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Building on the core content and style of its predecessor, this
eighth edition (8/e) of Applied Electromagnetics includes fea-
tures designed to help students develop deep understanding of
electromagnetic concepts and applications. Prominent among
them is a set of 52 web-based simulation modules” that allow
the user to interactively analyze and design transmission line
circuits; generate spatial patterns of the electric and magnetic
fields induced by charges and currents; visualize in 2-D and
3-D space how the gradient, divergence, and curl operate on
spatial functions; observe the temporal and spatial waveforms
of plane waves propagating in lossless and lossy media;
calculate and display field distributions inside a rectangular
waveguide; and generate radiation patterns for linear anten-
nas and parabolic dishes. These are valuable learning tools;
we encourage students to use them and urge instructors to
incorporate them into their lecture materials and homework
assignments.

Additionally, by enhancing the book’s graphs and illustra-
tions and by expanding the scope of topics of the Technology
Briefs, additional bridges between electromagnetic fundamen-
tals and their countless engineering and scientific applications
are established.

NEW TO THIS EDITION
e Additional exercises
e Updated Technology Briefs
e Enhanced figures and images
e New/updated end-of-chapter problems

* The interactive modules and Technology Briefs
can be found at the book companion website:
em8e.eecs.umich.edu.
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PREFACE

CONTENT

This book begins by building a bridge between what should
be familiar to a third-year electrical engineering student and
the electromagnetics (EM) material covered in the book. Prior
to enrolling in an EM course, a typical student will have
taken one or more courses in circuits. He or she should be
familiar with circuit analysis, Ohm’s law, Kirchhoff’s current
and voltage laws, and related topics.

Transmission lines constitute a natural bridge between elec-
tric circuits and electromagnetics. Without having to deal with
vectors or fields, the student will use already familiar concepts
to learn about wave motion, the reflection and transmission
of power, phasors, impedance matching, and many of the
properties of wave propagation in a guided structure. All of
these newly learned concepts will prove invaluable later (in
Chapters 7 through 9) and will facilitate the learning of how
plane waves propagate in free space and in material media.
Transmission lines are covered in Chapter 2, which is preceded
in Chapter 1 with reviews of complex numbers and phasor
analysis.

The next part of this book, contained in Chapters 3
through 5, covers vector analysis, electrostatics, and magneto-
statics. The electrostatics chapter begins with Maxwell’s equa-

tions for the time-varying case, which are then specialized to
electrostatics and magnetostatics. These chapters will provide
the student with an overall framework for what is to come
and show him or her why electrostatics and magnetostatics are
special cases of the more general time-varying case.

Chapter 6 deals with time-varying fields and sets the stage
for the material in Chapters 7 through 9. Chapter 7 covers
plane-wave propagation in dielectric and conducting media,
and Chapter 8 covers reflection and transmission at discon-
tinuous boundaries and introduces the student to fiber optics,
waveguides, and resonators. In Chapter 9, the student is in-
troduced to the principles of radiation by currents flowing in
wires, such as dipoles, as well as to radiation by apertures,
such as a horn antenna or an opening in an opaque screen
illuminated by a light source.

To give the student a taste of the wide-ranging applications
of electromagnetics in today’s technological society, Chap-
ter 10 concludes this book with presentations of two system
examples: satellite communication systems and radar sensors.

The material in this book was written for a two-semester
sequence of six credits, but it is possible to trim it down to
generate a syllabus for a one-semester, four-credit course. The
accompanying table provides syllabi for each of these options.

Suggested Syllabi
Two-Semester Syllabus One-Semester Syllabus
6 credits (42 contact hours per semester) 4 credits (56 contact hours)
Chapter Sections Hours Sections Hours
1 Introduction: All 4 All 4
Waves and Phasors
2 Transmission Lines All 12 2-1to 2-8 and 2-11 8
3 Vector Analysis All 8 All 8
4 Electrostatics All 8 4-1to 4-10 6
5 Magnetostatics All 7 | 5-1to5-5and5-7 to 5-8 5
Exams 3 2
Total for first semester 42
6 Maxwell’s Equations All 6 6-1 to 6-3, and 6-6 3
for Time-Varying Fields
7  Plane-Wave Propagation All 7 7-1to 7-4, and 7-6 6
8  Wave Reflection All 9 8-1 to 8-3, and 8-6 7
and Transmission
9 Radiation and Antennas All 10 9-1to0 9-6 6
10  Satellite Communication All 5 None —
Systems and Radar Sensors
Exams 3 1
Total for second semester 40 Total 56
Extra Hours 2 0




PREFACE

MESSAGE TO THE STUDENT

The web-based interactive modules of this book were devel-
oped with you, the student, in mind. Take the time to use them
in conjunction with the material in the textbook. The multiple-
window feature of electronic displays makes it possible to
design interactive modules with “help” buttons to guide you
through the solution of a problem when needed. Video anima-
tions can show you how fields and waves propagate in time and
space, how the beam of an antenna array can be made to scan
electronically, and how current is induced in a circuit under
the influence of a changing magnetic field. The modules are a
useful resource for self-study. You can find them at the book
companion website em8e.eecs.umich.edu. Use them!

BOOK COMPANION WEBSITE

Throughout the book, we use the symbol @ to denote the book
companion website em8e.eecs.umich.edu, which contains a
wealth of information and tons of useful tools.

ACKNOWLEDGMENTS

Special thanks are due to our reviewers for their valuable
comments and suggestions. They include Constantine Balanis
of Arizona State University, Harold Mott of the University
of Alabama, David Pozar of the University of Massachusetts,
S. N. Prasad of Bradley University, Robert Bond of the New
Mexico Institute of Technology, Mark Robinson of the Uni-
versity of Colorado at Colorado Springs, and Raj Mittra of
the University of Illinois. I appreciate the dedicated efforts of
the staff at Prentice Hall, and I am grateful for their help in
shepherding this project through the publication process in a
very timely manner.

Fawwaz T. ULABY
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CHAPTER 1 INTRODUCTION: WAVES AND PHASORS
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Figure 1-1 2-D LCD array.

Overview

Liquid crystal displays (LCDs) have become integral parts
of many electronic consumer products, ranging from alarm
clocks and cell phones to laptop computers and television sys-
tems. LCD technology relies on special electrical and optical
properties of a class of materials known as liquid crystals,
which are neither pure solids nor pure liquids but rather a
hybrid of both. The molecular structure of these materials is
such that when light travels through them, the polarization
of the emerging light depends on whether or not a voltage
exists across the material. Consequently, when no voltage is
applied, the exit surface appears bright. Conversely, when a
voltage of a certain level is applied across the LCD material,
no light passes through it, resulting in a dark pixel. In-between
voltages translate into a range of grey levels. By controlling the
voltages across individual pixels in a two-dimensional array, a
complete image can be displayed (Fig. 1-1). Color displays are
composed of three subpixels with red, green, and blue filters.

» The polarization behavior of light in a LCD is a
prime example of how electromagnetics is at the heart of
electrical and computer engineering. <

The subject of this book is applied electromagnetics (EM),
which encompasses the study of both static and dynamic
electric and magnetic phenomena and their engineering
applications. Primary emphasis is placed on the fundamental
properties of dynamic (time-varying) electromagnetic fields
because of their greater relevance to practical applications,
including wireless and optical communications, radar, bio-
electromagnetics, and high-speed microelectronics. We study
wave propagation in guided media, such as coaxial transmis-
sion lines, optical fibers, and waveguides; wave reflection and
transmission at interfaces between dissimilar media; radiation
by antennas, and several other related topics. The concluding
chapter is intended to illustrate a few aspects of applied EM
through an examination of design considerations associated
with the use and operation of radar sensors and satellite
communication systems.

We begin this chapter with a chronology of the history of
electricity and magnetism. Next, we introduce the fundamental
electric and magnetic field quantities of electromagnetics, as
well as their relationships to each other and to the electric
charges and currents that generate them. These relationships
constitute the underpinnings of the study of electromagnetic
phenomena. Then, in preparation for the material presented in
Chapter 2, we provide short reviews of three topics: traveling
waves, complex numbers, and phasors, which are all useful in
solving time-harmonic problems.
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1-1 Historical Timeline

The history of EM may be divided into two overlapping eras.
The first is the classical era, during which the fundamental
laws of electricity and magnetism were discovered and formu-
lated. Building on these formulations, the modern era of the
past 100 years ushered in the birth of the field of applied EM
as we know it today.

1-1.1 EM in the Classical Era

Chronology 1-1 provides a timeline for the development of
electromagnetic theory in the classical era. It highlights those
discoveries and inventions that have impacted the historical
development of EM in a very significant way, even though the
selected discoveries represent only a small fraction of those
responsible for our current understanding of electromagnet-
ics. As we proceed through this book, some of the names
highlighted in Chronology 1-1, such as those of Coulomb
and Faraday, will appear again as we discuss the laws and
formulations named after them.

The attractive force of magnetite was reported by the Greeks
some 2800 years ago. It was also a Greek, Thales of Miletus,
who first wrote about what we now call static electricity: He
described how rubbing amber caused it to develop a force
that could pick up light objects such as feathers. The term
“electric” first appeared in print around 1600 in a treatise
on the (electric) force generated by friction, authored by the
physician to Queen Elizabeth I, William Gilbert.

About a century later, in 1733, Charles-Francois du Fay
introduced the notion that electricity involves two types of
“fluids,” one “positive” and the other “negative,” and that
like-fluids repel and opposite-fluids attract. His notion of a
fluid is what we today call electric charge. The invention
of the capacitor in 1745, originally called the Leyden jar,
made it possible to store significant amounts of electric charge
in a single device. A few years later, in 1752, Benjamin
Franklin demonstrated that lightning is a form of electricity.
He transferred electric charge from a cloud to a Leyden jar via
a silk kite flown in a thunderstorm. The collective eighteenth-
century knowledge about electricity was integrated in 1785 by
Charles-Augustin de Coulomb, in the form of a mathematical
formulation characterizing the electrical force between two
charges in terms of their strengths and polarities and the
distance between them.

The year 1800 is noted for the development of the first elec-
tric battery by Alessandro Volta, and 1820 was a banner year
for discoveries about how electric currents induce magnetism.
This knowledge was put to good use by Joseph Henry, who
developed one of the earliest electromagnets and dc (direct
current) electric motors. Shortly thereafter, Michael Faraday
built the first electric generator (the converse of the electric
motor). Faraday, in essence, demonstrated that a changing

magnetic field induces an electric field (and hence a voltage).
The converse relation, namely that a changing electric field
induces a magnetic field, was first proposed by James Clerk
Maxwell in 1864 and then incorporated into his four (now)
famous equations in 1873.

» Maxwell’s equations represent the foundation of classi-
cal electromagnetic theory. <

Maxwell’s theory, which predicted the existence of elec-
tromagnetic waves, was not fully accepted by the scientific
community at that time. It was later verified experimentally
by means of radio waves by Heinrich Hertz in the 1880s. X-
rays, another member of the EM family, were discovered in
1895 by Wilhelm Rontgen. In the same decade, Nikola Tesla
was the first to develop the ac motor, which was considered a
major advance over its predecessor, the dc motor.

Despite the advances made in the 19th century in our
understanding of electricity and magnetism and how to put
them to practical use, it was not until 1897 that the fundamental
carrier of electric charge, the electron, was identified and its
properties quantified by Joseph Thomson. The ability to eject
electrons from a material by shining electromagnetic energy,
such as light, on it is known as the photoelectric effect.

» To explain the photoelectric effect, Albert Einstein
adopted the quantum concept of energy that had been
advanced a few years earlier (1900) by Max Planck.
Symbolically, this step represents the bridge between the
classical and modern eras of electromagnetics. <

1-1.2 EM in the Modern Era

Electromagnetics play a role in the design and operation
of every conceivable electronic device, including the diode,
transistor, integrated circuit, laser, display screen, bar-code
reader, cell phone, and microwave oven, to name but a few.
Given the breadth and diversity of these applications (Fig. 1-2),
it is far more difficult to construct a meaningful timeline
for the modern era than for the classical era. That said,
one can develop timelines for specific technologies and link
their milestone innovations to EM. Chronologies 1-2 and 1-3
present timelines for the development of telecommunications
and computers, technologies that have become integral parts
of today’s societal infrastructure. Some of the entries in these
chronologies refer to specific inventions, such as the telegraph,
the transistor, and the laser. The operational principles and
capabilities of some of these technologies are highlighted in
special sections called Technology Briefs that are scattered
throughout this book.
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Chronology 1-1: TIMELINE FOR ELECTROMAGNETICS IN THE CLASSICAL ERA

Electromagnetics in the Classical Era

ca. 900
BC

ca. 600
BC

ca

1000

1600

1671

1733

1745

Legend has it that, while walking across a field in northern
Greece, a shepherd named Magnus experiences a pull
on the iron nails in his sandals by the black rock he is
standing on. The region was later named Magnesia and
the rock became known as magnetite [a form of iron with
permanent magnetism].

Greek philosopher Thales
describes how amber, after being
rubbed with cat fur, can pick up
feathers [static electricity].

Magnetic compass used as a
navigational device.

THALES,

William Gilbert (English) coins the term electric after the
Greek word for amber (elektron), and observes that a
compass needle points north—south because the Earth
acts as a bar magnet.

Isaac Newton (English) demonstrates that white light is a
mixture of all the colors.

Charles-Frangois du Fay (French) discovers that
electric charges are of two forms and that like charges
repel and unlike charges attract.

Pieter van Musschenbroek (Dutch) invents the Leyden
jar, which was the first electrical capacitor.

1752

1785

1800

1820

1820

1820

Benjamin Franklin
(American) invents
the lightning rod and
demonstrates that
lightning is electricity.

Charles-Augustin

de Coulomb (French)
demonstrates that the
electrical force between
charges is proportional to
the inverse of the square
of the distance between
them.

Alessandro Volta (ltalian)
develops the first electric
battery.

Hans Christian Oersted
(Danish) demonstrates the
interconnection between
electricity and magnetism
through his discovery that
an electric current in a
wire causes a compass
needle to orient itself
perpendicular to

the wire.

André-Marie Ampére (French)
notes that parallel currents in
wires attract each other and
opposite currents repel.

Jean-Baptiste Biot (French)
and Félix Savart (French)
develop the Biot-Savart law
relating the magnetic field
induced by a wire segment

to the current flowing through it.
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Chronology 1-1: TIMELINE FOR ELECTROMAGNETICS IN THE CLASSICAL ERA (continued)

Electromagnetics in the Classical Era

1827 Georg Simon Ohm (German) formulates Ohm's law
relating electric potential to current and resistance.

1827 Joseph Henry (American) introduces the concept of
inductance and builds one of the earliest electric motors.
He also assisted Samual Morse in the development
of the telegraph.

1831 Michael Faraday (English)
discovers that a changing
magnetic flux can induce
an electromotive force.

Michael Faraday.

1835 Carl Friedrich Gauss (German) formulates Gauss's law
relating the electric flux flowing through an enclosed
surface to the enclosed electric charge.

Gauss' Law far Electricity

P, = E-di = Gas

£y

1873 James Clerk Maxwell
(Scottish) publishes his
Treatise on Electricity and
Magnetism, in which he unites
the discoveries of Coulomb,
Oersted, Ampére, Faraday,
and others into four elegantly
constructed mathematical
equations, now known as
Maxwell’'s Equations.

1887 Heinrich Hertz
(German) builds
a system that
can generate
electromagnetic
waves (at radio
frequencies) and
detect them.

1888

1895

1897

1905

Nikola Tesla (American)
invents the ac (alternating
current) electric motor.

Wilhelm Réntgen (German)
discovers X-rays. One of
his first X-ray images was

of the bones in his wife's
hands. [1901 Nobel prize

in physics.]

Joseph John Thomson (English) discovers the electron
and measures its charge-to-mass ratio. [1906 Nobel prize
in physics.]

Albert Einstein (German-American) explains the
photoelectric effect discovered earlier by Hertz in 1887.
[1921 Nobel prize in physics.]
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Chronology 1-2: TIMELINE FOR TELECOMMUNICATIONS

Telecommunications

1825 William Sturgeon 1896 Guglielmo Marconi (Italian)
(English) develops files his first of many patents
the multiturn on wireless transmission
electromagnet. by radio. In 1901, he

demonstrates radio telegraphy
across the Atlantic Ocean.
[1909 Nobel prize in physics,

1837 Samuel Morse shared with Karl Braun
(American) patents the (German).]
electromagnetic telegraph
using a code of dots and
dashes to represent letters
and numbers.

1897 Karl Braun (German) invents the cathode ray tube (CRT).
[1909 Nobel prize in physics, shared with Marconi.]

1902 Reginald Fessenden (American) invents amplitude
modulation for telephone transmission. In 1906, he
introduces AM radio broadcasting of speech and music

1872  Thomas Edison (American) on Christmas Eve.
g,a;:cvtrsitg:é electric 1912 Lee D_e Forest

(American)
develops the triode
tube amplifier for
wireless telegraphy.
Also in 1912, the
wireless distress

1876 Alexander Graham Bell c_aII |s_sued by the
(Scottish-American) invents Tltan!c was heard
the telephone. The rotary dial 58 miles away by
becomes available in 1890, the ocean Ilne_r
and by 1900, telephone Carpathia, which
systems are installed in ma“aged_t" rescue
many communities. 705 Titanic passengers

3.5 hours later.
L 1919 Edwin Armstong (American) invents the

1887 Heinrich Hertz (German) superheterodyne radio receiver.
generates radio waves and
gﬁzng:asf;?z:é?)z%es 1920 Birth of colmmerciallradio QT
as light. broad(.:astlng; Vyestlnghouse ‘ |

establishes radio station ‘ o
KDKA in Pittsburgh,
Pennsylvania.

1887 Emil Berliner (American) invents the flat gramophone

disc, or record.
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Chronology 1-2: TIMELINE FOR TELECOMMUNICATIONS (continued)

Telecommunications

1923 Vladimir Zworykin
(Russian-American)
invents television. In

transmits TV images
over telephone wires
from London to Glasgow.
Regular TV broadcasting

England (1936), and the
United States (1939).

1926 Transatlantic telephone service between London and
New York.

1932 First microwave telephone link, installed (by Marconi)

between Vatican City and the Pope’s summer residence.

1933 Edwin Armstrong (American) invents frequency
modulation (FM) for radio transmission.

1935 Robert Watson-Watt
(Scottish) invents radar.

1938 H. A. Reeves (American)
invents pulse code
modulation (PCM).

1947 William Shockley,
Walter Brattain, and
John Bardeen (all
Americans) invent the
junction transistor at Bell
Labs [1956 Nobel prize
in physics].

1955 Pager is introduced as a radio communication product in
hospitals and factories.

1955 Narinder Kapany (Indian-American) demonstrates the
optical fiber as a low-loss, light-transmission medium.

1926, John Baird (Scottish)

began in Germany (1935),

1958

1960

1969

1979

1984

1988

1997

2004

2012

Jack Kilby (American) builds first integrated circuit (IC) on
germanium and, independently, Robert Noyce (American)
builds first IC on silicon.

Echo, the first passive
communication satellite, is
launched and successfully
reflects radio signals back

to Earth. In 1963, the first
communication satellite is
placed in geosynchronous orbit.

ARPANET is established by the U.S. Department of
Defense and will evolve later into the Internet.

Japan builds the first cellular telephone network:

* 1983: Cellular phone networks start in the United States.
* 1990: Electronic beepers become common.

* 1995: Cell phones become widely available.

» 2002: Cell phone supports video and Internet.

Worldwide Internet becomes operational.

First transatlantic optical
fiber cable deployed between
the U.S. and Europe.

The Mars Pathfinder sends
images to Earth.

N

Wireless communication is supported by many airports,
university campuses, and other facilities.

Smartphones worldwide exceed 1 billion.
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Chronology 1-3: TIMELINE FOR COMPUTER TECHNOLOGY

Computer Technology

ca 1100 The abacus is the earliest known calculating device. 1941 Konrad Zuze (German) develops the first programmable
BC digital computer, making use of binary arithmetic and
electric relays.

1945  John Mauchly and J. Presper Eckert (both American)
develop the ENIAC, which is the first all-electronic

computer.
.

1614 John Napier (Scottish) develops the logarithm system.

1642 Blaise Pascal
(French) builds
the first adding
machine using

1950 Yoshiro Nakama (Japanese) patents the floppy disk as a

multiple dials.
P magnetic medium for storing data.
1956  John Backus (American) C FORTRAN PROGRAM FOR
develops FORTRAN’ Wh|ch PRINTING A TABLE OF CUBES

1671 Gottfried von Leibniz (German) builds calculator that can is the first major programming E?,;:,L’,éfl

do both addition and multiplication. language. PRINT 2,1, ICUBE

2 FORMAT (1H,13,17)

1820  Charles Xavier Thomas de Colmar (French) builds the 1958 Bell Labs develops the modem.  ° g?(’)“;'NUE

Arithmometer: the first mass-produced calculator.
1885  Dorr Felt (American) invents and markets a key-operated 1960 Digital Equipment F

adding machine (and adds a printer in 1889). fC_)o:polra.tion i”trtOdutCheS;rl‘DeP )
irst minicomputer, the -1,

to be followed with the PDP-8

1930 Vannevar Bush (American) develops the differential analyzer, in 1965

which is an analog computer for solving differential equations.

1964 IBM’s 360 mainframe
becomes the standard
computer for major businesses.

1965 John Kemeny and PRINT
Thomas Kurtz FOR Counter = TO ltems
(both American) PRINTUSING “##.”; Counter;
develop the BASIC LOCATE , IltemColumn

PRINTItem$(Counter);
LOCATE , PriceColumn
PRINT Price$(Counter)
NEXT Counter

computer language.
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Chronology 1-3: TIMELINE FOR COMPUTER TECHNOLOGY (continued)

Computer Technology

1968

1971

1971

1976

1976

1980

1981

Douglas Engelbart (American) demonstrates a
word-processor system, the mouse pointing device

and the use of “windows.”

Texas Instruments introduces the pocket

calculator.

Ted Hoff (American) invents the Intel

4004, which is the first computer microprocessor.

IBM introduces the laser printer.

Apple Computer sells
Apple | 'in kit form, which
is followed by the fully
assembled Apple Il in
1977 and the Macintosh
in 1984.

Microsoft introduces the
MS-DOS computer disk
operating system.
Microsoft Windows

is marketed in 1985.

IBM introduces the PC.

L4

1989

1991

1995

1996

1997

2002

2010

Tim Berners-Lee (British) invents the World Wide Web by
introducing a networked hypertext system.

The internet connects to 600,000 hosts in more than 100
countries.

Sun Microsystems introduces the Java programming
language.

Sabeer Bhatia (Indian-American) and Jack Smith
(American) launch Hotmail, which is the first
webmail service.

IBM’s Deep Blue computer defeats World Chess
Champion Garry Kasparov.

The billionth personal computer is sold; the second
billion is reached in 2007.

The iPad is introduced in 2010.
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Figure 1-2 Electromagnetics is at the heart of numerous systems and applications.
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Table 1-1 Fundamental SI units.

Dimension Unit Symbol
Length meter m
Mass kilogram kg
Time second S
Electric charge coulomb C
Temperature kelvin K
Amount of substance | mole mol
Luminous intensity candela cd

1-2 Dimensions, Units, and Notation

The International System of Units, abbreviated SI after its
French name Systeme Internationale, is the standard system
used in today’s scientific literature for expressing the units
of physical quantities. Length is a dimension and meter is
the unit by which it is expressed relative to a reference
standard. The SI system is based on the units for the seven
Jfundamental dimensions listed in Table 1-1. The units for
all other dimensions are regarded as secondary because they
are based on, and can be expressed in terms of, the seven
fundamental units. Appendix A contains a list of quantities
used in this book, together with their symbols and units.

For quantities ranging in value between 10~!8 and 10!, a
set of prefixes arranged in steps of 103 are commonly used to
denote multiples and submultiples of units. These prefixes, all
of which were derived from Greek, Latin, Spanish, and Danish
terms, are listed in Table 1-2. A length of 5 x 10~ m, for
example, may be written as 5 nm.

