates: .
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Guess a solution of the form: V(z,y,2) = X(2)Y(y) Z(2)



Separation of variables — 2

Substitute this into the Laplace equation:

Divide by XY Z:

This has the form:

d?X

YZ
dx?2

i d* X
X dz?

flz) +

d2

xz%Y

dy?

1 d?Y

+Ydy

9(y)

1

d2
dz>

dzZ

h(z) =

Lxvy %2

o VARG 2 VARG 2 V4

2V _
vV = Ox? + Oy? + 0722

V(z,y,2) = X(z)Y(y) Z(2)

=0




Separation Math

Q: Consider the equation:

where each function depends only on a single Cartesian coordinate for all x, y, z.

f(@)+g(y) +h(z) =0

Which of the following conclusions about f, g, and h can we make?
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vV 5§ -3-2 =o0
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. All three functions are zero everywhere.

At least one of these functions is zero everywhere.
All three functions are constant, independent of x, y, z, respectively.

. All three functions are linear, e.g. f(x) = ax + b, and so forth.

None of the above.



Q: Consider the equation:

Separation Math

o

+ €
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f(@)+g(y) +h(z) =0

where each function depends only on a single Cartesian coordinate for all x, y, z.
Which of the following conclusions about f, g, and h can we make?

* Hence, using the
definitions from the
previous slide we get:

d?X d’Y d*Z
> =aX; —5=b0Y; —=cZ and a+b+c=0
dz? dy? dz? N ~—
g >
Y counstruinf
3 DEs

A. All three functions are zero everywhere.

B. At least one of these functions is zero everywhere.

@AII three functions are constant, independent of x, y, z, respectively.

D. All three functions are linear, e.g. f (x) = ax + b, and so forth.

E. None of the above.




Differential Equations: Recap

d*X

Q: What is the solution of this differential equation? e aX
A X(x) = Xoe\/mx + X, e Vlalx
B. X(x) =X, sin(\/Hx) + X cos(Mx)
C. Aifa>0,andBifa<0
D. Aifa<0,andBifa>0
E. Both Aand B forall a



Differential Equations: Recap

d*X

Q: What is the solution of this differential equation? o3 = aX
x
d—Z(X e\/mx) = (w/|a|)2 XoeVe* = |a|X = aX if a is positive
dxz 0 0

2
%(Xo sin(\/Wx)) = —(M)Z Xo sin(\/Wx) = —|alX =aX if a is negative

A. X(x) :Xoe\/mx + X e Vlalx

/ e * The si f a det ' heth
B. X(x) = X, sin(y/]a|x) + X, cos(y/]alx) e sign of a determines whether

we have an exEonentiaI or harmonic
@A ifa>0,andBifa <0 (sin/cos) solution XI —

D. Aifa<0,andBifa>0

E. Both Aand B for all a <'-°$|~, Siklﬂ



Hyperbolic Functions: Recap

Sometimes it is more convenient to use hyperbolic functions
instead of exponents as solutions of the differential equation

d?X _
W=aX with a > 0.

Exponents: X(x) = XyeV¥ + X, e~Vox

Hyperbolic o ,
functions: X(x) = X sinh(y/ax) + X{ cosh(y/ax)

ex _ e—x ex + e—x
with sinh(x) = and cosh(x) =

2




Choosing Appropriate Function (a)

The rectangular channel is infinite along z and has the boundary condition shown in the
picture. What kind of functions are likely to be solutions for X, Y, and Z?

d>X d?Y d*Z
- = aX; el = bY; e =cZ and a+b+c=0
74@ y 6w aC= a+€+c =0 7
X. X and Y sinusoidal, Z constant,
B. X andY exponential, Z constant, d22 _ .z =o
de =

-C. X sinusoidal, Y exponential, Z constant,

‘D. X exponential, Y sinusoidal, Z constant,

E. Semethingetse ?)o‘H/\ C auwd D weeld wo




Choosing Appropriate Function (a)

The rectangular channel is infinite along z and has the boundary condition shown in the
picture. What kind of functions are likely to be solutions for X, Y, and Z?

d’>X d’Y d*>7Z
—— =aX; —=bY; — =¢Z and a+b+c¢c=0
dz? " dy? " dz?

* We can’t have both X and Y exponential or both sinusoidal, * Hence,

since then we will have that a + b # 0.