In EM, we work with scalar and vector quantities. In
this book, we use a medium-weight italic font for symbols
denoting scalar quantities, such as R for resistance, and a
boldface roman font for symbols denoting vectors, such as E
for the electric field vector. A vector consists of a magnitude
(scalar) and a direction, with the direction usually denoted by
a unit vector. For example,

E =XE, (1.1)
where E is the magnitude of E and X is its direction. A symbol
denoting a unit vector is printed in boldface with a circumflex
(") above it.

Throughout this book, we make extensive use of phasor
representation in solving problems involving electromagnetic
quantities that vary sinusoidally in time. Letters denoting
phasor quantities are printed with a tilde (~) over the letter.

Table 1-2 Multiple and submultiple prefixes.

Prefix Symbol Magnitude
exa E 10'8
peta P 101
tera T 1012
giga G 10°
mega M 100
kilo k 103
milli m 103
micro u 10-©
nano n 107°
pico p 1012
femto f 10713
atto a 1018

Thus, E is the phasor electric field vector corresponding to
the instantaneous electric field vector E(7). This notation is
discussed in more detail in Section 1-7.

Notation Summary
e Scalar quantity: medium-weight italic, such as C for
capacitance.

e Units: medium-weight roman, as in V/m for volts per
meter.

e Vector quantities: boldface roman, such as E for
electric field vector

e Unit vectors: boldface roman with circumflex (*)
over the letter, as in X.

e Phasors: a tilde (~) over the letter; E is the phasor
counterpart of the sinusoidally time-varying scalar
field E(¢), and E is the phasor counterpart of the
sinusoidally time-varying vector field E(z).

1-3 The Nature of Electromagnetism

Our physical universe is governed by four fundamental forces
of nature:

e The nuclear force, which is the strongest of the four, but
its range is limited to subatomic scales, such as nuclei.

e The electromagnetic force exists between all charged
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particles. It is the dominant force in microscopic systems,
such as atoms and molecules, and its strength is on the
order of 1072 that of the nuclear force.

o The weak-interaction force, whose strength is only 10714
that of the nuclear force. Its primary role is in interactions
involving certain radioactive elementary particles.

e The gravitational force is the weakest of all four forces,
having a strength on the order of 10! of the nuclear
force. However, it often is the dominant force in macro-
scopic systems, such as the solar system.

This book focuses on the electromagnetic force and its conse-
quences. Even though the electromagnetic force operates at the
atomic scale, its effects can be transmitted in the form of elec-
tromagnetic waves that can propagate through both free space
and material media. The purpose of this section is to provide an
overview of the basic framework of electromagnetism, which
consists of certain fundamental laws governing the electric and
magnetic fields induced by static and moving electric charges,
the relations between the electric and magnetic fields, and how
these fields interact with matter. As a precursor, however, we
will take advantage of our familiarity with gravitational force
by describing some of its properties because they provide a
useful analogue to those of electromagnetic force.

1-3.1 Gravitational Force: A Useful Analogue

According to Newton’s law of gravity, the gravitational
force Fy,, acting on mass m; due to a mass m; at a distance
Ry, from m; (Fig. 1-3) is given by

Fy,, = —Rp2

81

M), (1.2)

where G is the universal gravitational constant, Ry, is a unit
vector that points from m; to m,, and the unit for force
is newton (N). The negative sign in Eq. (1.2) accounts for
the fact that the gravitational force is attractive. Conversely,
Fy, = —Fg, , where Fy , is the force acting on mass m; due to
the gravitational pull of mass my. Note that the first subscript
of Fy denotes the mass experiencing the force and the second
subscript denotes the source of the force.

» The force of gravitation acts at a distance. <

The two objects do not have to be in direct contact for each to
experience the pull by the other. This phenomenon of action
at a distance has led to the concept of fields. An object of
mass m; induces a gravitational field W, (Fig. 1-4) that does

Figure 1-3 Gravitational forces between two masses.
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Figure 1-4 Gravitational field y; induced by a mass m;.

not physically emanate from the object, yet its influence exists
at every point in space such that, if another object of mass m,
were to exist at a distance R, from the object of mass m, the
object of mass m; would experience a force acting on it equal
to

Fo, =W ma, (1.3)
where .
~ Gmy
Vi =-R—5 (N/kg). (L4

In Eq. (1.4), R is a unit vector that points in the radial direction
away from object m; therefore, —R points toward m;. The
force due to W, acting on a mass my, for example, is obtained
from the combination of Egs. (1.3) and (1.4) with R = R, and
R = R5. The field concept may be generalized by defining the
gravitational field y at any point in space such that, when a
test mass m is placed at that point, the force F, acting on it is

related to y by
F,
y=—.
m
The force F; may be due to a single mass or a collection of

many masses.

(1.5)
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1-3.2 Electric Fields

The electromagnetic force consists of an electrical component
F. and a magnetic component Fy;,.

» The electrical force F. is similar to the gravitational
force, but with two major differences:

(1) the source of the electrical field is electric charge, not
mass, and

(2) even though both types of fields vary inversely
as the square of the distance from their respec-
tive sources, electric charges may have positive or
negative polarity, resulting in a force that may be
attractive or repulsive. <

We know from atomic physics that all matter contains a
mixture of neutrons, positively charged protons, and neg-
atively charged electrons with the fundamental quantity of
charge being that of a single electron, usually denoted by
the letter e. The unit by which electric charge is measured is
the coulomb (C), named in honor of the eighteenth-century
French scientist Charles Augustin de Coulomb (1736-1806).
The magnitude of e is

e=16x10""7 (O). (1.6)

The charge of a single electron is g = —e and that of a proton
is equal in magnitude but opposite in polarity: g, = e.

» Coulomb’s experiments demonstrated that:

(1) two like charges repel one another, whereas two
charges of opposite polarity attract,

(2) the force acts along the line joining the charges, and

(3) its strength is proportional to the product of the mag-
nitudes of the two charges and inversely proportional
to the square of the distance between them. «

These properties constitute what today is called Coulomb’s
law, which can be expressed mathematically as

A q192

F., =R
T 2 Y reoR2,

(N) (in free space), (L.7)

where K., is the electrical force acting on charge g due
to charge g; when both are in free space (vacuum), Ry, is

Force on charge ¢,
due to charge g,

/ /ﬁn
liel}Rlz

Figure 1-5 Electric forces on two positive point charges in free
space.

the distance between the two charges, Ry is a unit vector
pointing from charge g to charge g, (Fig. 1-5), and & is
a universal constant called the electrical permittivity of free
space [&y = 8.854 x 10~'? farad per meter (F/m)]. The two
charges are assumed to be isolated from all other charges.
The force F., acting on charge g; due to charge g is
equal to force F.,, in magnitude, but opposite in direction:
Fe, =—Fe,,.

The expression given by Eq. (1.7) for the electrical force
is analogous to that given by Eq. (1.2) for the gravitational
force, and we can extend the analogy further by defining the
existence of an electric field intensity E due to any charge g as

s 4
E=R—1
4

TeoR? (V/m) (in free space),

(1.8)

where R is the distance between the charge and the observation
point, and R is the radial unit vector pointing away from the
charge. Figure 1-6 depicts the electric field lines due to a
positive charge. For reasons that will become apparent in later
chapters, the unit for E is volt per meter (V/m).

» If a point charge ¢’ is present in an electric field E (due
to other charges), the point charge will experience a force
acting on it equal to F, = ¢'E. <

Electric charge exhibits two important properties.

» The first property of electric charge is encapsulated by
the law of conservation of electric charge, which states
that the (net) electric charge can neither be created nor
destroyed. 4
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Figure 1-6 Electric field E due to charge g.

If a volume contains n, protons and n. electrons, then its total
charge is

q = npe —nee = (np —ne)e ©). (1.9)
Even if some of the protons were to combine with an equal
number of electrons to produce neutrons or other elementary
particles, the net charge g remains unchanged. In matter,
the quantum mechanical laws governing the behavior of the
protons inside the atom’s nucleus and the electrons outside it
do not allow them to combine.

» The second important property of electric charge is
embodied by the principle of linear superposition, which
states that the total vector electric field at a point in space
due to a system of point charges is equal to the vector
sum of the electric fields at that point due to the individual
charges. 4

This seemingly simple concept allows us in future chapters
to compute the electric field due to complex distributions of
charge without having to be concerned with the forces acting
on each individual charge due to the fields by all of the other
charges.

The expression given by Eq. (1.8) describes the field
induced by an electric charge residing in free space. Let us
now consider what happens when we place a positive point
charge in a material composed of atoms. In the absence of
the point charge, the material is electrically neutral with each
atom having a positively charged nucleus surrounded by a
cloud of electrons of equal but opposite polarity. Hence, at
any point in the material not occupied by an atom, the electric
field E is zero. Upon placing a point charge in the material, as
shown in Fig. 1-7, the atoms experience forces that cause them
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Figure 1-7 Polarization of the atoms of a dielectric material by
a positive charge q.

to become distorted. The center of symmetry of the electron
cloud is altered with respect to the nucleus with one pole of
the atom becoming positively charged relative to the other
pole. Such a polarized atom is called an electric dipole, and
the distortion process is called polarization. The degree of
polarization depends on the distance between the atom and
the isolated point charge, and the orientation of the dipole is
such that the axis connecting its two poles is directed toward
the point charge, as illustrated schematically in Fig. 1-7. The
net result of this polarization process is that the electric fields
of the dipoles of the atoms (or molecules) tend to counteract
the field due to the point charge. Consequently, the electric
field at any point in the material is different from the field that
would have been induced by the point charge in the absence
of the material. To extend Eq. (1.8) from the free-space case
to any medium, we replace the permittivity of free space &
with €, where € is the permittivity of the material in which the
electric field is measured and is therefore characteristic of that
particular material. Thus,

R_1
4meR?
(material with permittivity €)

(V/m). (1.10)

Often, € is expressed in the form

£=&& (F/m), (1.11)

where & is a dimensionless quantity called the relative per-
mittivity or dielectric constant of the material. For a vacuum,
g = 1; for air near the Earth’s surface, & = 1.0006; and the
values of & for materials that we have occasion to use in this
book are tabulated in Appendix B.
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In addition to the electric field intensity E, we often find it
convenient to also use a related quantity called the electric flux
density D given by

D=¢E (C/m?), (1.12)

with unit of coulomb per square meter (C/m?).

» These two electric quantities, E and D, constitute
one of two fundamental pairs of electromagnetic fields.
The second pair consists of the magnetic fields discussed
next. <

1-3.3

As early as 800 BC, the Greeks discovered that certain kinds
of stones exhibit a force that attracts pieces of iron. These
stones are now called magnetite (Fe30,), and the phenomenon
they exhibit is known as magnetism. In the thirteenth century,
French scientists discovered that, when a needle was placed on
the surface of a spherical natural magnet, the needle oriented
itself along different directions for different locations on the
magnet. By mapping the directions indicated by the needle, it
was determined that the magnetic force formed magnetic field
lines that encircled the sphere and appeared to pass through
two points diametrically opposite to each other. These points,
called the north and south poles of the magnet, were found to
exist for every magnet, regardless of its shape. The magnetic-
field pattern of a bar magnet is displayed in Fig. 1-8. It was
also observed that like poles of different magnets repel each
other and unlike poles attract each other.

Magnetic Fields

» The attraction—repulsion property for magnets is similar
to the electric force between electric charges, except
for one important difference: Electric charges can be
isolated, but magnetic poles always exist in pairs. <

If a permanent magnet is cut into small pieces, no matter how
small each piece is, it will always have a north and a south
pole.

The magnetic lines surrounding a magnet represent the
magnetic flux density B. A magnetic field not only exists
around permanent magnets but also can be created by electric
current. This connection between electricity and magnetism
was discovered in 1819 by the Danish scientist Hans Oersted
(1777-1851), who observed that an electric current in a wire
caused a compass needle placed in its vicinity to deflect
and that the needle turned so that its direction was always
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Figure 1-8 Pattern of magnetic field lines around a bar magnet.

Figure 1-9 The magnetic field induced by a steady current
flowing in the z direction.

perpendicular to the wire and to the radial line connecting the
wire to the needle. From these observations, he deduced that
the current-carrying wire induced a magnetic field that formed
closed circular loops around the wire (Fig. 1-9). Shortly after
Oersted’s discovery, French scientists Jean-Baptiste Biot and
Félix Savart developed an expression that relates the magnetic
flux density B at a point in space to the current / in the
conductor. Application of their formulation, known today as
the Biot—Savart law, to the situation depicted in Fig. 1-9 for
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a very long wire residing in free space leads to the result that
the magnetic flux density B induced by a constant current /
flowing in the z direction is given by

=
I
-S>
"s:
o
~

(T), (1.13)

[\]
)
<

where r is the radial distance from the current and (]A> is an
azimuthal unit vector expressing the fact that the magnetic
field direction is tangential to the circle surrounding the cur-
rent. The magnetic field is measured in tesla (T), named in
honor of Nikola Tesla (1856-1943). Tesla was an electrical
engineer whose work on transformers made it possible to
transport electricity over long wires without too much loss.
The quantity g is called the magnetic permeability of free
space [y = 47 x 1077 henry per meter (H/m)], and it is
analogous to the electric permittivity &. In fact, as we will
see in Chapter 2, the product of & and L specifies ¢, which is
the velocity of light in free space:

1
c=——=3x10%  (mss). (1.14)
Ho€o

We noted in Section 1-3.2 that, when an electric charge ¢ is
subjected to an electric field E, it experiences an electric force
F. = ¢'E. Similarly, if a charge ¢’ resides in the presence of a
magnetic flux density B, it experiences a magnetic force F,,
but only if the charge is in motion and its velocity u is in
a direction not parallel (or anti-parallel) to B. In fact, as we
learn in more detail in Chapter 5, F,, points in a direction
perpendicular to both B and u.

To extend Eq. (1.13) to a medium other than free space, Lo
should be replaced with , which is the magnetic permeability
of the material in which B is being observed. The majority of
natural materials are nonmagnetic, meaning that they exhibit
a magnetic permeability i = . For ferromagnetic materials,
such as iron and nickel, pt can be much larger than py. The
magnetic permeability ( accounts for magnetization proper-
ties of a material. In analogy with Eq. (1.11), i of a particular
material can be defined as

M= Helo (H/m), (1.15)

where L, is a dimensionless quantity called the relative mag-
netic permeability of the material. The values of y, for com-
monly used ferromagnetic materials are given in Appendix B.

» We stated earlier that E and D constitute one of two

pairs of electromagnetic field quantities. The second pair

is B and the magnetic field intensity H, which are related
to each other through u:

B =uH. (1.16)

|

1-3.4 Static and Dynamic Fields

In EM, the time variable 7, or more precisely if and how
electric and magnetic quantities vary with time, is of crucial
importance. Before we elaborate further on the significance of
this statement, it will prove useful to define the following time-
related adjectives unambiguously:

e Static—describes a quantity that does not change with
time. The term dc (i.e., direct current) is often used as a
synonym for static to describe not only currents, but other
electromagnetic quantities as well.

e Dynamic—refers to a quantity that does vary with time,
but conveys no specific information about the character of
the variation.

o Waveform—refers to a plot of the magnitude profile of a
quantity as a function of time.

e Periodic—a quantity is periodic if its waveform repeats
itself at a regular interval, namely its period 7. Examples
include the sinusoid and the square wave. By application
of the Fourier series analysis technique, any periodic
waveform can be expressed as the sum of an infinite series
of sinusoids.

e Sinusoidal—also called ac (i.e., alternating current),
describes a quantity that varies sinusoidally (or cosinu-
soidally) with time.

In view of these terms, let us now examine the relationship
between the electric field E and the magnetic flux density B.
Because E is governed by the charge ¢ and B is governed by
I = dg/dt, one might expect that E and B must be somehow
related to each other. As we learn later, they may or may not
be interrelated, depending on whether / is static or dynamic.

Let us start by examining the dc case in which I remains
constant with time. Consider a small section of a beam of
charged particles, all moving at a constant velocity. The
moving charges constitute a dc current. The electric field due
to that section of the beam is determined by the total charge ¢
contained in it. The magnetic field does not depend on g¢,
but rather on the rate of charge (current) flowing through that
section. Few charges moving very fast can constitute the same



1-3 THE NATURE OF ELECTROMAGNETISM

33

Table 1-3 The three branches of electromagnetics.

Branch Condition Field Quantities (Units)
Electrostatics Stationary charges Electric field intensity E (V/m)
(dq/dt =0) Electric flux density D (C/m?)
D=¢E
Magnetostatics Steady currents Magnetic flux density B (T)
(91/dt = 0) Magnetic field intensity H (A/m)
B=uH
Dynamics Time-varying currents E,D,B,and H
(time-varying fields) (91/9t #0) (E,D) coupled to (B,H)

current as many charges moving slowly. In these two cases, the
induced magnetic field is the same because the current / is the
same, but the induced electric field is quite different because
the numbers of charges are not the same.

Electrostatics and magnetostatics refer to the study of EM
under the specific, respective conditions of stationary charges
and dc currents. They represent two independent branches, so
characterized because the induced electric and magnetic fields
do not couple to each other. Dynamics, the third and more
general branch of electromagnetics, involves time-varying
fields induced by time-varying sources, that is, currents and
associated charge densities. If the current associated with the
beam of moving charged particles varies with time, then the
amount of charge present in a given section of the beam also
varies with time, and vice versa. As we will see in Chapter 6,
the electric and magnetic fields become coupled to each other
in that case.

> A time-varying electric field generates a time-varying
magnetic field, and vice versa. <«

Table 1-3 provides a summary of the three branches of
electromagnetics.

The electric and magnetic properties of materials are char-
acterized by the parameters € and u, respectively. A third
fundamental parameter also needed is the conductivity of a
material ¢, which is measured in siemens per meter (S/m).
The conductivity characterizes the ease with which charges
(electrons) can move freely in a material. If ¢ = 0, the charges
do not move more than atomic distances, and the material
is said to be a perfect dielectric. Conversely, if 6 = oo, the
charges can move very freely throughout the material, which
is then called a perfect conductor.

Table 1-4 Constitutive parameters of materials.

Parameter ‘ Units ‘ Free-Space Value
Electrical F/m | g = 8.854x 10712
permittivity € 1
~—— x107°
36w
Magnetic _ g
permeability u H/m Ho=4m x 10
Conductivity o S/m 0

» The parameters €, u, and o are often referred to as
the constitutive parameters of a material (Table 1-4).
A medium is said to be homogeneous if its constitutive
parameters are constant throughout the medium. <«

Concept Question 1-1:

What are the four fundamental
forces of nature, and what are their relative strengths?

Concept Question 1-2:  What is Coulomb’s law? State

its properties.

Concept Question 1-3:  What are the two important
properties of electric charge?

(continued on p. 38)
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Technology Brief 1: LED Lighting

After lighting our homes, buildings, and streets for
over 100 years, the incandescent light bulb created
by Thomas Edison (1879) will soon become a relic of
the past. Many countries have taken steps to phase it
out and replace it with a much more energy-efficient
alternative: the light-emitting diode (LED).

Light Sources

The three dominant sources of electric light are
the incandescent, fluorescent, and LED light bulbs
(Fig. TF1-1). We examine each briefly.

Incandescent Light Bulb

» Incandescence is the emission of light from a hot
object due to its temperature. «

By passing electric current through a thin tungsten fila-
ment, which basically is a resistor, the filament’s temper-
ature rises to a very high level, causing the filament to
glow and emit visible light. The intensity and shape of
the emitted spectrum depends on the filament’s temper-
ature. A typical example is shown by the green curve in
Fig. TF1-2. The tungsten spectrum is similar in shape to
that of sunlight (yellow curve in Fig. TF1-2), particularly
in the blue and green parts of the spectrum (400-—
550 nm). Despite the relatively strong (compared with
sunlight) yellow light emitted by incandescent sources,
the quasi-white light they produce has a quality that the
human eye finds rather comfortable.

» The incandescent light bulb is significantly less
expensive to manufacture than the fluorescent and
LED light bulbs, but it is far inferior with re-
gard to energy efficacy and operational lifetime
(Fig- TF1-7). «

Of the energy supplied to an incandescent light bulb,
only about 2% is converted into light, with the remainder
wasted as heat! In fact, the incandescent light bulb is
the weakest link in the overall conversion sequence from
coal to light (Fig. TF1-3).

(@

(b)

(©)

Figure TF1-1 (a) Incandescent light bulb; (b) fluorescent
mercury vapor lamp; (c) white LED.

Fluorescent Light Bulb

To fluoresce means to emit radiation in consequence to
incident radiation of a shorter wavelength. By passing a
stream of electrons between two electrodes at the ends
of a tube (Fig. TF1-1(b)) containing mercury gas (or the
noble gases neon, argon, and xenon) at very low pres-
sure, the electrons collide with the mercury atoms, caus-
ing them to excite their own electrons to higher energy



1-3 THE NATURE OF ELECTROMAGNETISM

35

100

75

50

25

Energy (arbitrary units)

0.4 0.5 0.6 0.7
Wavelength (micrometers)

Figure TF1-2 Spectra of common sources of visible light.

levels. When the excited electrons return to the ground
state, they emit photons at specific wavelengths, mostly
in the ultraviolet part of the spectrum. Consequently, the
spectrum of a mercury lamp is concentrated into narrow
lines, as shown by the blue curve in Fig. TF1-2.

» To broaden the mercury spectrum into one that
resembles that of white light, the inside surface of the
fluorescent light tube is coated with phosphor parti-
cles [such as yttrium aluminum garnet (YAG) doped
with cerium]. The particles absorb the UV energy
and then reradiate it as a broad spectrum extending
from blue to red; hence the name fluorescent. «

Light-Emitting Diode

The LED contained inside the polymer jacket in
Fig. TF1-1(c) is a p-n junction diode fabricated on a
semiconductor chip. When a voltage is applied in a
forward-biased direction across the diode (Fig. TF1-4),
current flows through the junction and some of the
streaming electrons are captured by positive charges
(holes). Associated with each electron-hole recombining
act is the release of energy in the form of a photon.

Photon\_i‘ ’;( Photon
= = OO

1 _
— =) | -—¢
p-type n-type
O e =0

Holes Electrons
()
AN
A%

Figure TF1-4 Photons are emitted when electrons combine
with holes.

Coal
Power plant Transmission lines Light
E; =035 E,=0.92 E3=0.024

Overall efficiency for conversion of chemical energy to light energy is
Ey X Ey x E3 =035 0.92 X 0.024=0.8%

Figure TF1-3 Lighting efficiency. (Source: National Research Council, 2009.)
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Figure TF1-5 The addition of spectra from three monochro-
matic LEDs.

» The wavelength of the emitted photon depends on
the diode’s semiconductor material. The materials
most commonly used are aluminum gallium arsenide
(AlGaAs) to generate red light, indium gallium nitride
(InGaN) to generate blue light, and aluminum gallium
phosphide (AlGaP) to generate green light. In each
case, the emitted energy is confined to a narrow
spectral band. «

Two basic techniques are available for generating
white light with LEDs: (a) RGB and (b) blue/conversion.
The RGB approach involves the use of three monochro-
matic LEDs whose primary colors (red, green, and blue)
are mixed to generate an approximation of a white-
light spectrum. An example is shown in Fig. TF1-5. The
advantage of this approach is that the relative intensities
of the three LEDs can be controlled independently,
thereby making it possible to “tune” the shape of the
overall spectrum to generate an esthetically pleasing
color of “white.” The major shortcoming of the RGB
technique is cost: manufacturing three LEDs instead of
just one.

0.4 0.5 0.6 0.7
Wavelength (micrometers)

Figure TF1-6 Phosphor-based white LED emission spectrum.

With the blue LED/phosphor conversion technique,
a blue LED is used with phosphor powder particles
suspended in the epoxy resin that encapsulates it. The
blue light emitted by the LED is absorbed by the phos-
phor particles and then reemitted as a broad spectrum
(Fig. TF1-6). To generate high-intensity light, several
LEDs are clustered into a single enclosure.

Comparison

» Luminous efficacy (LE) is a measure of how
much light in lumens is produced by a light source
for each watt of electricity consumed by it. «

Of the three types of light bulbs we discussed, the
incandescent light bulb is by far the most inefficient
and its useful lifespan is the shortest (Fig. TF1-7).
For a typical household scenario, the 10-year cost—
including electricity and replacement cost—is several
times smaller for the LED than for the alternatives.
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Parameter Type of Light Bulb
Incandescent | Fluorescent White LED
Circa 2010 Circa 2025
Luminous Efficacy
- ~12 ~40 ~70 ~150
BT U DI ~1000 ~20,000 ~60,000 ~100,000
(hours)
Purchase Price ~$1.50 ~$5 ~$10 ~$5
Estimated Cost 5410 ~$110 ~$100 840
over 10 Years

Figure TF1-7 Even though the initial purchase price of a white LED is several times greater than that of the incandescent light bulb, the

total 10-year cost of using the LED is only one-fourth of the incandescent’s (in 2010) and is expected to decrease to one-tenth by 2025.



38

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

Concept Question 1-4:  What do the electrical permit-
tivity and magnetic permeability of a material account
for?

Concept Question 1-5:  What are the three branches
and associated conditions of electromagnetics?

Exercise 1-1: Given charges ¢g; = 10 mC, ¢, = —10 mC,
and g3 = 5 mC, all in free space, what is the direction of
the force acting on charge ¢3?

.
\

|« 2m >|
Figure E1.1

Answer: Along +X direction. [See ) (the “€)” symbol
refers to the book website: em8e.eecs.umich.edu).]

Exercise 1-2: Two parallel, very long, wires carry cur-
rents /; and /,. The magnetic field due to current /; alone
is B;. What is the magnetic field due to both currents at a
point midway between the wires if

(a) I} =, and both currents flow along the +§ direction?

(b) I = I, but I flows along the —¥ direction?

I T b4)

o
Il
>

Figure E1.2

Answer: (a) B=0, (b) B=2B. (See &.)

1-4 Traveling Waves

Waves are a natural consequence of many physical processes:
Waves manifest themselves as ripples on the surfaces of
oceans and lakes; sound waves constitute pressure distur-
bances that travel through air; mechanical waves modulate
stretched strings; and electromagnetic waves carry electric
and magnetic fields through free space and material media as
microwaves, light, and X-rays. All of these various types of
waves exhibit a number of common properties, including:

e Moving waves carry energy.

o Waves have velocity; it takes time for a wave to travel
from one point to another. Electromagnetic waves in a
vacuum travel at a speed of 3 X 108 m/s, and sound waves
in air travel at a speed approximately a million times
slower, specifically 330 m/s. Sound waves cannot travel
in a vacuum.

e Many waves exhibit a property called linearity. Waves
that do not affect the passage of other waves are called
linear because they can pass right through each other.
The total of two linear waves is simply the sum of
the two waves as they would exist separately. Electro-
magnetic waves are linear, as are sound waves. When
two people speak to one another, the sound waves they
generate do not interact with one another but simply
pass through each other. Water waves are approximately
linear; the expanding circles of ripples caused by two
pebbles thrown into two locations on a lake’s surface do
not affect each other. Although the interaction of the two
circles may exhibit a complicated pattern, it is simply
the linear superposition of two independent expanding
circles.

Waves are of two types: fransient waves caused by sudden
disturbances and continuous periodic waves generated by a
repetitive source. We encounter both types of waves in this
book, but most of our discussion deals with the propagation of
continuous waves that vary sinusoidally with time.

An essential feature of a propagating wave is that it is a
self-sustaining disturbance of the medium through which it
travels. If this disturbance varies as a function of one space
variable, such as the vertical displacement of the string shown
in Fig. 1-10, we call the wave one-dimensional. The vertical
displacement varies with time and with the location along
the length of the string. Even though the string rises up
into a second dimension, the wave is only one-dimensional
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Figure 1-10 A one-dimensional wave traveling on a string.

T
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because the disturbance varies with only one space variable.
A two-dimensional wave propagates out across a surface,
like the ripples on a pond (Fig. 1-11(a)), and its disturbance
can be described by two space variables. By extension, a
three-dimensional wave propagates through a volume, and its
disturbance may be a function of all three space variables.
Three-dimensional waves may take on many different shapes;

Plane wavefront

Two-dimensional wave

\

(a) Circular waves

Cylindrical wavefront

(b) Plane and cylindrical waves

they include plane waves, cylindrical waves, and spherical
waves. A plane wave is characterized by a disturbance that
at a given point in time has uniform properties across an
infinite plane perpendicular to its direction of propagation
(Fig. 1-11(b)). Similarly, for cylindrical and spherical waves,
the disturbances are uniform across cylindrical and spherical
surfaces (Figs. 1-11(b) and (c)).

In the material that follows, we examine some of the basic
properties of waves by developing mathematical formulations
that describe their functional dependence on time and space
variables. To keep the presentation simple, we limit our
discussion to sinusoidally varying waves whose disturbances
are functions of only one space variable, and we defer the
discussion of more complicated waves to later chapters.

1-4.1 Sinusoidal Waves in a Lossless Medium

Regardless of the mechanism responsible for generating them,
all linear waves can be described mathematically in common
terms.

» A medium is said to be lossless if it does not attenuate
the amplitude of the wave traveling within it or on its
surface. <«

By way of an example, let us consider a wave traveling on
a lake’s surface, and let us assume for the time being that
frictional forces can be ignored, thereby allowing a wave
generated on the water’s surface to travel indefinitely with no
loss in energy. If y denotes the height of the water’s surface

Spherical wavefront

\ ¢

/

~

N
/

(c) Spherical wave

Figure 1-11 Examples of two-dimensional and three-dimensional waves: (a) circular waves on a pond, (b) a plane light wave exciting a
cylindrical light wave through the use of a long narrow slit in an opaque screen, and (c) a sliced section of a spherical wave.
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relative to the mean height (undisturbed condition) and x
denotes the distance of wave travel, the functional dependence
of y on time ¢ and the spatial coordinate x has the general form

2nt 2w

y(x,t) = Acos <— = Tx + ¢0> (m),

- (1.17)

where A is the amplitude of the wave, T is its time period,
A is its spatial wavelength, and ¢ is a reference phase. The
quantity y(x,#) also can be expressed in the form

y(x,1) = Acos@(x,1) (m), (1.18)
where
o(x 1) = (?—%ﬂm) (rad). (1.19)

The angle ¢ (x,7) is called the phase of the wave, and it should
not be confused with the reference phase ¢, which is constant
with respect to both time and space. Phase is measured by the
same units as angles, that is, radians (rad) or degrees, with 27
radians = 360°.

Let us first analyze the simple case when ¢y = 0:

2nt 27x
y(x,t) = Acos (— - —) (m).

7 (1.20)

The plots in Fig. 1-12 show the variation of y(x,7) with x at
t = 0 and with # at x = 0. The wave pattern repeats itself at a
spatial period A along x and at a temporal period T along z.

If we take time snapshots of the water’s surface, the height
profile y(x,#) would exhibit the sinusoidal patterns shown
in Fig. 1-13. All three profiles correspond to three different
values of 7, and the spacing between peaks is equal to the
wavelength A, even though the patterns are shifted relative to
one another because they correspond to different observation
times. Because the pattern advances along the +x direction at
progressively increasing values of ¢, y(x,t) is called a wave
traveling in the +x direction. If we track a given point on
the wave, such as the peak P, and follow it in time, we can
measure the phase velocity of the wave. At the peaks of the
wave pattern, the phase ¢(x,7) is equal to zero or multiples
of 27 radians. Thus,

2nt 2mx

¢ (x.1)= T A

Had we chosen any other fixed height of the wave, say yo,
and monitored its movement as a function of ¢ and x, this
again would have been equivalent to setting the phase ¢ (x,?)
constant such that

—onm, n=0,1,2, ... (121

2wt 2mx

y(x,t) =yp =Acos (TT) (1.22)

y(x,0)
y Att=0
0 A A 34
y 2 2
I A >
(a) y(x, ?) versusxatz=0
(0,1
4 Atx=0
/\ /e

3T
2

OL \_T/ T
2

_A —————
< T

(b) y(x,f) versustatx =0

Figure 1-12 Plots of y(x,r) = Acos (2 — %) as a function
of (@) xatt =0 and (b) r at x =0.

or
2wt 2mx

— 2 —cos™! (}2) = constant.
A

] (1.23)

The apparent velocity of that fixed height is obtained by taking
the time derivative of Eq. (1.23), so

2 27w dx
— = 1.24
T A dt (1.24)
which gives the phase velocity u, as
dx A
=— == . 1.2
Up 5T (m/s) (1.25)

» The phase velocity, also called the propagation veloc-
ity, is the velocity of the wave pattern as it moves across
the water’s surface. <«

The water itself mostly moves up and down; when the wave
moves from one point to another, the water does not move
physically along with it.
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Figure 1-13 Plots of y(x,t) = Acos (2 — %) as a function

ofxat(a)r =0, (b)t =T /4, and (c) t = T /2. Note that the wave
moves in the +x direction with a velocity u, = A/T.

A (c) t=T2

The frequency of a sinusoidal wave, f, is the reciprocal of
its time period 7'

1
f= T (Hz). (1.26)
Combining the preceding two equations yields
up, = fA (m/s). (1.27)

The wave frequency f is measured in cycles per second and
has been assigned the unit hertz (Hz), named in honor of the
German physicist Heinrich Hertz (1857-1894), who pioneered
the development of radio-wave instrumentation.

Using Eq. (1.26), Eq. (1.20) can be rewritten in a more

compact form as

y(x,t) = Acos <27tft - i—nx)

= Acos(ot — Bx),

(wave moving along +x direction)

(1.28)

where @ is the angular velocity of the wave and J3 is its phase
constant (or wavenumber), defined as

o=2nf (rad/s), (1.29a)
2
B — Tﬂ (rad/m). (1.29b)
In terms of these two quantities,
Uy = fA =2 (1.30)

So far, we have examined the behavior of a wave traveling
in the +x direction. To describe a wave traveling in the —x
direction, we reverse the sign of x in Eq. (1.28):

y(x,7) = Acos(wr + fBx). (1.31)

(wave moving along —x direction)

» The direction of wave propagation is easily determined
by inspecting the signs of the 7 and x terms in the
expression for the phase ¢ (x,#) given by Eq. (1.19): If one
of the signs is positive and the other is negative, then the
wave is traveling in the positive x direction, and if both
signs are positive or both are negative, then the wave is
traveling in the negative x direction. The constant phase
reference ¢p has no influence on either the speed or the
direction of wave propagation. <

We now examine the role of the phase reference ¢ given
previously in Eq. (1.17). If ¢ is not zero, then Eq. (1.28)
should be written as

y(x,1) = Acos(@t — Bx+ ). (1.32)

A plot of y(x,7) as a function of x at a specified 7 or as
a function of 7 at a specified x is shifted in space or time,
respectively, relative to a plot with ¢9 = O by an amount
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Leads ahead of y Reference wave (¢ = 0)
reference wave A

by =4 o = —m/4

Lags behind reference wave

/

N4

A4+

Y
~

Figure 1-14 Plots of y(0,7) = Acos (27t /T ) + @] for three different values of the reference phase ¢y.

proportional to ¢p. This is illustrated by the plots shown in
Fig. 1-14. We observe that when ¢ is positive, y(7) reaches
its peak value, or any other specified value, sooner than when
@0 = 0. Thus, the wave with ¢y = /4 is said to lead the wave
with ¢y = 0 by a phase lead of n/4; and similarly, the wave
with ¢g = —m /4 is said to lag the wave with ¢y = 0 by a phase
lag of /4. A wave function with a negative ¢y takes longer to
reach a given value of y(z), such as its peak, than the zero-
phase reference function.

» When its value is positive, ¢y signifies a phase lead in
time, and when it is negative, it signifies a phase lag. «

Exercise 1-3: Consider the red wave shown in Fig. E1.3.
What is the wave’s (a) amplitude, (b) wavelength, and
(c) frequency given that its phase velocity is 6 m/s?

v (volts)

64

41

21

0 ' ' ' ' t x (cm)
DY 3 5 7 9 1\

44

64+

Figure E1.3

Answer: (a)A=6V, (b) A =4 cm, (¢) f = 150 Hz.
(See @.)

Exercise 1-4: The wave shown in red in Fig. E1.4 is given
by v = 5cos2mt /8. Of the following four equations:

(1) v=>5cos(2mt/8 —m/4),
(2) v=>5cos(2mr/8+ 1 /4),
(3) v=—5cos(2nt/8—1/4),
(4) v=>35sin2mt/8,

(a) which equation applies to the green wave? (b) which
equation applies to the blue wave?

v (volts)

Figure E1.4

Answer: (a) #2, (b) #4. (See @.)

INTRODUCTION: WAVES AND PHASORS
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Module 1.1 Sinusoidal Waveforms Learn how the shape of the waveform is related to the amplitude, frequency, and

reference phase angle of a sinusoidal wave.

amplitude = 5 volts, f = 2 Hz, and @ = 0.

Y = Acos(2mmit+@ )

by specifying its attributes in the Input Panel.

Exercise 1-5: The electric field of a traveling electromag-
netic wave is given by

E(z,t) = 10cos(m x 10"t + wz/15+7/6)  (V/m).

Determine (a) the direction of wave propagation, (b) the
wave frequency f, (c) its wavelength A, and (d) its phase
velocity u,.

Answer: (a) —z direction, (b) f =5 MHz, (c) A =30 m,
(d) up = 1.5 x 10% m/s. (See €.)

Module 1.1 Sinusoidal Waveforms

The wavefarm shown in red is a reference wave given by vy = ScosdTrt:

Far camparison, you can generate and display in blue a wawvefarm given by

Input for blue wave
Amplitude A= 5.0 [volts]

Frequencyf= 3.207 [Hzl
i

Angle @, = 60.84

L

1-4.2 Sinusoidal Waves in a Lossy Medium

If a wave is traveling in the x direction in a lossy medium,
its amplitude decreases as e~ **. This factor is called the
attenuation factor, and « is called the attenuation constant
of the medium and its unit is neper per meter (Np/m). Thus, in
general,

y(x,1) = Ae” * cos(@t — Bx+ @p). (1.33)

The wave amplitude is now Ae™ ¥, not just A. Figure 1-15
shows a plot of y(x,7) as a function of x at t = 0 for A = 10 m,
A =2m, o =0.2 Np/m, and ¢y = 0. Note that the envelope of
the wave pattern decreases as e~ **.



44

CHAPTER 1 INTRODUCTION: WAVES AND PHASORS

y(x)

A )
10 m Y Wave envelope

\/ 10@‘02"/
5mT /\\\“‘ -
0 t ' ' /\ ' /\ —_—— >
1 2 3 4 5 6 7/ _8

~5m T BV
~10m + ~

Figure 1-15 Plot of y(x) = (10e=%2* cos x) meters. Note that the
mirror image.

The real unit of & is (1/m); the neper (Np) part is a dimen-
sionless, artificial adjective traditionally used as a reminder
that the unit (Np/m) refers to the attenuation constant of
the medium, o. A similar practice is applied to the phase
constant 3 by assigning it the unit (rad/m) instead of just (I/m).

Concept Question 1-6: How can you tell if a wave is
traveling in the positive x direction or the negative x
direction?

Concept Question 1-7: How does the envelope of the
wave pattern vary with distance in (a) a lossless medium
and (b) a lossy medium?

Concept Question 1-8: Why does a negative value
of ¢y signify a phase lag?

Example 1-1: Sound Wave in Water

An acoustic wave traveling in the x direction in a fluid (liquid
or gas) is characterized by a differential pressure p(x,f). The
unit for pressure is newton per square meter (N/m?). Find an
expression for p(x,¢) for a sinusoidal sound wave traveling in
the positive x direction in water given that the wave frequency

—0.2x

envelope is bounded between the curve given by 10e and its

is 1 kHz, the velocity of sound in water is 1.5 km/s, the wave
amplitude is 10 N/m?, and p(x,t) was observed to be at its
maximum value at r = 0 and x = 0.25 m. Treat water as a
lossless medium.

Solution: According to the general form given by Eq. (1.17)
for a wave traveling in the positive x direction,

2r

2n
1) =A —1—
p(x,t) cos< T 1

x+¢o) (N/m?).

The amplitude A = 10 N/m?, T = 1/f = 1073 s, and from
up, = fA7,

up  1.5x10°

f 103

A=
f

=1.5m.
Hence,
3, 4m 2
p(x,t) =10cos | 2w x 107t — ?x—i— o | (N/m”).

Since at# = 0 and x = 0.25 m, p(0.25,0) = 10 N/m?, we have

4 _
10 = 10cos <Tﬂ 0.25 +¢0> — 10cos <Tﬁ +¢0>,

which yields the result (¢ — 7/3) = cos~ (1), or ¢o = 7/3.
Hence,

4
27 % 10% — ?ﬂ:x+ E) (N/m?),

,t) =10
p(x,1) cos( 3
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Module 1.2 Traveling Waves Learn how the shape of a traveling wave is related to its frequency and wavelength and to

the attenuation constant of the medium.

Module 1.2

y = 52" cos(21-21mh) valts

by specifying its attributes in the Input Panel.

The traveling wave shown in red is given by v = Scos(TTt-Tm) volts.
Thus, its frequency is 0.5 Hz, its wavelength is 2cm, and its reference
phase angle @ = 0, with t = 0 defined as the time the animatian is started.

For comparison, you can generate and display in green a waveform given by

Example 1-2: Power Loss

A laser beam of light propagating through the atmosphere is
characterized by an electric field given by

E(x,t) = 150e %% cos(3 x 10" — 10"x)  (V/m),

where x is the distance from the source in meters. The attenu-
ation is due to absorption by atmospheric gases. Determine

(a) the direction of wave travel,
(b) the wave velocity, and

(c) the wave amplitude at a distance of 200 m.

Input for green wave
Frequencyf= 05 [Hz]

Solution: (a) Since the coefficients of t and x in the argument
of the cosine function have opposite signs, the wave must be
traveling in the +x direction.

(b)
o  3x10

up = —

3 o7 = 3x 10 mss,

and this is equal to ¢, which is the velocity of light in free
space.

(¢) At x =200 m, the amplitude of E (x,?) is

1507 003%200 — 037 (V/m).

Exercise 1-6: Consider the red wave shown in Fig. E1.6.
What is the wave’s (a) amplitude (at x = 0), (b) wave-
length, and (c) attenuation constant?
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v (volts)
5 (2.8,4.23)

(8.4,3.02)

Figure E1.6

Answer:

(See @.)

@ S5V, (b) 56 cm, (¢c) a =0.06 Np/cm.

Exercise 1-7: The red wave shown in Fig. E1.7 is given
by v = Scos4mx (V). What expression is applicable to
(a) the blue wave and (b) the green wave?

v (volts)

Figure E1.7

(a) v =5 " cosdmx (V),
(b) v = 5¢ 3 cosdmx (V). (See .)

Answer:

Exercise 1-8: An electromagnetic wave is propagating in
the z direction in a lossy medium with attenuation con-
stant o¢ = 0.5 Np/m. If the wave’s electric-field amplitude
is 100 V/m at z = 0, how far can the wave travel before
its amplitude is reduced to (a) 10 V/m, (b) 1 V/m, and
()1 uV/m?

Answer: (a) 4.6 m, (b) 9.2 m, (c) 37 m. (See &.)

1-5 The Electromagnetic Spectrum

Visible light belongs to a family of waves arranged according
to frequency and wavelength along a continuum called the

electromagnetic spectrum (Fig. 1-16). Other members of this
family include gamma rays, X-rays, infrared waves, and radio
waves. Generically, they all are called EM waves because they
share the following fundamental properties:

o A monochromatic (single frequency) EM wave consists
of electric and magnetic fields that oscillate at the same
frequency f.

e The phase velocity of an EM wave propagating in a
vacuum is a universal constant given by the velocity of
light ¢, defined earlier by Eq. (1.14).

e In a vacuum, the wavelength A of an EM wave is related
to its oscillation frequency f by

©

A= 1.34
7 (1.34)

Whereas all monochromatic EM waves share these properties,
each is distinguished by its own wavelength A4, or equivalently
by its own oscillation frequency f.

The visible part of the EM spectrum shown in Fig. 1-16
covers a very narrow wavelength range extending between
A =04 um (violet) and A = 0.7 um (red). As we move
progressively toward shorter wavelengths, we encounter the
ultraviolet, X-ray, and gamma-ray bands, each so named
because of historical reasons associated with the discovery
of waves with those wavelengths. On the other side of the
visible spectrum lie the infrared band and then the microwave
part of the radio region. Because of the link between A and
f given by Eq. (1.34), each of these spectral ranges may be
specified in terms of its wavelength range or its frequency
range. In practice, however, a wave is specified in terms of
its wavelength A if A < 1 mm, which encompasses all parts
of the EM spectrum except for the radio region, and the wave
is specified in terms of its frequency f if A > 1 mm (i.e., in
the radio region). A wavelength of 1 mm corresponds to a
frequency of 3 x 10'! Hz = 300 GHz in free space.

The radio spectrum consists of several individual bands,
as shown in the chart of Fig. 1-17 (see p. 48). Each band
covers one decade of the radio spectrum and has a letter
designation based on a nomenclature defined by the Inter-
national Telecommunication Union. Waves of different fre-
quencies have different applications because they are excited
by different mechanisms, and the properties of an EM wave
propagating in a nonvacuum material may vary considerably
from one band to another.

Although no precise definition exists for the extent of the
microwave band, it is conventionally regarded to cover the full
ranges of the UHF, SHF, and EHF bands. The EHF band is
sometimes referred to as the millimeter-wave band because
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Figure 1-16 The electromagnetic spectrum.

the wavelength range covered by this band extends from 1 mm
(300 GHz) to 1 cm (30 GHz).

Concept Question 1-9:  What are the three fundamental
properties of EM waves?

Concept Question 1-10:  What is the range of frequen-
cies covered by the microwave band?

Concept Question 1-11:  What is the wavelength range
of the visible spectrum? What are some of the applications
of the infrared band?

1-6 Review of Complex Numbers

Any complex number z can be expressed in rectangular form
as

z=x+Jy, (1.35)

where x and y are the real (9e) and imaginary (Jm) parts of z,
respectively, and j = v/—1. That is,

x =Re(z), y =Jm(z). (1.36)
Alternatively, z may be cast in polar form as
2= |7e/® = |z|/6 (1.37)

where |z] is the magnitude of z, 0 is its phase angle,and /0

is a useful shorthand representation for e/®. Applying Euler’s
identity,
e/% = cos@+ jsin®, (1.38)

we can convert z from polar form, as in Eq. (1.37), into
rectangular form,

7= |z|e’® = |z|cos O + j|z|sin 6. (1.39)

This leads to the relations
X = |z|]cos 0, y=|z|sin6, (1.40)
lz| = V/x2+y2, @6 =tan'(y/x). (1.41)

The two forms are illustrated graphically in Fig. 1-18. When
using Eq. (1.41), care should be taken to ensure that 6 is
in the proper quadrant. Also note that, since |z| is a positive
quantity, only the positive root in Eq. (1.41) is applicable. This
is denoted by the + sign above the square-root sign.

The complex conjugate of z, denoted with a star superscript
(or asterisk), is obtained by replacing j (wherever it appears)
with —j, so that

=+ jy) =x—jy=lzle® = z|/=6. (1.42)

The magnitude |z| is equal to the positive square root of the
product of z and its complex conjugate:

lz| = Vzz*. (1.43)
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Figure 1-17 Individual bands of the radio spectrum and their primary allocations in the U.S. [See expandable version on book website:
em8e.eecs.umich.edu.]
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Module 1.3 Phase Lead/Lag Examine sinusoidal waveforms with different values of the reference phase constant ¢y.