* We can’t have an exponential solution for Y, since we won’t be a >0, b <0, c=0
able to satisfy boundary condition, V = 0,aty = 0 and y = h.
A. X and Y sinusoidal, Z constant, v =0
B. X and Y exponential, Z constant,
C. X sinusoidal, Y exponential, Z constant, V=Vo V=Vo
X exponential, Y sinusoidal, Z constant, .
—0) X

E. Something else z
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Choosing Appropriate Function (b)

The rectangular channel is infinite along z and has the boundary condition shown in the
picture. What kind of functions are likely to be solutions for X, Y, and Z?

657)2( =aX; (2271; = bY; 6575 =cZ and a+b+c=0
X and Y sinusoidal, Z constant, ] V="V
X and Y exponential, Z constant,
X sinusoidal, Y exponential, Z constant, V=Vo V=Vo
. X exponential, Y sinusoidal, Z constant, :
V="Vo X

Something else z



Choosing Appropriate Function (b)

The rectangular channel is infinite along z and has the boundary condition shown in the
picture. What kind of functions are likely to be solutions for X, Y, and Z?

d2X d2Y d’Z
W:CLX; d_yzsz; @:cZ and a+b+c=0

Consider V(x,y) = V, everywhere inside. * Hence,

* This solution works, hence, by virtue of a=b=c=0
unigueness theorem it is what we have!

. X and Y sinusoidal, Z constant, Y V="V

V=Vo

Il
~

A

B. X and Y exponential, Z constant,
C. X sinusoidal, Y exponential, Z constant, V=Vo V
D.

X exponential, Y sinusoidal, Z constant,

V= V0 X
Something else z




Example 1: Capacitor Potential
Q: Consider a large parallel plate capacitor (neglect edge effects) with the lower plate in
the (x, z) plane (y = 0) with V = 0, and the upper plateat y = d withV = 1,.
Find the potential V(x, y, z) between the plates by solving the Laplace equation,
Viz,y,2) = X(2)Y(y) 2(2) 1) Set up equations for X(x),Y (), Z(2)

12X 14827 1427 2) Set up boundary conditions
X dz2 T Y dy? * Z dz? 0 3) Solve for X(x),Y(y),Z(2)

V=V




Example 1: Capacitor Potentia/ o
- ‘/
The general solution: const oust ,,“" + €

)
" h (4

Vau) - X@YWIE) o+ sir 1EZ
A it A el Xdz2 Y dy?  Z dz?

-t C=0 =o

Boundary conditions in x, z: translation invariance in both x and z for an infinite capacitor,
hence X (x) is independent of x, and Z(z) is independent of z:

dQX d2Y
X(x) = const — =0- andthesameforZ(z) — ——5 =0 [=Y(y)=cy —I—><

dx? dy? B

Boundary conditions in y (taking X(x) = 1and Z(z) = 1):

oV 1%
V) =V (=2 - %)

ST NS

Y(d)ZVO —>61=Vb/d




Example 2: Open Channel

Two semi-infinite (x > 0), grounded, metal plates lie parallel to the (x, z) plane, one
aty = 0, the otherat y = h. The left end at x = 0 is closed off with an infinite strip
insulated from the two plates and maintained at a specified potential V (y).

0V 0’V 0%V
L] L L] L] 2 _ :
Find the potential inside the slot. VeV = 922 + 52 + 5.2 0

Assume: Viz,y,z) = X(x)Y(y) Z(2)
d2X d?Y d*Z
W CLX d—yz = bY @ == CZ




Example 2: Open Channel

Q: Think about the boundary conditions in each dimension. What kind of functions are likely
to be solutions for X, Y, and Z? Assume the channel is infinite along z.

A. X and Y sinusoidal, Z constant, }

B. X andY exponential, Z constant, z

C. X sinusoidal, Y exponential, Z constant, recume: Ve 2) = X(2)Y(y) Z(:)

D. X exponential, Y sinusoidal, Z constant, . N ~
2 — ¢ 2 2

E. X,Y,and Z sinusoidal. & dy’ dz"

a+b+c=0




Example 2: Open Channel

Q: Think about the boundary conditions in each dimension. What kind of functions are likely
to be solutions for X, Y, and Z? Assume the channel is infinite along z.

* We can’t have both X and Y exponential or both sinusoidal,

since then we will have that a + b # 0. |
* We can’t have an exponential solution for Y, since we won’t be ‘ J

able to satisfy boundary condition, V = 0,at y = 0 and y = h. / /
V=0
h
. . V(
A. X and Y sinusoidal, Z constant, v / v/

0
B. X andY exponential, Z constant, ‘Z/
C. X sinusoidal, Y exponential, Z constant, Resumme: V(e 2) = X(@) Y (y) Z(2)
X exponential, Y sinusoidal, Z constant, X _ B PL
PX _ax Lo @z _
E. X,Y,and Z sinusoidal. o s dz*
a+b+c=0

e Hence, —a >0 b<0 c=20




Example 2: Open Channel (z)

Write down the differential equation for Z(z), and the boundary conditions on Z.