Module 1.3 Phase Lead/Lag

Questions

Q1. Which color wave leads the red wave by a
phase angle of /4 ?

Green Wave
_Blue Wave |

Purple Wave

Q2. Which color wave lags the red wave by a

phase angle of m/2 7
Green Wave

_Blue Wave |

Purple Wave|

We now highlight some of the properties of complex algebra
that will be encountered in future chapters.

Equality: If two complex numbers z; and z; are given by
a1 =x1+ jyi = |afe’™, (1.44)
2 =x+jy=|ale’®, (1.45)

then z; = z» if and only if x; = x; and y; = y» or, equivalently,
|zi| = |z2| and 6; = 65.

Addition:
21+ 20 = (x1 +x2) + j(y1 +y2). (1.46)

Multiplication:

2122 = (X1 + jy1) (x2 + jy2)
= (x1x2 = y1y2) +j(x1y2 +x251)s (1.47a)

jn;t(z) x =|z| cos 0
» z y = |z| sin 8
I |z| =3/ x2 +)2
2| : 0= tan"! (y/x)
[
I
7] 1
).C > me(z)

Figure 1-18 Relation between rectangular and polar represen-
tations of a complex number z = x + jy = |z]e/®.
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or

2122 = |z1]e® - |z2|e®

— |Z1HZ2|€J(9|+92>
= |Z1 | ‘Z2| [COS(91 + 92) + jsin(61 + 92)]. (1.47b)
Division: For z5 # 0,
a_xtan _ atiy) (e—ijy)
2 xtjy2 o (et (—jn)
_ (ax +y1yz)2+ J(zxzyl *xl)’Z)’ (1.482)
.X2 +y2
or
a _ lale”® _lal je-e

2 |nle/® |z

= i—;:[cos(el —6,)+ jsin(0; — 6,)]. (1.48b)

Powers: For any positive integer n,
2 = (lle®
= |z|"e/® = |z|"(cosn® + jsinn@), (1.49)
2% = 412 /2e7%/2 = £[¢|'/?[cos(6/2) + jsin(6/2)].

(1.50)
Useful Relations:
—1=e" =" =1/180°,
j=e™?=1/90°, (1.51)
—j= _oI®2 — pmim/2 1/-90°, (1.52)
- e 2(1+))
— (IT/2\1/2 _ L pim/4 _ , 1.53
\/} (e ) e \/§ ( )
. . +(1-)
e w4\ ) 1.54
j e 7 (1.54)
Example 1-3: Working with Complex

Numbers

Given two complex numbers

V=3-j4 I=—(2+3),

Figure 1-19 Complex numbers V and [ in the complex plane
(Example 1-3).

(a) express V and [ in polar form, and find (b) VI, (c) VI*,
(d) V/I,and (e) VI.

Solution:

(@) V]| = YVV*
=/B—-j4(3+j4)=V9+16=>5,

Oy = tan~'(—4/3) = —53.1°,
V =|V]e/ =5¢ 731" =5/-53.1°,
1] = /22432 = {13 =3.61.

Since I = (=2 — j3) is in the third quadrant in the complex
plane (Fig. 1-19),

6 = 180° +tan' (3) =236.3°,
1=3.61/236.3°.
(b) VI = 5¢ 531" x 3.61£/236:3
= 18.03¢/(2363°=53.1°) — 18 (3¢/1832°,
(€) VI* = 5¢77531° x 3,61 /236:3°
= 18.03¢ /2894" — 18.03¢/706°,

v 5pJ53.1°
@ —= 7236.3°
I 3.61e/%°6-

(e) VI =/3.61£/2363°
— 41/3.61 ¢/2363°/2 — 4 1.90¢/11815°,

= 1.39¢ /294" = 1.39¢/706",
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Technology Brief 2: Solar Cells

A solar cell is a photovoltaic device that converts solar
energy into electricity. The conversion process relies
on the photovoltaic effect, which was first reported
by 19-year-old Edmund Bequerel in 1839 when he
observed that a platinum electrode produced a small
current if exposed to light. The photovoltaic effect is
often confused with the photoelectric effect; they are
interrelated, but not identical (Fig. TF2-1).

The photoelectric effect explains the mechanism
responsible for why an electron is ejected by a material
in consequence to a photon incident upon its surface
(Fig. TF2-1(a)). For this to happen, the photon energy E
(which is governed by its wavelength through E = hc/A,
with i being Planck’s constant and ¢ the velocity of light)
has to exceed the binding energy with which the electron
is held by the material. For his 1905 quantum-mechanical
model of the photoelectric effect, Albert Einstein was
awarded the 1921 Nobel Prize in physics.

Whereas a single material is sufficient for the photo-
electric effect to occur, at least two adjoining materials
with different electronic properties (to form a junction

Photon e

Metal

(a) Photoelectric effect

Photon
e _
n-type
I/
p-type g
—

(b) Photovoltaic effect

Figure TF2-1 Comparison of photoelectric effect with the
photovoltaic effect.

that can support a voltage across it) are needed to
establish a photovoltaic current through an external
load (Fig. TF2-1(b)). Thus, the two effects are governed
by the same quantum-mechanical rules associated with
how photon energy can be used to liberate electrons
away from their hosts, but the followup step of what
happens to the liberated electrons is different in the two
cases.

The PV Cell

Today’s photovoltaic (PV) cells are made of semiconduc-
tor materials. The basic structure of a PV cell consists of
a p-n junction connected to a load (Fig. TF2-2).

Typically, the n-type layer is made of silicon doped
with a material that creates an abundance of negatively
charged atoms, and the p-type layer also is made of
silicon but doped with a different material that creates an
abundance of holes (atoms with missing electrons). The
combination of the two layers induces an electric field
across the junction, so when an incident photon liberates
an electron, the electron is swept under the influence
of the electric field through the n-layer and out to the
external circuit connected to the load.

The conversion efficiency of a PV cell depends on
several factors, including the fraction of the incident light
that gets absorbed by the semiconductor material, as
opposed to getting reflected by the n-type front surface
or transmitted through to the back conducting electrode.
To minimize the reflected component, an antireflective
coating usually is inserted between the upper glass cover
and the n-type layer (Fig. TF2-2).

The PV cell shown in Fig. TF2-2 is called a single-
junction cell because it contains only one p-n junction.
The semiconductor material is characterized by a quan-
tity called its band gap energy, which is the amount of
energy needed to free an electron away from its host
atom. For that to occur, the wavelength of the incident
photon (which in turn defines its energy) has to be such
that the photon’s energy exceeds the band gap of the
material. Solar energy extends over a broad spectrum,
so only a fraction of the solar spectrum (photons with
energies greater than the band gap) is absorbed by
a single-junction material. To overcome this limitation,
multiple p-n layers can be cascaded together to form a
multijunction PV device (Fig. TF2-3). The cells usually
are arranged such that the top cell has the highest band
gap energy, thereby capturing the high-energy (short-
wavelength) photons, followed by the cell with the next
lower band gap, and so on.
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Antireflective coating Glass cover Light photons

Front conducting electrode

—<> n-type layer
(silicon)

p-n junction

Back conducting electrode

Figure TF2-2 Basic structure of a photovoltaic cell.

InGaP
400 500 600 700 800 InGaAs

Wavelength (nm) Ge

Figure TF2-3 In a multijunction PV device, different layers absorb different parts of the light spectrum.
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.»

PV cell PV module

~

PV array

Figure TF2-4 PV cells, modules, and arrays.

» The multijunction technique offers an improvement
in conversion efficiency of 2—4 times over that of the
single-junction cell. However, the fabrication cost is
significantly greater. «

Modules, Arrays, and Systems

A photovoltaic module consists of multiple PV cells
connected together in order to supply electrical power
at a specified voltage level, such as 12 or 24 V. The
combination of multiple modules generates a PV array
(Fig. TF2-4). The amount of generated power depends
on the intensity of the intercepted sunlight, the total area
of the module or array, and the conversion efficiencies
of the individual cells. If the PV energy source is to
serve multiple functions, it is integrated into an energy
management system that includes a dc to ac current
converter and batteries to store energy for later use
(Fig. TF2-5).

Battery de
storage il dC/ac
system

dc to ac
inverter

Figure TF2-5 Components of a large-scale photovoltaic
system.
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Exercise 1-9: Express the following complex functions in
polar form:

2= (4—j3)%
= (4—j3)2

Answer: z; =25/—73.7°, 25 = +/5/—18.4°. (See .)

Exercise 1-10: Show that \/2j = +(1 + j).
Answer: (See @)

1-7 Review of Phasors

Phasor analysis is a useful mathematical tool for solving
problems involving linear systems in which the excitation
is a periodic time function. Many engineering problems are
cast in the form of linear integro-differential equations. If the
excitation, more commonly known as the forcing function,
varies sinusoidally with time, the use of phasor notation to
represent time-dependent variables allows us to convert a
linear integro-differential equation into a linear equation with
no sinusoidal functions, thereby simplifying the method of
solution. After solving for the desired variable, such as the
voltage or current in a circuit, conversion from the phasor
domain back to the time domain provides the desired result.
The phasor technique also can be used to analyze lin-
ear systems when the forcing function is a (nonsinusoidal)
periodic time function, such as a square wave or a sequence
of pulses. By expanding the forcing function into a Fourier
series of sinusoidal components, we can solve for the desired
variable using phasor analysis for each Fourier component of
the forcing function separately. According to the principle of
superposition, the sum of the solutions due to all of the Fourier
components gives the same result as one would obtain had the
problem been solved entirely in the time domain without the
aid of Fourier representation. The obvious advantage of the
phasor—Fourier approach is simplicity. Moreover, in the case
of nonperiodic source functions, such as a single pulse, the
functions can be expressed as Fourier integrals, and a similar
application of the principle of superposition can be used as
well.
The simple RC circuit shown in Fig. 1-20 contains a
sinusoidally time-varying voltage source given by
vs(t) = Vpsin(ot + ¢y), (1.55)
where V) is the amplitude, o is the angular frequency, and ¢
is a reference phase. Application of Kirchhoff’s voltage law

os(0) f\)

i

I 1,
J

O
2 %4

Figure 1-20 RC circuit connected to a voltage source V(7).

gives the following loop equation:

Ri(f) + é / i(r) dt = vy(t). (1.56)

(time domain)

Our objective is to obtain an expression for the current i(z). We
can do this by solving Eq. (1.56) in the time domain, which is
somewhat cumbersome because the forcing function vs(7) is a
sinusoid. Alternatively, we can take advantage of the phasor-
domain solution technique as follows.

1-7.1 Solution Procedure
Step 1: Adopt a cosine reference

To establish a phase reference for all time-varying currents and
voltages in the circuit, the forcing function is expressed as a
cosine (if not already in that form). In the present example,

Vs(1) = Vpsin(or + @)
= Vycos (g — ot — (Po)

T
— Vycos (wz+¢o—5), (1.57)
where we used the properties sinx = cos(w/2 — x) and
cos(—x) = cosx.

Step 2: Express time-dependent variables as phasors

Any cosinusoidally time-varying function z(#) can be
expressed as

2(t) = Re [Z ejw’], (1.58)
where Z is a time-independent function called the phasor of
the instantaneous function z(z). To distinguish instantaneous
quantities from their phasor counterparts, a tilde (~) is added
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over the letter representing a phasor. For the voltage vs()
given by Eq. (1.57), its phasor equivalent V; is given by

V, = Vyel(00—7/2), (1.59)
Thus, V; has the same amplitude as vy(¢), and its exponential
function is j(@o — 7/2), where (¢o — 7/2) is the phase part
of the cosine function in Eq. (1.57) without the @t term. To
verify that the expression for Vi given by Eq. (1.59) is indeed

the phasor equivalent of v(¢), we apply the right-hand side of
Eq. (1.58):

Re[Vee! @] = Re[Vpe/ (07/2) . o0
= Vocos(wr+ ¢o — w/2),

which is, indeed, the expression for vs(¢) given by Eq. (1.57).
The time-domain and phasor-domain correspondence can be
expressed in the general form

V() = Vocos(wt +¢) <> Vi =Vpel?, (1.60)

for any phase angle ¢. Hence, ¢ may be a constant, such
as ¢o — 7/2, or it may be a function of one or more spatial
variables, such as ¢ = Bx.

The phasor V,, corresponding to the time function vy(z),
contains amplitude and phase information but it is independent
of the time variable 7. Next we define the unknown variable i(t)

in terms of a phasor equivalent I as

i(t) = Re(le/). (1.61)

If the equation we are trying to solve contains derivatives or
integrals, we use the following two properties:

di d ~ . d ~ . .
- _ = JOIy | _ Jory | — . jor
il [‘ﬁe(le )} Re Lit (Ie )] Re[jole’™],

(1.62)
and

/ idi = / Re(Te/®) di

. I .
= NRe </1ef‘°f dt) = NRe (.— ef“”>. (1.63)
Jo

» Thus, differentiation of the time function i(r) with
respect to time is equivalent to multiplication of its phasor
I by jw, and integration is equivalent to division by jo. <

Step 3: Recast the differential/integral equation in phasor
form

Upon using the form of Eq. (1.58) to represent i(¢) and vs(¢)
in Eq. (1.56) in terms of their phasor equivalents, we have
R Re(le’®) + L e I eI ) = Re(Vee! ™). (1.64)
C o s . .
Combining all three terms under the same real-part (2Re)
operator leads to

[ oo}

Had we adopted a sine reference—instead of a cosine
reference—to define sinusoidal functions, the preceding treat-
ment would have led to the result

()]} -

Since both the real and imaginary parts of the expression inside
the curly brackets are zero, the expression itself must be zero.
Moreover, since ¢/®" =£ 0, it follows that

_ 1 _
I[R+— ) =V.
( +ij) :

The time factor ¢/®' has disappeared because it was contained
in all three terms. Equation (1.66) is the phasor-domain equiv-
alent of Eq. (1.56).

(1.65a)

(1.65b)

(phasor domain). (1.66)

Step 4: Solve the phasor-domain equation

From Eq. (1.66), the phasor current Iis given by

R
- R+1/(joC)"
Before we apply the next step, we need to convert the right-

hand side of Eq. (1.67) into the form Iye/® with I, being a real
quantity. Thus,

(1.67)

- . e
7= Voei(bo—n/2) | _JPC
0 1+ joRC
_ ypeitvn2) | @€
V 1+ 02R2C2 e/
- Voo e/ (P0—01) (1.68)

V 1+ 0?R*C?

where we have used the identity j = e/™/2 The phase angle
associated with (1 + jwRC) is ¢; = tan~! (@RC) and lies in
the first quadrant of the complex plane.
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Phasor Technique Solution Procedure

(1) Adopt a cosine reference for all sinusoidally varying
quantities, as in

x(t) = Acos(or + ¢y).

e Coefficient A should be positive. If not, retain
its positive magnitude and add or subtract 7
from ¢y.

e [f the time function is a sine instead of a cosine,
convert it using Eq. (1.57).

(2) Convert time-dependent quantities into phasor equiv-
alents:

z(t) <> Z  (Table1-5).

(3) Cast equations in the phasor domain, and then solve
them for the quantity of interest.

(4) If necessary, modify the solution Y into the form
Y = Be/ 9,
where B is a positive, real quantity.

(5) Convert the phasor-domain solution to the time
domain:

y(t) = Re[Be’® - /| = Bcos(wt + 6)

Step 5: Convert back to the time domain

To find i(t), we simply apply Eq. (1.61). That is, we multiply

the phasor I given by Eq. (1.68) by ¢/®' and then take the real
part:

VooC
V1+ 0?R2C?

— N0 (ot +do—n). (1.69)

V 1+ 0?R*C?

In summary, we converted all time-varying quantities into
the phasor domain, solved for the phasor [ of the desired
instantaneous current i(¢), and then converted back to the time
domain to obtain an expression for i(r). Table 1-5 provides
a summary of some time-domain functions and their phasor-
domain equivalents.

i(t) = D‘ie[INejw’] = NRe ei(¢o¢|)ej(w]

Table 1-5 Time-domain sinusoidal functions z(r) and

their cosing-ljeference phasor-domain counterparts Z where
7(t) = Re[Ze/?].

z(t) V4
Acos ot « A
Acos(or+ ¢p) > Ael®
Acos(ort + Bx+ @) <>  Ae/(Bxtoo)
Ae *cos(wt + Bx+¢y) <> Ae— %% pJ(Bx+¢o)
Asin ot > Ae T2
Asin(ot + @) > Ae/(®0-7/2)
S1E0) - joZ
e J
d ) )
Z[Acos(wtqtq)o)} > jwAel®
il =
/z(t) dt - —7
jo
/A sin(or + @) dt <~ %Aej(%*ﬂ/Z)
J

Example 1-4: RL Circuit

The voltage source of the circuit shown in Fig. 1-21 is given
by
V(1) = 5sin(4 x 10% —30°) (V).

Obtain an expression for the voltage across the inductor.

(1.70)

i R=6Q

——
VWA

)
os(1) f\)

%L—O.ZmH

Figure 1-21 RL circuit (Example 1-4).

|—&—+

Solution: The voltage loop equation of the RL circuit is

. di
Ri+L— = v5(2).

= (1.71)
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Before converting Eq. (1.71) into the phasor domain, we
express Eq. (1.70) in terms of a cosine reference:
(1) = 5sin(4 x 10% —30°)

=5cos(4x 10% —120°) (V).  (1.72)

The coefficient of 7 specifies the angular frequency as
® = 4 x 10* (rad/s). Per the second entry in Table 1-5, the
voltage phasor corresponding to vs(7) is

Vo=5¢" (W),
and the phasor equation corresponding to Eq. (1.71) is

RI+ joLl = V. (1.73)

Solving for the current phasor 7, we have

Fo Vs
" R+joL
5p—J120°
T 61 jax10°x2x104
50-7120°
T 6+8 1051

5,—J120°

=0.5¢ /1731 (A,

The voltage phasor across the inductor is related to I by
‘7L = j(DLT
= j4x10*x2x107*x 0.5¢ /1731
— 4] (90°—173.1°) _ 4, j83.1° V),

and the corresponding instantaneous voltage vy (¢) is therefore
vL(r) = Re [VLefw'}
— e [4efj83.1°ej4><104t}

=4cos(4x 10 —83.1°) (V).

Concept Question 1-12:  Why is the phasor technique
useful? When is it used? Describe the process.

Concept Question 1-13:  How is the phasor technique
used when the forcing function is a nonsinusoidal periodic
waveform, such as a train of pulses?

Exercise 1-11: A series RL circuit is connected to a
voltage source given by vs(t) = 150coswr (V). Find
(a) the phasor current I and (b) the instantaneous current
i(t) for R=400 Q, L =3 mH, and ® = 10° rad/s.

Answer: (a) I = 150/(R + joL) = 0.3/—36.9° (A),
(b) i(t) = 0.3cos(wt —36.9°) (A). (See &)

Exercise 1-12: A phasor voltage is given by V= jS V.
Find v(r).

Answer:

(See @).)

v(t) = Scos(wr + w/2) = —Ssinwt (V).

1-7.2 Traveling Waves in the Phasor Domain

According to Table 1-5, if we set ¢ = 0, its third entry
becomes
> AP,

Acos(wr + Bx) (1.74)

From the discussion associated with Eq. (1.31), we concluded
that A cos(@t + Bx) describes a wave traveling in the negative
x direction.

» In the phasor domain, a wave of amplitude A traveling
in the positive x direction in a lossless medium with a
phase constant 3 is given by the negative exponential
Ae~/Bx Conversely, a wave traveling in the negative x
direction is given by Ae/P*. Thus, the sign of x in the
exponential is opposite to the direction of travel. <
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Chapter 1 Summary

Concepts

Electromagnetics is the study of electric and magnetic
phenomena and their engineering applications.

The International System of Units consists of the six
fundamental dimensions listed in Table 1-1. The units
of all other physical quantities can be expressed in
terms of the six fundamental units.

The four fundamental forces of nature are nuclear,
weak-interaction, electromagnetic, and gravitational
forces.

The source of the electric field quantities E and D
is the electric charge g. In a material, E and D
are related by D = €E, where € is the elec-
trical permittivity of the material. In free space,
£ =g ~ (1/36m) x 10~° (F/m).

The source of the magnetic field quantities B and H is
the electric current /. In a material, B and H are related
by B = uH, where u is the magnetic permeability of
the medium. In free space, i = pg = 47 x 10~/ (H/m).

Electromagnetics consists of three branches:

(1) electrostatics, which pertains to stationary charg-
es,

(2) magnetostatics, which pertains to dc currents, and

(3) electrodynamics, which pertains to time-varying
currents.

A traveling wave is characterized by a spatial wave-
length A, a time period 7, and a phase velocity
u, =A/T.

An electromagnetic (EM) wave consists of oscillating
electric and magnetic field intensities and travels in free
space at the velocity of light: ¢ = 1/\/&Hy. The EM
spectrum encompasses gamma rays, X-rays, visible
light, infrared waves, and radio waves.

Phasor analysis is a useful mathematical tool for solv-
ing problems involving time-periodic sources.

Mathematical and Physical Models

Electric field due to charge g in free space Complex numbers

R Euler’ ident
4me, R2 . u er's identity
e/® =cos@+ jsin6
Magnetic field due to current / in free space « Rectangular-polar relations
_ & Mol .
B7¢2_7rr x = |z|cos B, y=|z|sin0,
lff = V*2+y2,  6=tan"!(y/x)

Plane wave y(x,7) = Ae” **cos(wt — Bx+ @)
e 0 =0 in lossless medium
« phase velocity u, = fA = %
e =2xf;, f=2n/A
o = phase reference

Phasor-domain equivalents

See Table 1-5

PROBLEMS

Section 1-4: Traveling Waves

(a) p(x,7) versusx atz =0,

(b) p(x,t) versusratx=0.
Be sure to use appropriate scales for x and ¢ so that each of

1.1 A harmonic wave traveling along a string is generated  your plots covers at least two cycles.

by an oscillator that completes 360 vibrations per minute. If it
is observed that a given crest, or maximum, travels 300 cm in

10 hat is h lenoth? “1.3 A 2kHz sound wave traveling in the x direction in air
S, what 1s the wavelength

was observed to have a differential pressure p(x,7) = 30 N/m?
at x =0 and 7 = 25 us. If the reference phase of p(x,7) is 36°,
find a complete expression for p(x,#). The velocity of sound in
air is 330 m/s.

1.2 For the pressure wave described in Example 1-1, plot

*
Answer(s) available in Appendix E.
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Important Terms Provide definitions or explain the meaning of the following terms:
angular velocity @ EM spectrum phase
attenuation constant o Euler’s identity phase constant (wave number) 3
attenuation factor forcing function phase lag and lead

Biot—Savart law

complex conjugate
complex number
conductivity o
constitutive parameters
continuous periodic wave
Coulomb’s law

dielectric constant
dynamic

electric dipole

fundamental dimensions
instantaneous function

phase velocity (propagation
velocity) u,

law of conservation of electric charge phasor
LCD plane wave
liquid crystal principle of linear superposition

lossless or lossy medium
magnetic field intensity H
magnetic flux density B
magnetic force

magnetic permeability u

reference phase ¢
relative permittivity or

dielectric constant &
SI system of units
static

electric field intensity E magnetostatics
electric flux density D microwave band
electric polarization monochromatic

electrical force
electrical permittivity € perfect conductor
electrodynamics perfect dielectric
electrostatics periodic

1.4 A wave traveling along a string is given by
y(x,7) = 2sin(4xmr + 107x) (cm),

where x is the distance along the string in meters and y is
the vertical displacement. Determine: (a) the direction of wave
travel, (b) the reference phase ¢y, (c) the frequency, (d) the
wavelength, and (e) the phase velocity.

1.5 Two waves, y;(¢t) and y,(¢), have identical amplitudes
and oscillate at the same frequency, but y,(¢) leads y; () by
a phase angle of 60°. If

y1(t) = 4cos(27m x 10°1),

write the expression appropriate for y,(¢) and plot both func-
tions over the time span from 0 to 2 ms.

“1.6  The height of an ocean wave is described by the function
y(x,7) = 1.5sin(0.5¢ — 0.6x) (m).

Determine the phase velocity and the wavelength, and then
sketch y(x,7) att = 2 s over the range from x = 0 to x = 21.

1.7 A wave traveling along a string in the +x-direction is
given by

y1(x,1) = Acos(wt — Bx),
where x = 0 is the end of the string, which is tied rigidly to
a wall, as shown in Fig. P1.7. When wave y(x,) arrives at

nonmagnetic materials

transient wave
velocity of light ¢
wave amplitude
wave frequency f
wave period T
waveform
wavelength A

the wall, a reflected wave y,(x,t) is generated. Hence, at any
location on the string, the vertical displacement y; is the sum
of the incident and reflected waves:

ys(61) = y1(x.1) +ya(x.0).

(a) Write an expression for y,(x,t), keeping in mind its
direction of travel and the fact that the end of the string
cannot move.

(b) Generate plots of y; (x,t), y2(x,¢) and ys(x,) versus x over
the range —24 <x <0 at @t = n/4 and at wr = /2.

Incident wave
—

x=0

Figure P1.7 Wave on a string tied to a wall at x = 0
(Problem 1.7).
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1.8 Two waves on a string are given by the following func-
tions:

yi1(x,t) = 4cos (207 — 30x)
y2(x,t) = —4cos(20f + 30x)

(cm)

(cm)

where x is in centimeters. The waves are said to interfere

constructively when their superposition |ys| = |y; + 2| is a

maximum, and they interfere destructively when |ys| is a

minimum.

(a) What are the directions of propagation of waves y;(x,7)
and y,(x,)?

(b) At t = (m/50) s, at what location x do the two waves
interfere constructively, and what is the corresponding
value of |y|?

(¢c) At t = (m/50) s, at what location x do the two waves
interfere destructively, and what is the corresponding
value of |y|?

1.9 Give expressions for y(x,z) for a sinusoidal wave trav-
eling along a string in the negative x-direction, given that
Vmax = 40 cm, A = 30 cm, f = 10 Hz, and

(a) y(x,0)=0atx=0,
(b) y(x,0) =0atx=3.75cm.

“1.10  Given two waves characterized by

y1(t) =3coswt
y2(t) = 3sin(wz + 60°),

does y,(¢) lead or lag y; (¢) and by what phase angle?

1.11 The vertical displacement of a string is given by the
harmonic function:

y(x,t) = 4cos(16mt — 207x) (m),

where x is the horizontal distance along the string in meters.
Suppose a tiny particle were attached to the string at x =5 cm.
Obtain an expression for the vertical velocity of the particle as
a function of time.

“1.12  An oscillator that generates a sinusoidal wave on a
string completes 40 vibrations in 50 s. The wave peak is
observed to travel a distance of 1.4 m along the string in 5 s.
What is the wavelength?

1.13 The voltage of an electromagnetic wave traveling on a
transmission line is given by

v(z,1) = 5¢~ *sin(4x x 10°r —207z)  (V),

where z is the distance in meters from the generator.

(a) Find the frequency, wavelength, and phase velocity of the
wave.

(b) At z =4 m, the amplitude of the wave was measured to
be 2 V. Find «.

“1.14 A certain electromagnetic wave traveling in seawater
was observed to have an amplitude of 98.02 (V/m) at a depth
of 10 m, and an amplitude of 81.87 (V/m) at a depth of 100 m.
What is the attenuation constant of seawater?

1.15 A laser beam traveling through fog was observed to
have an intensity of 1 (uW/m?) at a distance of 2 m from
the laser gun and an intensity of 0.2 (uW/m?) at a distance
of 3 m. Given that the intensity of an electromagnetic wave is
proportional to the square of its electric-field amplitude, find
the attenuation constant ¢ of fog.

Section 1-5: Complex Numbers

1.16 Complex numbers z; and z; are given by

71=3—j2
2 =—4+;3

(a) Express z; and z; in polar form.
(b) Find |z | by first applying Eq. (1.41) and then by applying
Eq. (1.43).
* (¢) Determine the product z;z, in polar form.
(b) Determine the ratio z; /z, in polar form.
(¢) Determine z? in polar form.
1.17 Evaluate each of the following complex numbers and
express the result in rectangular form:
(a) z1 =8e/™/3
(b) 22 = V3 37/
() z3=2e7I7/2

*

d) z4 =
() zs=j"
(f) z6=(1-j)?

(@ z7=(1-j)"?

1.18 Complex numbers z; and z; are given by

71=-34,2
2=1-j2

Determine (a) z;22, (b) z1/23, (¢) z%, and (d) z;zj, all in polar
form.
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1.19 If z = —2 + j4, determine the following quantities in
polar form:

(@) 1/z,
(b) 2,
"(© 2,
(d) Jm{z},
(e) Jm{z*}.
1.20 Find complex numbers t = z; + 2, and s = 7| — 23, both
in polar form, for each of the following pairs:
(@) z1=24+j3andzp =1— 2,
(b) z1 =3 and zp = j3,
(¢) 71 =3430° and zp = 3/=30°,
“(d) z1 =3430° and zp = 3/-150°,

1.21 Complex numbers z; and z, are given by

71 = 5/=60°
70 =445,

(a) Determine the product z;z; in polar form.
(b) Determine the product z;z; in polar form.
(c) Determine the ratio z; /7, in polar form.
(d) Determine the ratio z{ /z} in polar form.
(e) Determine /z; in polar form.

“1.22 Ifz=3+j5, find the value of In(z).

1.23 If z = 3¢/7/%, find the value of €.
1.24 If z =3 — j4, find the value of ¢°.

Section 1-6: Phasors

125 A voltage source given by
v(r) =25¢c0s(27m x 10°1 —30°) (V)

is connected to a series RC load as shown in Fig. 1-20. If
R =1 MQ and C = 200 pF, obtain an expression for v.(t),
the voltage across the capacitor.

1.26 Find the instantaneous time sinusoidal functions corre-
sponding to the following phasors:

(a) V =—5¢"/3 (V)

(b) V = j6e IT/4 (V)

(© I'=(6+8) (A)
@) T=-3+2 (A

(© I=j (A)
(e) T=2e/7/6 (A)
1.27 Find the phasors of the following time functions:
(a) v(r) =6cos(wr—m/6) (V)
(b) v(¢) = 12sin(wr —/4) (V)
(¢) i(x,t) = 5S¢~ *sin(wt + /6) (A)
(@) i(t) = —2cos(wt —37m/4) (A)
(e) i(r) =4sin(wt + w/3)+ T cos(wt — /6) (A)
1.28 A series RLC circuit is connected to a generator with a
voltage v5(¢) = Vpcos(wt + 7 /3) (V).
(a) Write the voltage loop equation in terms of the current
i(t), R, L, C, and v4(2).
(b) Obtain the corresponding phasor-domain equation.
(¢) Solve the equation to obtain an expression for the phasor
current /.

1.29 The voltage source of the circuit shown in Fig. P1.29 is
given by

vs(t) = 25cos(4 x 10% —45°) (V).

Obtain an expression for i (¢), the current flowing through the
inductor.

R=20Q, R,=30Q, L=04mH

Figure P1.29 Circuit for Problem 1.29.
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Objectives

Upon learning the material presented in this chapter, you
should be able to:

. Calculate the line parameters, characteristic impedance,

and propagation constant of coaxial, two-wire, parallel-
plate, and microstrip transmission lines.

. Determine the reflection coefficient at the load-end of

the transmission line, the standing-wave pattern, and the
locations of voltage and current maxima and minima.

. Calculate the amount of power transferred from the gen-

erator to the load through the transmission line.

. Use the Smith chart to perform transmission-line calcula-

tions.

. Analyze the response of a transmission line to a voltage

pulse.



2-1 GENERAL CONSIDERATIONS

63

Zg A B

I7g Sending-end Transmission line Receiving-end %
port port
7;1’/ VB!

Generator circuit

Load circuit

Figure 2-1 A transmission line is a two-port network connecting a generator circuit at the sending end to a load at the receiving end.

2-1 General Considerations

In most electrical engineering curricula, the study of electro-
magnetics is preceded by one or more courses on electrical
circuits. In this book, we use this background to build a
bridge between circuit theory and electromagnetic theory. The
bridge is provided by transmission lines, which is the topic
of this chapter. By modeling transmission lines in the form of
equivalent circuits, we can use Kirchhoff’s voltage and cur-
rent laws to develop wave equations whose solutions provide
an understanding of wave propagation, standing waves, and
power transfer. Familiarity with these concepts facilitates the
presentation of material in later chapters.

Although the notion of transmission lines may encompass
all structures and media that serve to transfer energy or
information between two points, including nerve fibers in the
human body and fluids and solids that support the propaga-
tion of mechanical pressure waves, this chapter focuses on
transmission lines that guide electromagnetic signals. Such
transmission lines include telephone wires, coaxial cables
carrying audio and video information to TV sets or digital
data to computer monitors, microstrips printed on microwave
circuit boards, and optical fibers carrying light waves for the
transmission of data at very high rates.

Fundamentally, a transmission line is a two-port network,
with each port consisting of two terminals, as illustrated in
Fig. 2-1. One of the ports, the line’s sending end, is connected
to a source (also called the generator). The other port, the line’s
receiving end, is connected to a load. The source connected
to the transmission line’s sending end may be any circuit
generating an output voltage, such as a radar transmitter, an
amplifier, or a computer terminal operating in transmission
mode. From circuit theory, a dc source can be represented by a
Thévenin-equivalent generator circuit consisting of a genera-
tor voltage V, in series with a generator resistance R, as shown
in Fig. 2-1. In the case of alternating-current (ac) signals, the

generator circuit is represented by a voltage phasor Vg and an
impedance Z,.

The load circuit, or simply the load, may be a transmitting
antenna in the case of radar, a computer terminal operating in
the receiving mode, the input terminals of an amplifier, or any
output circuit whose input terminals can be represented by an
equivalent load impedance Z .

2-1.1 The Role of Wavelength

In low-frequency circuits, circuit elements usually are inter-
connected using simple wires. In the circuit shown in Fig. 2-2,
for example, the generator is connected to a simple RC load
via a pair of wires. In view of our definition in the preceding
paragraphs of what constitutes a transmission line, we pose
the question: Is the pair of wires between terminals AA’ and
terminals BB' a transmission line? If so, under what set of
circumstances should we explicitly treat the pair of wires
as a transmission line as opposed to ignoring their presence
altogether and treating the circuit as only an RC load connected
to a generator Vg? The answer to the first question is: Yes,

4 L, 5
+ b
P 1 I R
Vg@ V44'  Transmission line Vpp
; l l _|_ C
3 5
I

A
~
A 4

Figure 2-2 Generator connected to an RC circuit through a
transmission line of length /.
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the pair of wires does constitute a transmission line. The
answer to the second question is: The factors that determine
whether or not we should treat the wires as a transmission line
is governed by the length of the line | and the frequency f
of the signal provided by the generator. (As we will see
later, the determining factor is the ratio of the length / to the
wavelength A of the wave propagating on the transmission
line between the source at terminals AA’ and the load at
terminals BB'.) If the generator voltage is cosinusoidal in time,
then the voltage across the input terminals AA’ is

Vaar = V(1) = Vycos ot V), (2.1)
where ® = 27 f is the angular frequency. If we assume that the
current flowing through the wires travels at the speed of light,
¢ =3 x 10% m/s, then the voltage across the output terminals
BB’ will have to be delayed in time relative to that across AA’
by the travel delay time //c. Thus, assuming no ohmic losses
in the transmission line and ignoring other transmission-line
effects discussed later in this chapter,

Vap (1) = Vanr(t —1/c) =Vycos[(t —1/c)] = Vycos(wt — ),
2.2)
with
ol

0o = —
C

Thus, the time delay associated with the length of the
line / manifests itself as a constant phase shift ¢y in
the argument of the cosine. Let us compare Vpp with
Vyar at t = 0 for an ultralow-frequency electronic circuit
operating at a frequency f = 1 kHz. For a typical wire
length [ =5 cm, Egs. (2.1) and (2.2) give Vjur = Vp and
Vg = Vocos(2f1/c) = 0.999999999998 Vy,.. Hence, for all
practical purposes, the presence of the transmission line may
be ignored, and terminal AA’ may be treated as identical with
BB’ so far as its voltage is concerned. On the other hand,
had the line been a 20-km long telephone cable carrying a
1 kHz voice signal, then the same calculation would have led
to Vg = 0.91V,), which is a deviation of 9%. Furthermore, had
the frequency of the signal on the 5-cm long wire been 1.5 GHz
instead of 1 kHz, the voltage at the end of the line would have
been Vg = 0! Thus, the pair of wires would have a voltage Vj
at AA’ and zero at BB’ simultaneously. The determining factor
is the magnitude of ¢9 = w!/c. From Eq. (1.27), the velocity of
propagation u, of a traveling wave is related to the oscillation
frequency f and the wavelength A by

(rad). 2.3)

u, = fA (m/s).
In the present case, up = c. Hence, the phase delay is

ol  2nfl
C B C

l
0o = = 277:I radians. 2.4)

I

JTULI— — JULIL

Dispersionless line

l

JTULIM— — JUUL

Short dispersive line

[ ]

JTULI—

Long dispersive line

aAAAS

Figure 2-3 A dispersionless line does not distort signals
passing through it regardless of its length, whereas a dispersive
line distorts the shape of the input pulses because the different
frequency components propagate at different velocities. The
degree of distortion is proportional to the length of the dispersive
line.

» When [/A is very small, transmission-line effects may
be ignored, but when [/A 2> 0.01, it may be necessary to
account not only for the phase shift due to the time delay
but also for the presence of reflected signals that may have
been bounced back by the load toward the generator. <

Power loss on the line and dispersive effects may need to be
considered as well.

» A dispersive transmission line is one on which the wave
velocity is not constant as a function of the frequency f. <

This means that the shape of a rectangular pulse, which
through Fourier analysis can be decomposed into many sinu-
soidal waves of different frequencies, gets distorted as it travels
down the line because its different frequency components do
not propagate at the same velocity (Fig. 2-3). Preservation of
pulse shape is very important in high-speed data transmission
not only between terminals but also across transmission line
segments fabricated within high-speed integrated circuits. At
10 GHz, for example, the wavelength is A = 3 cm in air but
only on the order of 1 cm in a semiconductor material. Hence,
even lengths between devices on the order of millimeters
become significant, and their presence has to be accounted for
in the design of the circuit.
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(e) Microstrip line
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(¢) Parallel-plate line

Metal
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(f) Coplanar waveguide

TEM Transmission Lines

(g) Rectangular waveguide

é ~ Concentric

dielectric
layers

(h) Optical fiber

Higher-Order Transmission Lines

Figure 2-4 A few examples of transverse electromagnetic (TEM) and higher-order transmission lines.

2-1.2 Propagation Modes

A few examples of common types of transmission lines are
shown in Fig. 2-4. Transmission lines may be classified into
two basic types:

o Transverse electromagnetic (TEM) transmission lines:
Waves propagating along these lines are characterized by
electric and magnetic fields that are entirely fransverse
to the direction of propagation. Such an orthogonal con-
figuration is called a TEM mode. A good example is the
coaxial line shown in Fig. 2-5. The electric field is in the
radial direction between the inner and outer conductors,
while the magnetic field circles the inner conductor,
and neither has a component along the line axis (the
direction of wave propagation). Other TEM transmission

lines include the two-wire line and the parallel-plate line
(both shown in Fig. 2-4). Although the fields present on
a microstrip line do not adhere to the exact definition
of a TEM mode, the nontransverse field components
are sufficiently small (in comparison with the transverse
components) that they may be ignored, thereby allowing
the inclusion of microstrip lines in the TEM class. A
common feature among TEM lines is that they consist of
two parallel conducting surfaces.

e Higher-order transmission lines: Waves propagating
along these lines have at least one significant field compo-
nent in the direction of propagation. Hollow conducting
waveguides, dielectric rods, and optical fibers belong to
this class of lines (Chapter 8).
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Coaxial line

Generator

- - - Magnetic field lines

—— Electric field lines

Load

Cross section

Figure 2-5 In a coaxial line, the electric field is in the radial direction between the inner and outer conductors, and the magnetic field
forms circles around the inner conductor. The coaxial line is a transverse electromagnetic (TEM) transmission line because both the electric
and magnetic fields are orthogonal to the direction of propagation between the generator and the load.

Only TEM-mode transmission lines are treated in this chap-
ter. This is because they are more commonly used in practice,
and fortunately, less mathematical rigor is required for treating
them than is required for lines that support higher-order modes.
We start our treatment by representing the transmission line
in terms of a lumped-element circuit model, and then we
apply Kirchhoff’s voltage and current laws to derive a pair of
equations governing their behavior, known as the felegrapher’s
equations. By combining these equations, we obtain wave
equations for the voltage and current at any location along
the line. Solution of the wave equations for the sinusoidal
steady-state case leads to a set of formulas that can be used
to solve a wide range of practical problems. In the latter part
of this chapter, we introduce a graphical tool known as the
Smith chart, which facilitates the solution of transmission-
line problems without having to perform laborious calculations
involving complex numbers.

2-2 Lumped-Element Model

When we draw a schematic of an electronic circuit, we use
specific symbols to represent resistors, capacitors, inductors,
diodes, and the like. In each case, the symbol represents the
functionality of the device rather than its shape, size, or other
attributes. We shall do the same for transmission lines.

> A transmission line will be represented by a parallel-
wire configuration (Fig. 2-6(a)), regardless of its specific
shape or constitutive parameters. <

Thus, Fig. 2-6(a) may represent a coaxial line, a two-wire line,
or any other TEM line.

Drawing again on our familiarity with electronic circuits,
when we analyze a circuit containing a transistor, we mimic
the functionality of the transistor by an equivalent circuit com-
posed of sources, resistors, and capacitors. We apply the same
approach to the transmission line by orienting the line along
the z direction, subdividing it into differential sections each
of length Az (Fig. 2-6(b)), and then representing each section
by an equivalent circuit, as illustrated in Fig. 2-6(c). This
representation, often called the lumped-element circuit model,
consists of four basic elements with values that henceforth will
be called the transmission line parameters. These are:

e R': The combined resistance of both conductors per unit
length, in Q/m,

e [': The combined inductance of both conductors per unit

length, in H/m,

e G': The conductance of the insulation medium between the

two conductors per unit length, in S/m, and

e C': The capacitance of the two conductors per unit length, in

F/m.

Whereas the four line parameters are characterized by different
formulas for different types of transmission lines, the equiva-
lent model represented by Fig. 2-6(c) is equally applicable to
all TEM transmission lines. The prime superscript is used as
a reminder that the line parameters are differential quantities
whose units are per unit length.

Expressions for the line parameters R', L, G', and C’ are
given in Table 2-1 for the three types of TEM transmission
lines diagrammed in parts (a) through (c) of Fig. 2-4. For



2-2 LUMPED-ELEMENT MODEL

67

o o
O O
(a) Parallel-wire representation
Az Az Az Az
o o
o o
(b) Differential sections each Az long
R'Az L'Az R'Az L'Az R'Az  L'Az R'Az  L'Az
—o
G' Az —'I'C’Az G' Az —'I'C'Az G' Az —'I'C’Az G' Az —'I'C'Az
o o o )
| Az | Az Az I Az |

(c) Each section is represented by an equivalent circuit

Figure 2-6 Regardless of its cross-sectional shape, a TEM transmission line is represented by the parallel-wire configuration shown in
part (a). To obtain equations relating voltages and currents, the line is subdivided into small differential sections in part (b), each of which

is then represented by an equivalent circuit in part (c).

each of these lines, the expressions are functions of two sets
of parameters: (1) geometric parameters defining the cross-
sectional dimensions of the given line and (2) the electromag-
netic constitutive parameters of the conducting and insulating
materials. The pertinent geometric parameters are:

e Coaxial line (Fig. 2-4(a)):

a = outer radius of inner conductor, m
b = inner radius of outer conductor, m

e Two-wire line (Fig. 2-4(b)):
d = diameter of each wire, m
D = spacing between wires’ centers, m

e Parallel-plate line (Fig. 2-4(c)):

w = width of each plate, m
h = thickness of insulation between plates, m

» The pertinent constitutive parameters apply to all three
lines and consist of two groups:

(1) p. and o, are the magnetic permeability and electri-
cal conductivity of the conductors, and

(2) €, u, and o are the electrical permittivity, magnetic
permeability, and electrical conductivity of the insu-
lation material separating them. <«

Appendix B contains tabulated values for these constitutive
parameters for various materials. For the purposes of this chap-
ter, we need not concern ourselves with the derivations leading
to the expressions in Table 2-1. The techniques necessary for
computing R, L', G’, and C’ for the general case of an arbitrary
two-conductor configuration are presented in later chapters.
The lumped-element model shown in Fig. 2-6(c) reflects the
physical phenomena associated with the currents and voltages
on any TEM transmission line. It consists of two in-series
elements, R’ and L/, and two shunt elements, G’ and C’. To
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Table 2-1 Transmission-line parameters R', L', G’, and C' for three types of lines.

Parameter Coaxial Two-Wire Parallel-Plate Unit
Ry (1 1 2R 2R
R Sl =8 =28
2n (a * b) nnd w /m
H H Hh
L fladl = 2 _ i
o In(b/a) - In [(D/d) +4/(D/d) 1] " H/m
p 2no o ow
G — S/m
In(b/a) In [(D/d) ++/(DJd)2 = 1] h
c’ 2rme e Ew F/m
In(b/a) In [(D/d) ++/(DJd) - 1] h

Notes: (1) Refer to Fig. 2-4 for definitions of dimensions. (2) i, €, and ¢ pertain to the insulating
material between the conductors. (3) Ry = /T flc/0c. (4) Ue and O, pertain to the conductors.

(5)If (D/d)? > 1, then In [(D/d) +/(D]d)? - 1] ~In(2D/d).

explain the lumped-element model, consider a small section of
a coaxial line, as shown in Fig. 2-7. The line consists of inner
and outer conductors of radii @ and b separated by a material
with permittivity €, permeability ut, and conductivity o. The
two metal conductors are made of a material with conductiv-
ity o, and permeability p.

Resistance R/

When a voltage source is connected across the terminals
connected to the two conductors at the sending end of the line,
currents flow through the conductors, primarily along the outer
surface of the inner conductor and the inner surface of the outer
conductor. The line resistance R’ accounts for the combined
resistance per unit length of the inner and outer conductors.
The expression for R’ is derived in Chapter 7 and is given by
Eq. (7.96) as

R — R (1 + 1 (coax line) (Q/m), (2.5)
2n \a b

where R, which represents the surface resistance of the
conductors, is given by Eq. (7.92a) as

Tfpe
Gc

Ry =

Q). (2.6)

The surface resistance depends not only on the material
properties of the conductors (o, and ), but also on the
frequency f of the wave traveling on the line.

Conductors
(te, 0¢)

Insulating material
(e, u, 0)

Figure 2-7 Cross section of a coaxial line with inner conductor
of radius a and outer conductor of radius b. The conductors
have magnetic permeability p. and conductivity oc, and the
spacing material between the conductors has permittivity &€,
permeability u, and conductivity o.