What are the constraints on ¢ (and other constants, if they exist?)

2
* The differential equation: d°Z _ cZ
dz?
* The boundary conditions: Z(+o0) = Zy
e Guess a solution: 7(2) = Z, (due to translational symmetry

of the problem in z direction)

e Conditions / constraints on ¢
(and other constants if they exist):

* Hence: [ Z(z) =72, ]




Example 2: Open Channel (y)

Write down the differential equation for Y (y), and the boundary conditionson Y.

What are the constraints on b (and other constants, if they exist?)

2 2
* The differential equation: % — by :ll—): = -kt Y

dy = d Other constants:
* The boundary conditions: Y(0)=Y(h) =

- ,°
* Guess a solution: Y (y) = Yo sin ky + Y7 cos ky with k? = —b
* Conditions / constraintson b Y0)=0 —- Y1 =0
(and other constants if they exist): Y(h)=0 — sinkh=0 — kh=nr(n=1,23,...)

b<O0

nmy

* Hence: [Y(y) =Y, sin(k,,y) = Y, sin (T)J




Example 2: Open Channel (x)

Write down the differential equation for X (x), and the boundary conditions on X.

What are the constraints on a (and other constants, if they exist?)

. . . d2 X dZZ 2
* The differential equation: Ty = QX s c_:__ﬁ X
o V(a) Other constants:
* The boundary conditions: =0 X(0) (see below) a, X, and X,
* Guess a solution: () T 4 Xle oz with a? = a
o\

* Conditions / constraints on a =0 = Xo=0 a+b+c=0

and other constants if they exist):

( T they exist): a2 —kZ+0=0

a>0 _

4= Kn

* Hence: [ X(x) = X e n¥ ] mn
adn = kn — T




Example 2: Open Channel

Now let’s put everything together:

We have a solution of the form:

An

nm
V(x,y,z) = X(x)Y(y)Z(z) = ~knX gin kny with k, = ™

Combining X,Y,Z, into one single constant, >
we get the potential in the most general Vix,y,z) = 2 Ae " sink,y
form as a sum over the index n: n=1

...and we can find the coefficients A,, from our last boundary condition, V' (0,y,z) = V(y).

Q: How ??? We have just one boundary condition and infinite set of 4,, !!!



Example 2: Open Channel

nm
We have: V(x,y,z) = Z An k, = ™ (n=1234..)

n=1 \'b
Boundary condition: V(0,y,z) = V(y). ‘Y'u"’. 3%0’*‘?
basis set

* What if we are lucky and V(y) = V, sin ( hy)

Then A, =V, and A4, =

* What if, again, we are lucky and V(y) = V/; sin (my) + V, sin (132 ny) ?
Then A7 —_ Vll A132 — VZ and Ai-‘/—'7,132 = O

Q: What to do if we are not that lucky, and V' (y) is some other function?

A: We always can represent any V(y) as a sum of appropriate sines!



Fourier Trick - 1

Our goal is to expand the boundary condition in the Fourier series:

V(0,y,2) =V(y) — Z A, sink,y =V (y) (*)

n=1

Q: This is one equation in an infinite number of unknowns, 4,,. How can we find them?

A: We can use orthogonality of the functions sin(nmy/h) on the segment 0 < y < h!

The functions sink,y (n=1,2,3,...) forma "Orthogonal” means:

complete, orthogonal basis on the interval [0, h] b mmy . nmy h

for functions V(y) that are zeroaty = 0, h. Il = — Sl dy = 9 Ommn
0

mmy

To find appropriate 4,,, we should multiply both sides of Eq.(*) by sin (T) and integrate!



Fourier Trick - 2

Bound. Cond.: V(0,y,z) =V(y) = Ay sin% + A, sinz%y + A, sing%y + ...
h
sin % orthogonal and full set on [0, h]: / sin 20 oin BTY 4, — h 5| lifn=mand
0 h h 2 0 otherwise
h 21y mmy . mry
Jo dy sm V(y) —f dy (Al sm—+A2 smT+ .+ A, sin h + ___)sm n
e
hoo mmy n
fo dy sin p V(y) = > A,

2

h
— A, = g/0 sin m;ry V(y) dy
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