» For a perfect conductor with 6, = o or a high-
conductivity material such that (fu./o.) < 1, Ry
approaches zero, and so does R'. <
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Inductance L’

Next, let us examine the line inductance L', which accounts
for the joint inductance of both conductors. Application of
Ampere’s law in Chapter 5 to the definition of inductance leads
to the following expression [Eq. (5.99)] for the inductance per
unit length of a coaxial line:

r="mn (9) (coaxline)  (H/m).  (2.7)

27 a

Conductance G’

The line conductance G" accounts for current flow between the
outer and inner conductors, made possible by the conductiv-
ity o of the insulator. It is precisely because the current flow
is from one conductor to the other that G’ appears as a shunt
element in the lumped-element model. For the coaxial line, the
conductance per unit length is given by Eq. (4.86) as

2o
= (coax line)

In(b/a)

(S/m).  (2.8)

» If the material separating the inner and outer conductors
is a perfect dielectric with o = 0, then G’ = 0. <«

Capacitance C’

The last line parameter on our list is the line capacitance C’.
When equal and opposite charges are placed on any two non-
contacting conductors, a voltage difference develops between
them. Capacitance is defined as the ratio of the charge to the
voltage difference. For the coaxial line, the capacitance per
unit length is given by Eq. (4.127) as

C'— 2we

in(b/a) (coax line)

(Fim). (2.9

All TEM transmission lines share the following useful
relations:

['C'=pe  (all TEM lines), (2.10)
and
/
% - % (all TEM lines). @.11)

If the insulating medium between the conductors is air, the
transmission line is called an air line (e.g., coaxial air line or

two-wire air line). For an air line, € = &y = 8.854 x 10~ 2 F/m,
U=y =4nx10""H/m, 6 =0,and G' =0.

Concept Question 2-1: What is a transmission line?
‘When should transmission-line effects be considered, and
when may they be ignored?

Concept Question 2-2:  What is the difference between
dispersive and nondispersive transmission lines? What is
the practical significance of dispersion?

Concept Question 2-3:  What constitutes a TEM trans-
mission line?

Concept Question 2-4: What purpose does the
lumped-element circuit model serve? How are the line
parameters R, L', G/, and C’ related to the physical
and electromagnetic constitutive properties of the
transmission line?

Exercise 2-1: Use Table 2-1 to evaluate the line param-
eters of a two-wire air line with wires of radius 1 mm,
separated by a distance of 2 cm. The wires may be treated
as perfect conductors with o, = co.

Answer: R =0, L =120 (uH/m), G =0,
C’ =9.29 (pF/m). (See @.)

Exercise 2-2: Calculate the transmission line parameters
at 1 MHz for a coaxial air line with inner and outer
conductor diameters of 0.6 cm and 1.2 cm, respectively.
The conductors are made of copper (see Appendix B for
U and o, of copper).

Answer: R’ =2.07x 1072 (Q/m), L' =0.14 (uH/m),
G' =0, C' =80.3 (pF/m). (See &).)

2-3 Transmission-Line Equations

A transmission line usually connects a source on one end to
a load on the other. Before considering the complete circuit,
however, we will develop general equations that describe the
voltage across and current carried by the transmission line as a
function of time ¢ and spatial position z. Using the lumped-
element model of Fig. 2-6(c), we begin by considering a
differential length Az as shown in Fig. 2-8. The quantities
V(z,1) and i(z,¢) denote the instantaneous voltage and current
at the left end of the differential section (node V), and similarly
V(z+ Az t) and i(z+ Az,t) denote the same quantities at node
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Node @ 1) Node iz + Az, 1)

N G N+1 i(z ,

fo—= — o+
RAz L'Az |}

0(z, 1) G'Az ——C'Az 0@z +Az )

o o

I Az I

Figure 2-8 Equivalent circuit of a two-conductor transmission
line of differential length Az.

(N +1), located at the right end of the section. Application of
Kirchhoff’s voltage law accounts for the voltage drop across
the series resistance R'Az and inductance L'Az:

di(z,t)
ot

Upon dividing all terms by Az and rearranging them, we obtain

_|bletAz H=0@O T _ pry, g 0D

Az ot

In the limit as Az — 0, Eq. (2.13) becomes a differential
equation:

v(z,t) —R'Azi(z,t)— L' Az —0(z+Az1)=0. (2.12)

(2.13)

2v(z,1)

di(z,t)
dz '

ot

=R i(z1)+L (2.14)

Similarly, Kirchhoff’s current law accounts for current drawn
from the upper line at node (N + 1) by the parallel conductance
G’ Az and capacitance C’ Az:

i(z,t) — G' Az v(z+ Az, 1)

v (z+Az1)
TGy
ot

Upon dividing all terms by Az and taking the limit Az — 0,
Eq. (2.15) becomes a second-order differential equation:

—C'A —i(z+Azt) =0. (2.15)

dv(z,1)

— / ¢ !
G v(zt)+C 3

(2.16)

The first-order differential equations (2.14) and (2.16) are the
time-domain forms of the transmission-line equations, known
as the telegrapher’s equations.

Except for the last section of this chapter, our primary
interest is in sinusoidal steady-state conditions. To that end, we
make use of the phasor representation with a cosine reference,
as outlined in Section 1-7. Thus, we define

v(z.1) = Re[V (2) /],
i(z,t) = Re[l(z) e/,

(2.172)
(2.17b)

where V (z) and I(z) are the phasor counterparts of v(z,7) and
i(z,t), respectively, each of which may be real or complex.
Upon substituting Egs. (2.17a) and (2.17b) into Egs. (2.14) and
(2.16), and utilizing the property given by Eq. (1.62) that 9 /d¢
in the time domain is equivalent to multiplication by j® in the
phasor domain, we obtain the following pair of equations:

_VQ) w1 el i), (2.182)
dz
fdfi—(;) = (G + joC") V(z). (2.18b)

(telegrapher’s equations in phasor form)

2-4 Wave Propagation on a Transmission

Line

The two first-order coupled equations (2.18a) and (2.18b) can
be combined to give two second-order uncoupled wave equa-
tions: one for V(z) and another for /(z). The wave equation for
V(z) is derived by first differentiating both sides of Eq. (2.18a)
with respect to z, resulting in

d2\7(z) —pl g saq! df(z)
pEa (R +](1)L)d—z. (2.19)

Then, upon substituting Eq. (2.18b) for di(z)/dz, Eq. (2.19)
becomes

d?V(z . : =
dzg LR+ joL) (G + joC V(@) =0, (220)
or
2~ ~
G, — V() =0, @.21)
dz?
(wave equation for V(z))
where
7=V [R +joLl’)(G + joC’). (2.22)

(propagation constant)
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Application of the same steps to Egs. (2.18a) and (2.18b) in
reverse order leads to

(2.23)

(wave equation for /(z))

The second-order differential equations (2.21) and (2.23) are
called wave equations for V (z) and I(z), respectively, and  is
called the complex propagation constant of the transmission
line. As such, y consists of a real part «, called the attenuation
constant of the line with units of Np/m, and an imaginary
part 3, called the phase constant of the line with units of
rad/m. Thus,

Yy=a+jB (2.24)
with
o = Re(y)
— Re <\/(R’ T ol (G + ij/)) (Np/m), (2.25a)
(attenuation constant)
B =3m(y)
—Jm <\/ R+ joL)(G + ij/)) (rad/m). (2.25b)

(phase constant)

2-4.1 Phasor-Domain Solution

In Egs. (2.25a) and (2.25b), we choose the square-root solu-
tions that give positive values for o and 3. For passive trans-
mission lines, ¢ is either zero or positive. Most transmission
lines, and all those considered in this chapter, are of the passive
type. The gain region of a laser is an example of an active
transmission line with a negative «.

The wave equations (2.21) and (2.23) have traveling wave
solutions of the form:

V() =Vie "+ Vye (V)
I(z) =1fe " +1;er (A).

(2.26a)
(2.26b)

As shown later, the ¢~7* term represents a wave propagating
in the +z direction, while the ¢’ term represents a wave
propagating in the —z direction (Fig. 2-9). Verification that
these are indeed valid solutions is easily accomplished by
substituting the expressions given by Eqgs. (2.26a) and (2.26b),
as well as their second derivatives, into Egs. (2.21) and (2.23).

(Vo' 1g)e 7 Incident wave
(Vo~,1p)e’* Reflected wave

O O
—z

Figure 2-9 1In general, a transmission line can support two
traveling waves: an incident wave (with voltage and current
amplitudes (V0+, I(;r )) traveling along the +z direction (towards
the load) and a reflected wave (with (V;", ;")) traveling along
the —z direction (towards the source).

In their present form, the solutions given by Egs. (2.26a)
and (2.26b) contain four unknowns: the wave amplitudes
(Voh, 1) of the +z propagating wave and (V, , I,) of the
—z propagating wave. We can easily relate the current wave
amplitudes, Iar and I, , to the voltage wave amplitudes, VO+
and V;, by usi£1g Eq. (2.26a) in Eq. (2.18a) and then solving
for the current /(z). The process leads to

1) !

_ O IR T
“Rajer0e " Voel

(2.27)

Comparison of each term with the corresponding term in
Eq. (2.26b) leads us to conclude that

17 -V
L =Zy=—"1, (2.28)
]O 10
where
R + joL R + jol
7y SO R @. (229
Y G + joC’

is called the characteristic impedance of the line.

» It should be noted that Z; is equal to the ratio of the
voltage amplitude to the current amplitude for each of
the traveling waves individually (with an additional minus
sign in the case of the —z propagating wave), but it is
not equal to the ratio of the total voltage V (z) to the total
current 7(z) unless one of the two waves is absent. <

It seems reasonable that the voltage-to-current ratios of the
two waves V," /I and V, /I, are both related to the same
quantity, namely Zj, but it is not immediately obvious as
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Module 2.1 Two-Wire Line The input data specifies the geometric and electric parameters of a two-wire transmission
line. The output includes the calculated values for the line parameters, characteristic impedance Z, and attenuation and phase

constants, as well as plots of Zj as a function of d and D.

Module 2.1

Two-Wire Line

Substrate Wires
£, =23 o, = 5.797E7 [S/m]
o= 0.0 [S/m]
Input
Wire Diameter d= 1.7794 [rmim]
Range| [« =
Centers distance D= 8.793 [mim]
Range| [« [ 3
Frequency f= 1.0E9 [Hz]
Rangel |« [l 3
Ep g [Sim] T [S/im]
2.3 0.0 BTATEY
Lpdate

to why one of the ratios is the negative of the other. The
explanation, which is available in more detail in Chapter 7,
is based on a directional rule that specifies the relationships
between the directions of the electric and magnetic fields of a
TEM wave and its direction of propagation. On a transmission
line, the voltage is related to the electric field E and the
current is related to the magnetic field H. To satisfy the

Select  Impedance vs. Distance D |L] |

Qutput

f=10 [GH
Structure Data [GHz]
d =1.7794  [mm] Did=494155
D =87493 [mim)
£y = 180.440373-j0.046476 [ 22 ]
C° = 28.016183 [ pFim ]
L® =812171221 [nHImM]
R = 2952465 [&2/m]
G° =00 [S/m]
An=03 [m] invacuum
A=01878 [m] in guice
o = 0.008181 [Mp/m]
B = 31763075 [radim ]

directional rule, reversing the direction of propagation requires
reversal of the direction (or polarity) of / relative to V. Hence,
Vo /Iy ==V /1y -

In terms of Zy, Eq. (2.27) can be cast in the form

1) i3

V+
=0 ,r_20

%, 2.30
Z 7 (2.30)
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Module 2.2 Coaxial Line Except for changing the geometric parameters to those of a coaxial transmission line, this

module offers the same output information as Module 2.1.

Module 2.2 Coaxial Cable

N

f= 538 [GHz]

Input
Innerradius a = 2034 [rmim]
HangE| | < [ M
Shieldradius b= 447579 [mim]
Hﬂngel I L |:| F I
Frequency f= 5 38ED [Hz]
F!an92| | 4 [ M
€, T [Sim] T [8im]
2.3 0.0 RYSTEY
Update

According to Eq. (2.29), the characteristic impedance Z; is
determined by the angular frequency @ of the wave traveling
along the line and the four line parameters (R, L', G, and C”).
These, in turn, are determined by the line geometry and
its constitutive parameters. Consequently, the combination of
Egs. (2.26a) and (2.30) now contains only two unknowns,
namely V0+ and V;;", as opposed to four.

Selectt  |mpedance vs. Radiusb - |

Real Part of Characteristic Inpedance

OQutput

Structure Data
a =3.034
b =14.75749

[mm] bla =486417

(mm]

£n 62.584306-j0.0035418
© = B0.775048

[ 52 ]
[pFim]
[nHIm ]
[G2im]
[Sim]

= 316.37933
= 1.210518
= 0.0

g = 55762
A = 36768

invacuum
inguide

[em]
[em]

0.009671
170.88534

[Mpim]
[radim ]

2-4.2 Time-Domain Solution for v(z,t)

In later sections, we apply boundary conditions at the source
and load ends of the transmission line to obtain expressions for
the remaining wave amplitudes VO+ and V;". In general, each is
a complex quantity characterized by a magnitude and a phase
angle:

Vi = Vi, (2.31a)
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Vo =V, e . (2.31b)
After substituting these definitions in Eq. (2.26a) and using
Eq. (2.24) to decompose 7 into its real and imaginary parts, we
can convert back to the time domain to obtain an expression
for v(z,7), the instantaneous voltage on the line:

v(z.1) = Re(V(2)e/™)
=Re [(V) e "4V, €F) ej“”]

= meHVOJr|ej¢+ej“”e*(°‘+jﬁ>z+ ‘V07|ej¢*ejwte(a+jﬁ)z}.

The final expression for v(z,#) is then given by

V(z,t) = |V, le” *cos(wt — Bz+ ¢ ™)

+|Vy |e% cos(wt + Bz + 7). (2.32)

From our review of waves in Section 1-4, we recognize the
first term in Eq. (2.32) as a wave traveling in the +z direction
(the coefficients of ¢t and z have opposite signs) and the second
term as a wave traveling in the —z direction (the coefficients of
t and z are both positive). Both waves propagate with a phase
velocity u, given by Eq. (1.30):

(2.33)

Because the wave is guided by the transmission line, A often
is called the guide wavelength. The factor e~ ** accounts for
the attenuation of the +z propagating wave, and the factor e**
accounts for the attenuation of the —z propagating wave.

» The presence of two waves on the line propagating in
opposite directions produces a standing wave. <

To gain a physical understanding of what that means, we later
provide a thorough treatment of standing waves in Section
2-6.2.

2-4.3 Time-Domain Solution for i(z,?)

In the phasor domain, the expression for I(z) given by
Eq. (2.30) is similar to that for V(z), except that the current
amplitudes are divided by the characteristic impedance of the
transmission line, Zy, and the current wave traveling in the —z
direction has a minus sign (second term in Eq. (2.30)). Since
Zy is, in general, a complex quantity (see Eq. (2.29)), we need
to express it as

Zo = | Zo|e’:. (2.34)

To obtain an expression for i(z,7), we insert the expressions
given by Egs. (2.31) and (2.34) into Eq. (2.30), multiply both
terms by ¢/%", and then take the real part:

~ . /AN L .
i(z,t) =Re(I(z) /") = Re % eI9" gm0z i p—(atjP2)
0
_ @ el? om0zl platiB2) |
]
which yields
. V0+| - aF
i(z,t) = —— e *cos(wr —Pz+ ¢ —¢,)
|Z|
Vol (0t +Bz+ 9~ —¢.) (2.35)
Zo) e““cos z+ ¢ 0,). .

Comparison of the expression for i(z,¢) with that given by
Eq. (2.32) for v(z,t) reveals that:

(a) The amplitudes of the current waves are reduced by |Zy|
when compared with the amplitudes of the voltage waves.

(b) The amplitude of the second term in Eq. (2.35)—
corresponding to the current wave traveling in the neg-
ative z direction—has a minus sign.

(c) The reference phase angle in the expression for i(z,#) has
an extra component, namely —¢., when compared with
the reference phase angle of v(z,1).

Example 2-1: Air Line

An air line is a transmission line in which air separates the
two conductors, which renders G’ = 0 because ¢ = 0. In
addition, assume that the conductors are made of a material
with high conductivity so that R’ ~ 0. For an air line with
a characteristic impedance of 50 Q and a phase constant of
20 rad/m at 700 MHz, find the line inductance L’ and the line
capacitance C’.

Solution: The following quantities are given:
Zo=50Q,
B =20 rad/m,
f =700 MHz =7 x 10% Hz.
With R’ = G’ =0, Egs. (2.25b) and (2.29) reduce to

B =m[V/(joL)(joc")| =Im (joVL'C) = oVIC’,
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joL’ [ L
Zy = - =/ =.
joC’ Cc’

The ratio of B to Zy is B/Zy = wC’, or

p B 20

=L£ - = _ _—909x 107" (F/
0Zy 27 x 7 x 108 x 50 * (F/m)

=90.9 (pF/m).

From Zy = /L' /C’, it follows that
L'=273C"=(50)* x90.9 x 10712 =2.27 x 107 (H/m)
=227 (nH/m).

Exercise 2-3: Verify that Eq. (2.26a) indeed provides a
solution to the wave equation (2.21).

Answer: (See @)

Exercise 2-4: A two-wire air line has the following line
parameters: R’ = 0.404 (mQ/m), L' = 2.0 (uH/m), G’ =0,
and C’ = 5.56 (pF/m). For operation at 5 kHz, determine
(a) the attenuation constant «, (b) the phase constant f3,
(c) the phase velocity u,, and (d) the characteristic impe-
dance Z;. (See €).)

Answer: (@ o = 337 x 1007 (Np/m), (b)
B = 1.05 x 10~* (rad/m), (c) u, = 3.0 x 10% (m/s),
(d) Zo = (600 — j1.9) Q = 600/—0.18° Q.

2-5 The Lossless Microstrip Line

Because its geometry is well suited for fabrication on printed
circuit boards, the microstrip line is the most common inter-
connect configuration used in RF and microwave circuits. It
consists of a narrow, very thin strip of copper (or another
good conductor) printed on a dielectric substrate overlaying
a ground plane (Fig. 2-10(a)). The presence of charges of
opposite polarity on its two conducting surfaces gives rise to
electric field lines between them (Fig. 2-10(b)). Also, the flow
of current through the conductors (when part of a closed cir-
cuit) generates magnetic field loops around them, as illustrated
in Fig. 2-10(b) for the narrow strip. Even though the patterns
of E and B are not everywhere perfectly orthogonal, they
are approximately so in the region between the conductors,
which is where the E and B fields are concentrated the most.
Accordingly, the microstrip line is considered a quasi-TEM
transmission line, which allows us to describe its voltages
and currents in terms of the one-dimensional TEM model of
Section 2-4, namely Eqgs. (2.26) through (2.33).

Conducting
strip (u¢, 0¢)

Dielectric
insulator

(1o

Conducting ground plane (u., o;)

(a) Longitudinal view

(c) Microwave circuit

Figure 2-10  Microstrip line: (a) longitudinal view, (b)
cross-sectional view, and (c) circuit example. (Courtesy of
Prof. Gabriel Rebeiz, U. California at San Diego.)

The microstrip line has two geometric parameters, the
width of the elevated strip, w, and the thickness (height) of
the dielectric layer, h. We will ignore the thickness of the
conducting strip because it has a negligible influence on the
propagation properties of the microstrip line so long as the strip
thickness is much smaller than the width w, which is almost
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always the case in practice. Also, we assume the substrate
material to be a perfect dielectric with 6 = 0 and the metal strip
and ground plane to be perfect conductors with o, ~ 0. These
two assumptions simplify the analysis considerably without
incurring significant error. Finally, we set yu = o, which is
always true for the dielectric materials used in the fabrication
of microstrip lines. These simplifications reduce the number
of geometric and material parameters to three, namely w, A,
and €.

Electric field lines always start on the conductor carrying
positive charges and end on the conductor carrying negative
charges. For the coaxial, two-wire, and parallel-plate lines
shown in the upper part of Fig. 2-4, the field lines are confined
to the region between the conductors. A characteristic attribute
of such transmission lines is that the phase velocity of a wave
traveling along any one of them is given by

c
Up = —,
P \/8_1'
where ¢ is the velocity of light in free space and & is the
relative permittivity of the dielectric medium between the
conductors.

(2.36a)

2-5.1 Effective Permittivity

In the microstrip line, even though most of the electric field
lines connecting the strip to the ground plane do pass directly
through the dielectric substrate, a few go through both the air
region above the strip and the dielectric layer (Fig. 2-10(b)).
This nonuniform mixture can be accounted for by defining an
effective relative permittivity € such that the phase velocity
is given by an expression that resembles Eq. (2.36a), namely

(2.36b)

Methods for calculating the propagation properties of the
microstrip line are quite complicated and beyond the scope
of this text. However, it is possible to use curve-fit approxi-
mations to rigorous solutions to arrive at the following set of
expressions:*

1 —1 10\ ¥
ep= o (E2) (142 (2.37a)
2 2 K
where s is the width-to-thickness ratio,
w
=—, 2.37b
s=2 ( )

*D. H. Schrader, Microstrip Circuit Analysis, Prentice Hall, 1995,
pp. 31-32.

and x and y are intermediate variables given by

£—09 0.05
=0.56 2.38a
x { 613 } ( )
s* 437 x 10742

=140.02In{ ————
y=1+00 “( 11043 )
40.05In(1 4 1.7 x 10~%s%). (2.38b)

2-5.2 Characteristic Impedance

The characteristic impedance of the microstrip line is given by

60 [6+(2r—6)e 4
In 1+, (239
V/ Eeff { s 52 ( )
[ (30677
- (= ,

Figure 2-11 displays plots of Zj as a function of s for various
types of dielectric materials.

The corresponding line and propagation parameters are
given by

Zy=

with

(2.40)

R =0 (because O, = o), (2.41a)
G =0 (because o = 0), (2.41b)
/ Eeff
= 2.41
C Zoc (2.41¢)
L' =72’ (2.41d)
Zy (Q)
150 Microstrip ;
s =wlh
w = strip width
100

h = substrate thickness

50

2 4 6 8 10

Figure 2-11 Plots of Zj as a function of s for various types of
dielectric materials.
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Module 2.3 Lossless Microstrip Line The output panel lists the values of the transmission line parameters and displays

the variation of Z; and & with 4 and w.

Module 2.3 Lossless Microstrip Line

f=1794 [GHz]

Strip widthw = 1.276
Rangel [ [
Substrate thickness h =

Rangel [ [

0.635

Select:  Permittivity vs. Strip Width - |

Effective Relative Permittivity

Qutput

Structure Data

wo= 1.276 [mm]
= 0635 [mm]

[52]

33.324
T.074
1.128
= 0.063

[108 mis]
[m]

Frequency f= 1.794E9

(2.41e)

Eeff - (2.41f%)

2-5.3 Design Process

The preceding expressions allow us to compute the values of
Zy and the other propagation parameters when given values
for &, h, and w. This is exactly what is needed in order to

266.037
= 295433

[pFim]
[nHM]
[Z2im]

[Sim]

[ Mpfm ]
[radim ]

analyze a circuit containing a microstrip transmission line. To
perform the reverse process, namely to design a microstrip line
by selecting values for its w and & such that their ratio yields
the required value of Zy (to satisfy design specifications),
we need to express s in terms of Zj. The expression for Z,
given by Eq. (2.39) is rather complicated, so inverting it to
obtain an expression for s in terms of Zj is rather difficult.
An alternative option is to generate a family of curves similar
to those displayed in Fig. 2-11 and to use them to estimate
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s for a specified value of Zj. A logical extension of the
graphical approach is to generate curve-fit expressions that
provide high-accuracy estimates of s. The error associated with
the following formulas is less than 2%:

(a) For Zy < (44 —2¢,) Q,

w2
=22l g-1)—n(2g—1
s= ”{(q )—In(2¢—1)
g—1 0.52
1 —1 029 ——— 2.42
# 5t -1+ &H< )
with
6072
1= 20 e
and
(b) for Zy > (44 —2¢,) Q,
w 8eP
S = E = —62]) 72 N (2.433)

with

&+1 2y &—1 0.12
=/ D= ) (023+=—=). (2.43b
g 2 60+(8r+1>< e ) (2:435)

The above expressions presume that &, the relative permit-
tivity of the dielectric substrate, has already been specified. For
typical substrate materials including Duroid, Teflon, silicon,
and sapphire, & ranges between 2 and 15.

Example 2-2: Microstrip Line

A 50 Q microstrip line uses a 0.5-mm thick sapphire substrate
with & = 9. What is the width of its copper strip?

Solution: Since Zy = 50 > 44 — 18 = 32, we should use
Eq. (2.43):

&+1  Z & —1 0.12
p= /5L ><—0+< )(0.23+ )

2 60 " \gl &
9r1 50 [9-1 0.12
— e (2 (0234 22 ) =2.06
2 X6O+<9+1>( R > :
Y4 2.06
g B 8¢ _ 1.0s6.

E: e —2 - etz 2

Hence,
w=sh=1.056 x 0.5 mm = 0.53 mm.

To check our calculations, we use s = 1.056 to calculate Zj to
verify that the value we obtained is indeed equal or close to
50 Q. With & =9, Egs. (2.37a) to (2.40) yield

x=0.55, y = 0.99,
t=1251, Eoir = 6.11,
Zo =49.93 Q.

The calculated value of Z is, for all practical purposes, equal
to the value specified in the problem statement.

Exercise 2-5: A microstrip transmission line uses a strip
of width w and height # = 1 mm over a substrate of
relative permittivity €& = 4. What should w be so that the
characteristic impedance of the line is Zy = 50 Q?

Answer: w = 2.05 mm. (See €.)

2-6 The Lossless Transmission Line:
General Considerations

According to the preceding section, a transmission line is fully
characterized by two fundamental parameters: its propagation
constant ¥ and its characteristic impedance Zy, both of which
are specified by the angular frequency @ and the line parame-
ters R, L', G’, and C'.

» In many practical situations, the transmission line can
be designed to exhibit low ohmic losses by selecting
conductors with very high conductivities and dielectric
materials (separating the conductors) with negligible con-
ductivities. As aresult, R' and G’ assume very small values
such that R < oL’ and G’ < wC'. <

These conditions allow us to set ' = G’ ~ 0 in Eq. (2.22),
which yields

Y=o+ jB=joVvLC’, (2.44)

which in turn implies that
a=0 (lossless line), (2.45a)
B=wVvLC’ (lossless line). (2.45b)



2-6 THE LOSSLESS TRANSMISSION LINE: GENERAL CONSIDERATIONS 79

For the characteristic impedance, application of the lossless
line conditions to Eq. (2.29) leads to

/

2
Zo=1/ =

Yol (lossless line),

(2.46)

which now is a real number. Using the lossless line expression
for B [Eq. (2.45b)], we obtain the following expressions for
the guide wavelength A and the phase velocity u,,:

2 21

A== 2.47
B woVvLC 47
[0) 1

Upon using Eq. (2.10), Egs. (2.45b) and (2.48) may be rewrit-
ten as

B=ow\ue  (radm), (2.49)
1
= (m/s), (2.50)

where u and € are, respectively, the magnetic permeability
and electrical permittivity of the insulating material separating
the conductors. Materials used for this purpose are usually
characterized by a permeability py = 47 x 10~7 H/m (the
permeability of free space). Also, the permittivity € is often
specified in terms of the relative permittivity & defined as

& = g/ &, (2.51)

where & = 8.854 x 10712 F/m ~ (1/367) x 10~ F/m is
the permittivity of free space (vacuum). Hence, Eq. (2.50)
becomes

1 1 1 c
Uy = = - — = s
P oEE  JRE V& V&

where ¢ = 1//Ho& = 3 103 m/s is the velocity of light in
free space. If the insulating material between the conductors
is air, then & = 1 and u, = c. In view of Eq. (2.51) and
the relationship between A and u, given by Eq. (2.33), the
wavelength is given by

(2.52)

1 Ao

up ¢ 1
f rveE V&

A= (2.53)

where Ay = ¢/f is the wavelength in air corresponding to a
frequency f. Note that, because both u;, and A depend on &, the

choice of the type of insulating material used in a transmission
line is dictated not only by its mechanical properties but by its
electrical properties as well.

According to Eq. (2.52), if & of the insulating material is
independent of f (which usually is the case for commonly used
TEM lines), the same independence applies to up.

» If sinusoidal waves of different frequencies travel on a
transmission line with the same phase velocity, the line is
called nondispersive. <

This is an important feature to consider when digital data are
transmitted in the form of pulses. A rectangular pulse or a
series of pulses is composed of many Fourier components with
different frequencies. If the phase velocity is the same for all
frequency components (or at least for the dominant ones), then
the pulse’s shape does not change as it travels down the line.
In contrast, the shape of a pulse propagating in a dispersive
medium becomes progressively distorted, and the pulse length
increases (stretches out) as a function of the distance traveled
in the medium (Fig. 2-3), thereby imposing a limitation on
the maximum data rate (which is related to the length of the
individual pulses and the spacing between adjacent pulses)
that can be transmitted through the medium without loss of
information.

Table 2-2 provides a list of the expressions for ¥, Zj, and
up, for the general case of a lossy line and for several types of
lossless lines. The expressions for the lossless lines are based
on the equations for L' and C’ given in Table 2-1.

Exercise 2-6: For a lossless transmission line,
A=20.7cm at 1 GHz. Find & of the insulating
material.

Answer: & =2.1. (See &)

Exercise 2-7: A lossless transmission line uses a dielectric
insulating material with & = 4. If its line capacitance is
C' =10 (pF/m), find (a) the phase velocity u,, (b) the line
inductance L', and (c) the characteristic impedance Z.
Answer: (a) u, = 1.5 x 10® (m/s), (b) L' = 4.45 (uH/m),
(¢) Zo = 667.1 Q. (See @.)

2-6.1 Voltage Reflection Coefficient

With y = jB for the lossless line, Egs. (2.26a) and (2.30) for
the total voltage and current become

V(z) = Vs e 7P vy elfs, (2.54a)
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Table 2-2 Characteristic parameters of transmission lines.

Propagation Phase Characteristic
Constant Velocity Impedance
y=o+jB up Zy
R + joL'
General case y=+@®+jol)(G +joC’) u,=w/ Zy = ((G’——::#C’))
Lossless a=0, B=w/&/c up =c/\/& Zo=+/L'/C’
(RF=G' =0)
Lossless coaxial | o =0, = w./&/c up =c/\/& Zy = (60/\/&)In(b/a)
Lossless a=0, B=w/&/c up =c/\/& Zy = (120//¢)
two-wire In[(D/d)++/(D/d)? 1]
Zy ~ (120//&)In(2D/d),
ifD>d
Lossless a=0, B=w/&/c up =c/\/& Zy = (1207 / /&) (h/w)
parallel-plate
Notes: (1) u = oy, € =&&y, ¢ =1//Ho€, and \/Lp/&y =~ (1207) Q, where & is the relative permittivity
of insulating material. (2) For coaxial line, a and b are radii of inner and outer conductors. (3) For two-wire
line, d = wire diameter and D = separation between wire centers. (4) For parallel-plate line, w = width of
plate and & = separation between the plates.

+ —
j(z) _ Viefjﬁz _ ViejﬁZ_

= 2.54b
Z Z ( )

These expressions contain two unknowns, V0+ and V. Ac-
cording to Section 1-7.2, an exponential factor of the form
e Bz is associated with a wave traveling in the positive z
direction, from the source (sending end) to the load (receiving
end). Accordingly, we refer to it as the incident wave with
VO+ as its voltage amplitude. Similarly, the term containing

Vo elBz represents a reflected wave with voltage amplitude V;,”
traveling along the negative z direction from the load to the
source.

To determine VO+ and V;;, we need to consider the lossless
transmission line in the context of the complete circuit, includ-
ing a generator circuit at its input terminals and a load at its
output terminals, as shown in Fig. 2-12. The line of length / is
terminated in an arbitrary load impedance 7. .

» For mathematical convenience, the reference of the
spatial coordinate z is chosen such that z = O corresponds
to the location of the load, not the generator. <«

At the sending end, at z = —I, the line is connected to a
sinusoidal voltage source with phasor voltage Vg and internal
impedance Z,. Since z points from the generator to the load,
positive values of z correspond to locations beyond the load;
therefore, they are irrelevant to our circuit. In future sections,
we will find it more convenient to work with a spatial dimen-
sion that also starts at the load but whose direction is opposite
of z. We shall call it the distance from the load d and define it
as d = —z, as shown in Fig. 2-12.

The phasor voltage across the load, Vi, and the phasor
current through it, I, are related by the load impedance Zi,
as

(2.55)

The voltage Vi is the total voltage on the line V(z) given by
Eq. (2.54a), and I, is the total current /(z) given by Eq. (2.54b).
Both are evaluated at z = O:

Vi =V(=0)=V, +V;, (2.56a)
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ﬁ» Transmission line ~
g TF NG ‘ I
\ I
7, ,9 7z Z n [z
Generator ‘|' - Load
z
Z== z=0
d <4 I
d=1 d=0

Figure 2-12 Transmission line of length / connected on one
end to a generator circuit and on the other end to a load Zj . The
load is located at z = 0, and the generator terminals are at z = —/.
Coordinate d is defined as d = —z.

.~ Vot Vi
IL=1(z=0)= % -0, 2.56b
L =1(z=0) 2 7 (2.56b)
Using these expressions in Eq. (2.55), we obtain
Vo +Vy
7= 2—2z%,. 2.57
L <V0+ v, > 0 (2.57)
Solving for V;” gives
_ 4L —Zy
Vy = AR 2.58
0 (ZL +Zo> 0 (2:38)

» The ratio of the amplitudes of the reflected and incident
voltage waves at the load is known as the voltage reflec-
tion coefficient T'. <«

From Eq. (2.58), it follows that

r Yo _ B2 _4/7%-1
Vo  Zt+Zy Z/Zo+1

4 (dimensionless), (2.59)
+1
where 7
== (2.60)

=7

is the normalized load impedance. In many transmission line
problems, we can streamline the necessary computation by
normalizing all impedances in the circuit to the characteristic
impedance Zy. Normalized impedances are denoted by lower-
case letters.

In view of Eq. (2.28), the ratio of the current amplitudes is

k_ Y% _

o _ 2.61
i 17 (2.61)

» We note that whereas the ratio of the voltage amplitudes
is equal to T, the ratio of the current amplitudes is equal
to —I. «

The reflection coefficient I is governed by a single parameter,
the normalized load impedance z; . As indicated by Eq. (2.46),
Zy of alossless line is a real number. However, Z;_ is in general
a complex quantity, as in the case of a series RL circuit, for
example, for which Z;, = R+ joL. Hence, in general I" also is
complex and given by

I =|[e’%, (2.62)

where |I| is the magnitude of I and 6; is its phase angle. Note
that |T'] < 1.

» A load is said to be matched to a transmission line if
71, = Zy because then there will be no reflection by the
load ('=0and V, =0). «

On the other hand, when the load is an open circuit (Z, = ),
'=landV, = V0+, and when it is a short circuit (Z, = 0),
'=—-landV, = 7V0+ (Table 2-3).

Reflection Coefficient
of a Series RC Load

Example 2-3:

A 100 Q transmission line is connected to a load consisting
of a 50 Q resistor in series with a 10 pF capacitor. Find the
reflection coefficient at the load for a 100 MHz signal.

Solution: The following quantities are given (Fig. 2-13):

R =509, CL=10pF=10"!"F,

Zo = 100 Q, f =100 MHz = 10% Hz.
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Table 2-3 Magnitude and phase of the reflection coefficient for various types of loads. The normalized load impedance
2L =21/Zp = (R+ jX)/Zy = r+ jx, where r = R/Zy and x = X /Z are the real and imaginary parts of z; , respectively.

Reflection Coefficient I" = |['|¢/%
|| 6

. r—1)24+x2 12 _ X _ X
7L = (r+jx)Zo H”‘H;ﬁ] tan 1(r71>—tan 1(r+1>

Load

% B

Zy % A 0 (no reflection) irrelevant
% ]

—-0

(short) 1 +180° (phase opposition)
Zy (open) 1 0 (in-phase)
—o0
Zy %jX = joL 1 +180° —2tan~'x
Zo_—?—szi 1 +180° —2tan~! x
2 T X=5c

From Eq. (2.59), the voltage reflection coefficient is
Transmission line A

O

z.—1
RLS500Q T ol
0.5—j1.59—1
R T 05— j159+1
A’ —0.5—j1.59
T 15159
—1.67¢/726"
T 2.19¢ 46T
= —0.76¢/M193°,

Zo =100 Q

Figure 2-13 RC load (Example 2-3).

The normalized load impedance is This result may be converted into the form of Eq. (2.62) by

replacing the minus sign with e /189", Thus,

o= [ = 0.76¢/119% ¢—J180°
Zy o 70
RL—j/(@CL) =0.76¢ 1997
- Zo =0.76/—60.7°,
1 . 1
W<50J27r><108><10”> or

=(0.5—j1.59) Q | =076, 6, =—60.7°



2-6 THE LOSSLESS TRANSMISSION LINE: GENERAL CONSIDERATIONS

83

Example 2-4: |T'| for Purely Reactive Load

Show that |I'| = 1 for a lossless line connected to a purely
reactive load.

Solution: The load impedance of a purely reactive load is
71, = jXp. From Eq. (2.59), the reflection coefficient is

-7
L+ Z
_JXL—2
XL+ 2

) _ 722,08
(Zo — jXv) _ LtXie — _p 20 _ | ,i(n20)
\/Z3 + X2 ei®

where 8 = tan~! X; /Zy. Hence, for " = |[|e/%,

(Zo+ jXv)

M| =1
and ¥
0, =m—20=m—2tan"! (—L> .
Zy

Exercise 2-8: A 50 Q lossless transmission line is ter-
minated in a load with impedance Z;, = (30 — j200) Q.
Calculate the voltage reflection coefficient at the load.

Answer: I'=0.93/—27.5°. (See @)

Exercise 2-9: A 150 Q lossless line is terminated in a
capacitor with impedance Z;, = —j30 Q. Calculate I".

Answer: I'=1/—157.4°. (See @.)

Exercise 2-10: Given that the reflection coefficient at the
load is I' = 0.6 — j0.3, determine the normalized load
impedance zy .

Answer: z1 =2.2 — j2.4. (See @.)

2-6.2 Standing Waves
Using the relation V,; = 1"V0+ in Egs. (2.54a) and (2.54b)
yields

V(z) =V, (e P74 TelP?),
V0+

(2.63a)

(2.63b)

s

These expressions now contain only one (yet to be determined)
unknown, V0+. Before we proceed to solve for V0+, however,
let us examine the physical meaning underlying these expres-
sions. We begin by deriving an expression for |V (z)|, which
is the magnitude of V (z). Upon using Eq. (2.62) in Eq. (2.63a)
and applying the relation |V (z)| = [V (z) V*(z)]'/2, where V*(z)

is the complex conjugate of V(z), we have
V(@) = { [V (¢ P+ [TJer )]

[ (e e e ey

. . 1/2
= 1 [1 0P+ (080 . -s081))

1/2
= Vi | [1+ TR+ 2|l cos(2Bz+ 6)] %, (2.64)
where we have used the identity
e+ e ¥ =2cosx (2.65)

for any real quantity x. To express the magnitude of Vasa
function of d instead of z, we replace z with —d on the right-
hand side of Eq. (2.64):

V(d)] = Vg | [1 + T2+ 2|0 cos(2Bd — 6,)] > (2.66)

By applying the same steps to Eq. (2.63b), a similar expression
can be derived for |I(d)|, which is the magnitude of the current
I(d):

Zy

iay = %o

[1+|0? = 2|0 cos(2Bd — 6,)]'/%. (2.67)

The variations of |V (d)| and |I(d)| as a function of d, which
is the position on the line relative to the load (at d = 0), are
illustrated in Fig. 2-14 for a line with |[V,| =1V, | = 0.3,
6, = 30°, and Z, = 50 Q. The sinusoidal patterns are called
standing waves and are caused by the interference of the
two traveling waves. The maximum value of the standing-
wave pattern of |V(d)| corresponds to the position on the
line at which the incident and reflected waves are in-phase
[2Bd — 6, = 2nx in Eq. (2.66)]. Therefore, they add construc-
tively to give a value equal to (1+ |T[)[V, | =1.3 V. The
minimum value of |V (d)| occurs when the two waves interfere
destructively, which occurs when the incident and reflected
waves are in phase-opposition [2d — 6, = (2n+ 1)x]. In this
V() = (1= [T)IVg | =0.7 V.

case,

» Whereas the repetition period is A for the incident
and reflected waves considered individually, the repetition
period of the standing-wave pattern is 1 /2. <
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Voltage ) 7d)|
~ Matched line
|V|max """ \ |V0+|
d
7 3 ] 7 0
4 2 4
(@) ZL=2,
Short-circuited line ~
7
| "2 | V()

(b) |I(d)| versus d

Figure 2-14 Standing-wave pattern for (a) |V (d)| and (b) |I(d)]
for a lossless transmission line of characteristic impedance
Zy = 50 Q, terminated in a load with a reflection coefficient
I" = 0.3¢/3%". The magnitude of the incident wave |V,"| =1 V.

The standing-wave ratio is S = |V |max /|V |min = 1.3/0.7 = 1.86.

The standing-wave pattern describes the spatial variation of the
magnitude of V(d) as a function of d. If one were to observe
the variation of the instantaneous voltage as a function of time
at location d = dy.x in Fig. 2-14, that variation would be
as cos @t and would have an amplitude equal to 1.3 V [i.e.,
v(r) would oscillate between —1.3 V and +1.3 V]. Similarly,
the instantaneous voltage v(d,7) at any location d will be

sinusoidal with amplitude equal to |V (d)] at that d.

» Interactive Module 2.4% provides a highly recom-
mended simulation tool for gaining better understanding
of the standing-wave patterns for V(d) and I(d) and the
dynamic behavior of v(d,¢) and i(d,t). <

“ At em8e.eecs.umich.edu

Close inspection of the voltage and current standing-wave
patterns shown in Fig. 2-14 reveals that the two patterns are

yl 3i Yl Jl 0

4 2 4
(b) Z1, =0 (short circuit)

Open-circuited line

| A2 | ()|
2|74
d
A 31 A A 0
4 2 4

(c) Z1 = oo (open circuit)

Figure 2-15 Voltage standing-wave patterns for (a) a matched
load, (b) a short-circuited line, and (c) an open-circuited line.

in phase opposition (when one is at a maximum, the other is
at a minimum, and vice versa). This is a consequence of the
fact that the third term in Eq. (2.66) is preceded by a plus sign,
whereas the third term in Eq. (2.67) is preceded by a minus
sign.

The standing-wave patterns shown in Fig. 2-14 are for a line
with T = 0.3¢/3%", The peak-to-peak variation of the pattern
(Vi = (1= [C)|Vy| 10 [V]max = (1 + [T])|Vy"]) depends
on |I'|. For the special case of a matched line with Z;, = Zy, we
have |I'| =0 and \V(d)\ = |V0+| for all values of d, as shown in
Fig. 2-15(a).

» With no reflected wave present, there is no interference
and no standing waves. <«
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The other end of the || scale, at |I'| = 1, corresponds to
when the load is a short circuit (I' = —1) or an open circuit
(I' = 1). The standing-wave patterns for those two cases are
shown in Figs. 2-15(b) and (c); both exhibit maxima of 2|VO+|
and minima equal to zero, but the two patterns are spatially
shifted relative to each other by a distance of A /4. A purely
reactive load (capacitor or inductor) also satisfies the condition
IT| = 1, but 6, is generally neither zero nor 180° (Table 2-3).
Exercise 2.9 examines the standing-wave pattern for a lossless
line terminated in an inductor.

Now let us examine the maximum and minimum values of
the voltage magnitude. From Eq. (2.66), |V (d)| is a maximum
when the argument of the cosine function is equal to zero or
a multiple of 27. Let us denote d,,.x as the distance from the
load at which |V (d)| is a maximum. It then follows that

[V (d)] = [V]max = [V [[1+ L], (2.68)
when
2Bdmax — 6; = 2nm, (2.69)

with n = 0 or a positive integer. Solving Eq. (2.69) for dmax,
we have

6, +2nt 64 nA

dinax = = =, 2.70
2B a2 (2.70)
n=12, ... if6 <0,
n=0,1,2,... if6 >0,

where we have used = 2m/A. The phase angle of the
voltage reflection coefficient, 6, is bounded between —x
and m radians. If 6, > 0, the first voltage maximum
occurs at dmax = 6:A /47, corresponding to n =0, but if
6; < 0, the first physically meaningful maximum occurs at
dmax = (6:A/4m) + A /2, corresponding to n = 1. Negative
values of dy,ax correspond to locations past the end of the line;
therefore, they have no physical significance.

Similarly, the minima of |V(d)| occur at distances duin
where the argument of the cosine function in Eq. (2.66) is
equal to (2n+ 1)m, which gives the result

|§|min = ‘Voﬂ[l =T,
when (2Bdmin — 6:) = 2n+ 1),

2.71)

with —7 < 6, < 7. The first minimum corresponds to n = 0.
The spacing between a maximum dy,.x and the adjacent
minimum dyy;p is A /4. Hence, the first minimum occurs at

dmax + 1/4:

. if dinax < A /4,
e dmax - 1/47

i doa > A /4 (2.72)

» The locations on the line corresponding to voltage
maxima correspond to current minima, and vice versa. <

The ratio of \V\max to \V\ min 18 called the voltage standing-
wave ratio S, which from Egs. (2.68) and (2.71) is given by

_ W _ 11T
‘V‘min = ‘F|

(dimensionless). (2.73)

This quantity is often referred to by its acronym, VSWR or
the shorter acronym SWR, and it provides a measure of the
mismatch between the load and the transmission line:

» For a matched load with I" = 0, we get S = 1, and for a
line with |T| =1, § =co. <

Concept Question 2-5: The attenuation constant & rep-
resents ohmic losses. In view of the model given in
Fig. 2-6(c), what should R and G’ be in order to have
no losses? Verify your expectation through the expression
for a given by Eq. (2.25a).

Concept Question 2-6: How is the wavelength A of the
wave traveling on the transmission line related to the free-
space wavelength A¢?

Concept Question 2-7: When is a load matched to a
transmission line? Why is it important?

Concept Question 2-8: What is a standing-wave pat-
tern? Why is its period A /2 and not 1?

Concept Question 2-9: What is the separation between
the location of a voltage maximum and the adjacent
current maximum on the line?
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Module 2.4 Transmission Line Simulator Upon specifying the requisite input data—including the load impedance
at d = 0 and the generator voltage and impedance at d = [, this module provides a wealth of output information about the
voltage and current waveforms along the transmission line. You can view plots of the standing-wave patterns for voltage and
current, the time and spatial variations of the instantaneous voltage v(d,¢) and current i(d, ), and other related quantities.

Module 2.4

Options: Set Input / Output

[

g2 Zy=500+j00

g =10

d= 1.0 A = 300.0 mm

Set Line
Length units: & [2.] C[m]

Z =1000+j00 &

f =10 GHz
A =300.0 mm

z,= | 1000

Low Loss Approximation

Output Transmission Line Data 1 -
Cursor d =0193 A =579 mm
|+J | 0.0 | Q Impedance  Z(d) = 27.537763 - | 13.560677
_ [l = 30695608 L -0.4576 rad
" Admittance

& |mpedance

Update | [S] =0.032578 L 0.4576 rad

Admittance Y {d) =0.029226 +) 0.014392

Ch teristi
Impedance 2o = | 900 2 Reflection T, =-0.25141712-]0.21886191
ToEg Coefficient =0.33333333 L -2.42531 rad
= | 1.0E9 Hz
Frequency  f =0.33333333 L -138.96°
Relative =10 Set Generator =
Pemittivity ~— or =~ | Voltage WV (d) = 0175267 +]0.234137
Line Length 1 =] 1.0 a V,= | 10 |+j | 00 |V (V] | =02047 L03282ra
Current Tid) =0.001753 +)0.009365
Update | Z,= | 100.0 |+j | 0.0 | (9] [A] = 0009528 L 13858 rad

Power Flow P_, =125
[ ] (mw)

Exercise 2-11: Use Module 2.4 to generate the volt-
age and current standing-wave patterns for a 50 Q
line of length 1.5A terminated in an inductance with
71, = j140 Q.

Answer: See Module 2.4 display.

Module 2.4 Transmission Line Simulator I Options: View Plots (phasors)
- =] v]
O )
[ostora . elVI-M8&[mv]  d=o0A =n7aem  owq |

864073

7@
[wV]

00

7o © [1]=14797 [mA] 23112

1IT@i
[mA]

00

1
Standing Wave Patten - | V| & 1]

Example 2-5: Standing-Wave Ratio

A 50 Q transmission line is terminated in a load with
Z;, = (1004 j50) Q. Find the voltage reflection coefficient
and the voltage standing-wave ratio.

Solution: From Eq. (2.59), I is given by

T SR s B B
a2+l Q2+j)+1 3+j1°

Converting the numerator and denominator to polar form
yields
1.414¢7%° e o
_ _ j26.6
I'= 3162789 — 0.45¢ .

Using the definition for S given by Eq. (2.73), we have

14| 14045
1T 1-045

S 2.6.
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. Hence,
Sliding probe
To detector — == / . Slit [ = |T]e/® = 0.5¢73%" = 0.405 — j0.294.
| Probe tip /
/ R\ Solving Eq. (2.59) for Z;, we have
g\
+Ze y : 14T 140.405 — j0.294 .
~ =7y ——| =5 = (85— j67) Q.
Ve@® T T T TR S F 1—0.405 + j0.294 (85 - j67)

= 40cm __30cm _ 20cm___10cm

Figure 2-16 Slotted coaxial line (Example 2-6).

Example 2-6: Measuring 7,

A slotted-line probe is an instrument used to measure the un-
known impedance of a load, Z; . A coaxial slotted line contains
anarrow longitudinal slit in the outer conductor. A small probe
inserted in the slit can be used to sample the magnitude of the
electric field and, hence, the magnitude |V (d)| of the voltage
on the line (Fig. 2-16). By moving the probe along the length
of the slotted line, it is possible to measure \V\max and \V\min
and the distances from the load at which they occur. Use of
Eq. (2.73), namely S = \V\max/|V|mm, provides the voltage
standing-wave ratio S. Measurements with a Z = 50 Q slotted
line terminated in an unknown load impedance determined that
S = 3. The distance between successive voltage minima was
found to be 30 cm, and the first voltage minimum was located
at 12 cm from the load. Determine the load impedance Z; .
Solution: The following quantities are given:

Zp =50 Q,

S=3, dpin = 12 cm.

Since the distance between successive voltage minima is A /2,

A=2x03=0.6m,

and 2 2 10
T T T
=== d/m).
P=T =06~ 3 (mIm
From Eq. (2.73), solving for |I'| in terms of S gives
S—1 3-1
[N=—-—>=-—-==05.
Tl S+1 3+1

Next, we use the condition given by Eq. (2.71) to find 6;:

2Bdmin — 6: =T, for n = 0 (first minimum),
which gives

10
0, = 2Bdmin—T=2 X Tﬁ x0.12 — 7= —0.27 (rad) = —36°.

Exercise 2-12: If I' = 0.5/—60° and A = 24 cm, find the
locations of the voltage maximum and minimum nearest
to the load.

Answer: dpyax = 10 cm, diin = 4 cm. (See @).)

Exercise 2-13: A 140 Q lossless line is terminated in a
load impedance Z;, = (280+ j182) Q. If A = 72 cm, find
(a) the reflection coefficient I', (b) the voltage standing-
wave ratio S, (c) the locations of voltage maxima, and (d)
the locations of voltage minima.

Answer: (a) I' = 0.5/29°, (b) S = 3.0, (¢) dmax =
2.9 cm + nd/2, (d) dmin = 20.9 cm + nd /2, where
n=0,1,2, .... (See @)

2-7 Wave Impedance of the Lossless
Line

The standing-wave patterns indicate that on a mismatched
line the voltage and current magnitudes are oscillatory with
position along the line and in phase opposition with each other.
Hence, the voltage to current ratio, called the wave impedance
Z(d), must vary with position also. Using Egs. (2.63a) and
(2.63b) with z = —d,

B V(d) B Vo [e/Pd + TP

Z(d = : __ 7
@ I(d) ~ V[e/Pd—Te iBd) ™0
1 +Te /284 1+Ty
=7 —— el I a— Q 5
0\ T-Teppa| =% |1—1,|
(2.74)
where we define
I, =Te /2Pd = |[|e/% e /2Pd — |1]e/(O—2B) (2.75)

as the phase-shifted voltage reflection coefficient, meaning
that I'; has the same magnitude as I, but its phase is shifted by
2d relative to that of T".
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5 ¢
Z
4 B g
: .l. s
d=1 d 0

2 LB

(b) Equivalent circuit

Figure 2-17 The segment to the right of terminals BB’ can be

replaced with a discrete impedance equal to the wave impedance
Z(d).

> Z(d) is the ratio of the total voltage (incident- and
reflected-wave voltages) to the total current at any
point d on the line, in contrast with the characteris-
tic impedance of the line Z;, which relates the volt-
age and current of each of the two waves individually
(Zo =V, I =V, /I;). <

In the circuit of Fig. 2-17(a) at terminals BB’ at an arbitrary
location d on the line, Z(d) is the wave impedance of the line
when “looking” to the right, i.e., towards the load. Application
of the equivalence principle allows us to replace the segment
to the right of terminals BB’ with a lumped impedance of
value Z(d), as depicted in Fig. 2-17(b). From the standpoint
of the input circuit to the left of terminals BB’, the two circuit
configurations are electrically identical.

Of particular interest in many transmission-line problems is
the input impedance at the source end of the line where d = [,
which is given by

1+T
Zn=2Z(d=1)=2 [ Y ] (2.76)
-1,
with _ _
I = e /2Pl = |1]e/(0r—2B0) (2.77)
By replacing I" with Eq. (2.59) and using the relations
e/l = cos Bl + jsin BI, (2.78a)

I L xc‘l Transmission line
g i a5 ‘INL
1/
Vo(™Nv Vi Zip —> Zy ", | Z.
v i
Generator | | Load
z=-] z=0
d=1 d=0
— 7 L A4
g B
. |
() v [z
1,

Figure 2-18 At the generator end, the terminated transmission
line can be replaced with the input impedance of the line Z;,.

e Bl = cos B1— jsinBl, (2.78b)

Eq. (2.76) can be written in terms of the normalized load
impedance 71, as

7 =7 zLcosBl+ jsin Bl
=20\ cosBl+ jz sin Bl

~ 7 < 7+ jtan B/ )

2.79
1+ jztan B1 2.79)

From the standpoint of the generator circuit, the transmission
line can be replaced with an impedance Zj,, as shown in
Fig. 2-18. The phasor voltage across Z;, is given by

VeZin

Vi=1Zy= 270
1 141n Zg+Zm

(2.80)
Simultaneously, from the standpoint of the transmission line,
the voltage across it at the input of the line is given by
Eq. (2.63a) with z = —I:

Vi =V (=1) =V, [e/P! +Te 7P, (2.81)
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Equating Eq. (2.80) to Eq. (2.81) and then solving for VO+

leads to
v+ — VeZin 1
0 Zy+Zin | \ e/l +Te Bl )

This completes the solution of the transmission-line wave
equations given by Egs. (2.21) and (2.23) for the special case
of a lossless transmission line. We started out with the general
solutions given by Eq. (2.26), which included four unknown
amplitudes, V",V I, and I;. We then determined that
Zy =V, /IJ =V, /I, thereby reducing the unknowns to
the two voltage amplitudes only. Upon applying the boundary
condition at the load, we were able to relate V, to VO+
through I', and finally, by applying the boundary condition at
the source, we obtained an expression for V0+.

(2.82)

Example 2-7: Complete Solution for

v(d,t) and i(d,r)

A 1.05 GHz generator circuit with series impedance Z; = 10
and voltage source given by

vy (t) = 10sin(wr 4 30°) V)

is connected to a load Z. = (100 + j50) Q through a 50-Q,
67-cm long lossless transmission line. The phase velocity of
the line is 0.7¢, where ¢ is the velocity of light in a vacuum.
Find v(d,t) and i(d,t) on the line.

Solution: From the relationship u, = A f, we find the wave-
length

up  0.7x3x108

A=t _DIXIXTT 5
105 109 -
and
2
= Tﬂ [ = 0—7; x 0.67= 6.7 = 0.77 = 126°,

where we have subtracted multiples of 27. The voltage reflec-
tion coefficient at the load is

Lo Zi=2Z _ (1004 50) - 50

= = = 0.45¢/26:5"
Zi+2Z0  (100+ jS0) + 50 ¢

With reference to Fig. 2-18, the input impedance of the line
given by Eq. (2.76) is

1+T,

Zin = ZO T
-1,
1+T —j2B1

=7 L
1 —TeJ2B!

5 < 1 +0.45¢/266° 232

1- 0.4561'26-6”@/'2520) =(21.9+,174) Q.

Rewriting the expression for the generator voltage with the
cosine reference, we have
Vg (1) = 10sin(wr + 30°)

= 10c0s(90° — ot — 30°)

= 10cos(wr —60°)

= Re[10e 70/ = Re[Vge!™] (V).
Hence, the phasor voltage Vg is given by

Ve=10e 7% =10/-60° (V).
Application of Eq. (2.82) gives

+ Vme 1
Vo = - -
0 Zy+Zin | \ /Bl +TeJBI

_ [10e77%°(21.9+ j17.4)
N 10+21.9+ j17.4

_(ej126 10.451266° (=126 )71

=102/ (V).

Using Eq. (2.63a) with z = —d, the phasor voltage on the line is
V(d) =V (e/P4 +Te 1Pd)
=10.2¢/1 (/P 40,4520 ¢4,
and the corresponding instantaneous voltage v (d,?) is
v(d,1) = Re[V(d) /]
=10.2cos(wr + fd 4+ 159°)
+4.55cos(wt — Bd + 185.6°) V).
Similarly, Eq. (2.63b) leads to
I(d) = 0.20e/15% (/P4 — 0451266 1Bd),
i(d,t) = 0.20cos(wr + Bd +159°)
+0.091 cos(wr — fd +185.6°) (A).
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Module 2.5 Wave and Input Impedance The wave impedance, Z(d) = V(d)/I(d), exhibits a cyclical pattern as a
function of position along the line. This module displays plots of the real and imaginary parts of Z(d), specifies the locations
of the voltage maximum and minimum nearest to the load, and provides other related information.

Module 25  Wave and Input Impedance

Dizplay Plots & Qutput Data

Options:

=

Im{ Z¢d)} [52]

N\
AN _

100,775

-100.7 75

F
L = frequency
Qutput
BUrEDr d =0618 [ A]
=185.343 [mm]
Impedance Zid)=1185-]5.089
[£2] =12.897 L -0.4056 rad
Admittance Y{d)y=0071 +j0.03
[5] =0.078 L 04056 rad
Reflection Ty =-0805-j0.132
Coefficient =062 L-2927 rad
=0E2 L-167698°
“oltage Standing Wave Ratio
SWR = 4 266

Location of First Yoltage Maximum & Minimum
d (max)=0.385 4 =115469 [mm ]
dimn)=0135 A =40489 [mm]
Wavelength A =300 [mm]

2-8 Special Cases of the Lossless Line

We often encounter situations involving lossless transmission
lines with particular terminations or lines whose lengths lead
to particularly useful line properties. We now consider some of
these special cases.

2-8.1 Short-Circuited Line

The transmission line shown in Fig. 2-19(a) is terminated in
a short circuit, Z;, = 0. Consequently, the voltage reflection
coefficient defined by Eq. (2.59) is I'= —1, and the voltage
standing-wave ratio given by Eq. (2.73) is S = co. With z = —d
and I' = —1 in Egs. (2.63a) and (2.63b), and ' = —1 in
Eq. (2.74), the voltage, current, and wave impedance on a
short-circuited lossless transmission line are given by
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Vie(d
o Zs(d) = SC( ) _ jZotan Bd. (2.83¢)
Z.Sc —_— 7 Short sc (d)
n 0 circuit _
o The voltage Vi.(d) is zero at the load (d = 0), as it should
d-— | be for a short circuit, and its amplitude varies as sind. In
! (a) 0 contrast, the current /i.(d) is a maximum at the load, and it
7 varies as cos 3d. Both quantities are displayed in Fig. 2-19 as
S.C—(C? a function of d.
2V Denoting Z° as the input impedance of a short-circuited
Voltage\ | T1 line of length [,
I
| ~
d - : | 0 o _ Vaell) _
h 3 4 1 zZE = 7.0) = jZptan 1. (2.84)
4 2 4
1 I
(b) 1 T-1 A plot of Z5¢/jZy versus [ is shown in Fig. 2-19(d). For the
: : short-circuited line, if its length is less than A /4, its impedance
l [ I(d) Z is equivalent to that of an inductor, and if it is between A /4 and
! ! S0 A/2.itis equivalent to that of i
: : Y7 /2, it is equiva ent to that of a capacitor. ‘ ‘
I I 0 In general, the input impedance Z;, of a line terminated in
: ! B an arbitrary load has a real part, called the input resistance Ry,
: Current \:\ and an imaginary part, called the input reactance X;,:
I 1
d-— } 0 Zin = Rin + jXin. (2.85)
A 3 4 A
4 2 4 In the case of the short-circuited lossless line, the input impe-
1 1 1 dance is purely reactive (Rj, = 0). If tan B/ > 0, the line appears
: (c) : inductive to the source, acting like an equivalent inductor Leg
I I s whose impedance equals Z}°. Thus,
- I in
: : JZo JjOLeq = jZotanBl, if tan 1 > 0, (2.86)
: _— Impedance : or l
1 1 Zptan
. % : % Log= 221 - P (H). (2.87)
1 | ]
! 1 3'1 1 /'1 0 The minimum line length [ that would result in an input impe-
4 D) 4 dance Z° equivalent to that of an inductor with inductance
L : L ' Leg is
T\ T\ d 1 oL
[ I —1 eq
[ = — tan — (m). (2.88)
0 5 (%)

Figure 2-19 Transmission line terminated in a short circuit: (a)
schematic representation, (b) normalized voltage on the line, (c)
normalized current, and (d) normalized input impedance.

Vie(d) = V' [e/P4 — e 1P = 2V sin Bd, (2.83a)

Voo ; 2V,
0 [Pl 4B = 0 cosBd,

Io(d) =
(@)= Z

(2.83b)

Similarly, if tanf/ < 0, the input impedance is capacitive,
in which case the line acts like an equivalent capacitor with
capacitance Ceq such that

= jZptan B, if tan Bl <0, (2.89)

JOCeq

or
1

 Zootan Bl
Since [ is a positive number, the shortest length / for which
tan 3/ < 0 corresponds to the range 7/2 < 1 < &. Hence, the

Coq = (F). (2.90)
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minimum line length / that would result in an input impedance
Z equivalent to that of a capacitor of capacitance Ceq is

L !
l_ﬁ [n tan ((DCquo)] (m).

(2.91)

» These results imply that, through proper choice of
the length of a short-circuited line, we can make them
into equivalent capacitors and inductors of any desired
reactance. <

Such a practice is indeed common in the design of microwave
circuits and high-speed integrated circuits, because making an
actual capacitor or inductor often is much more difficult than
fabricating a microstrip transmission line with a shorted end
on a circuit board.

Example 2-8: Equivalent Reactive Elements

Choose the length of a shorted 50 Q lossless transmission
line (Fig. 2-20) such that its input impedance at 2.25 GHz is
identical to that of a capacitor with capacitance Coq = 4 pF.
The wave velocity on the line is 0.75c¢.

Solution: We are given
up = 0.75¢ = 0.75 x 3 x 108 =2.25 x 10® m/s,
Zo=50Q,
f=225GHz=225x 10’ Hz,
Ceq=4pF=4x10""F

| U |
—o
ey Short
Zin %0 circuit
—o
sc T_ __1
Zin »J Ze e Ceq

Figure 2-20
(Example 2-8).

Shorted line as an equivalent capacitor

The phase constant is

2 2mf  2mx225x10°

B = T 0 755105 62.8 (rad/m).
From Eq. (2.89), it follows that
tan Bl = — 1
ZyCeq
= ! = —0.354.

50X 2T x225x 109 x4 x 10-12

The tangent function is negative when its argument is in
the second or fourth quadrants. The solution for the second
quadrant is

28 28
Bll =2.8rad or 11 = ? = m =4.46 cm,
and the solution for the fourth quadrant is
5.94
lp =5.94 rad lh=——==946cm.
Bl 94rad or I 3 9.46 cm

We also could have obtained the value of /; by applying
Eq. (2.91). The length I, is greater than /; by exactly 1/2.
In fact, any length [ = 4.46 cm + nA /2, where n is a positive
integer, also is a solution.

2-8.2 Open-Circuited Line

With Z; = o, as illustrated in Fig. 2-21(a), we have I' =1
and § = o, and the voltage, current, and input impedance are
given by

Voe(d) = V;' [P 4- 7P = 2Vt cos B, (2.92a)
y Voh : 25V,
To(d) = [Pl — ¢=Bd) = 200 Gnpa,  (2.92b)
Zy Zoy
Vo) _ .
Zy == = —jZycotBl. (2.93)
0 JjZocot 3

Plots of these quantities are displayed in Fig. 2-21 as a function
of d for the voltage and current and as a function of / for the
input impedance.

2-8.3 Application of Short-Circuit/Open-Circuit
Technique

A network analyzer is a radio-frequency (RF) instrument
capable of measuring the impedance of any load connected
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O O
Zi%c —— Z()
d O O
@ !
d

(b) A

1
1
1
1
' Current vt
1 \ 2] V()
: +1
1
1
1
) \ 0

i

4

+-1
Zi

Impedance JZ

A A
I 2
1 1
I I
I I
I I
I I
1 1
I I
1 I V4
1 1
I I
} }
A A
I 2
I I
I I

ENIPNS

(d)

JL
e

Figure 2-21 Transmission line terminated in an open circuit:
(a) schematic representation, (b) normalized voltage on the line,
(c) normalized current, and (d) normalized input impedance.

to its input terminal. When used to measure (1) Z5°, which is
the input impedance of a lossless line terminated in a short
circuit, and (2) Z7¢°, which is the input impedance of the line
when terminated in an open circuit, the combination of the
two measurements can be used to determine the characteristic
impedance of the line Zy and its phase constant . Indeed,

the product of the expressions given by Eqs. (2.84) and (2.93)

gives
Zy= /2 7y, (2.94)
and the ratio of the same expressions leads to
| _gzsc
tanﬁl = ZT::H o (295)

Because of the  phase ambiguity associated with the tangent
function, the length / should be less than or equal to A /2 to
provide an unambiguous result.

Example 2-9: Measuring Z, and 3

Find Zy and 8 of a 57-cm long lossless transmission line
whose input impedance was measured as Z;® = j40.42 Q when
terminated in a short circuit and as ZjF = —;j121.24 Q when
terminated in an open circuit. From other measurements, we
know that the line is between 3 and 3.25 wavelengths long.

Solution: From Egs. (2.94) and (2.95),

Zo= /ZCZ = \/(j40.42)(—j121.24) =70 Q,

“Zn _ \ﬁ
Pz 3

Since [ is between 34 and 3.254, BI = (2xl/A) is between
67 radians and (137/2) radians. This places 7 in the first
quadrant (0 to 7m/2) radians. Hence, the only acceptable
solution for tan 3¢ = \/1/3 is 1 = /6 radians. This value,
however, does not include the 27 multiples associated with the
integer A multiples of /. Hence, the true value of 31 is

tan Bl =

Bl = 67r+g =194 (rad),
in which case
19.4
B= 09? =34 (rad/m).

2-8.4 Lines of Length [ = nA /2

If I = nA /2, where n is an integer,

tan 3/ =tan[(27/A) (nA/2)] = tannmw = 0.
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Consequently, Eq. (2.79) reduces to

Zin =271, forl =ni/2, (2.96)

which means that a half-wavelength line (or any integer multi-
ple of A /2) does not modify the load impedance.

2-8.5 Quarter-Wavelength Transformer

Another case of interest is when the length of the line is a
quarter-wavelength (or A /4 4+ nA /2, where n = 0 or a positive
integer), corresponding to B/ = (2n/A)(A/4)= /2. From
Eq. (2.79), the input impedance becomes

ZZ
Zin = ‘

=—=, forl =A/4+ni/2. (2.97)
7z,

The utility of such a quarter-wave transformer is illustrated by
Example 2-10.

Example 2-10: 1 /4 Transformer

A 50 Q lossless transmission line is to be matched to a resistive
load impedance with Z;, = 100 Q via a quarter-wave section
as shown in Fig. 2-22, thereby eliminating reflections along
the feedline. Find the required characteristic impedance of the
quarter-wave transformer.

Solution: To eliminate reflections at terminal AA’, the input
impedance Z;, looking into the quarter-wave line should be
equal to Zy;, which is the characteristic impedance of the
feedline. Thus, Z;, = 50 Q. From Eq. (2.97),

,
in —
7

k)

Feedline A4
A/4 transformer

ZOI =50Q Zin — Z()z

o_lA’

I M4 I

Z.=100 Q

Figure 2-22 Configuration for Example 2-10.

or

Zop = \/ZinZL = \/50 x 100="70.7 Q.

Whereas this eliminates reflections on the feedline, it does not
eliminate them on the A /4 line. However, since the lines are
lossless, all of the power incident on AA’ will end up getting
transferred into the load Z; .

» In this example, Z; is purely resistive. To apply the
A /4 transformer technique to match a transmission line
to a load with a complex impedance, a more elaborate
procedure is required (Section 2-11). «

2-8.6 Matched Transmission Line: Z; = 7

For a matched lossless transmission line with Z;, = Zy, (1) the
input impedance Zj, =Zp for all locations d on the line,
(2) I'=0, and (3) all of the incident power is delivered to
the load, regardless of the line length /. A summary of the
properties of standing waves is given in Table 2-4.

Concept Question 2-10: What is the difference
between the characteristic impedance Zy and the input
impedance Z;,? When are they the same?

Concept Question 2-11: What is a quarter-wave trans-
former? How can it be used?

Concept Question 2-12: A lossless transmission line
of length [ is terminated in a short circuit. If [ < A /4, is
the input impedance inductive or capacitive?

Concept Question 2-13:  What is the input impedance
of an infinitely long line?

Concept Question 2-14: If the input impedance of a
lossless line is inductive when terminated in a short
circuit, will it be inductive or capacitive when the line is
terminated in an open circuit?

Exercise 2-14: A 50 Q lossless transmission line uses
an insulating material with & = 2.25. When terminated
in an open circuit, how long should the line be for its
input impedance to be equivalent to a 10 pF capacitor at
50 MHz?

Answer: [ =9.92 cm. (See &).)
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Table 2-4 Properties of standing waves on a lossless transmission line.

Voltage maximum

Voltage minimum

‘V‘max - ‘V0+H1 + |FH
IV |min = Vo' |[1 = |T]

Positions of voltage maxima (also
positions of current minima)

6.1 nA
dmax:;—ﬂ+7, n:O,l,Z,...

%, if0<6,<rm
Position of first maximum (also position of | dmax = 4m
first current minimum) % i l’ if - 1<6,<0
4r 2
61 2n+1)A
Positions of voltage minima (also positions | dpyin = 4r77: ( n-z ) , n=0,1,2,

of current maxima)

Position of first minimum (also position of
first current maximum)

Input impedance

2 =z, ( ZFiEmBLY _ (14T
in =20\ 1t jmptanpl )~ \1-1

Positions at which Z;, is real

at voltage maxima and minima

Z;y, at voltage maxima

1+|C
=2(7r)

Zin at voltage minima

1-T
Zin =20 1+

Zin of short-circuited line

Z = jZytan Bl

Z;y, of open-circuited line

Z¢ = —jZycot Bl

Z;y of line of length [ = nA /2

Zin:ZLv }’l=0,1,2,...

Z;y of line of length I = A /4+nA /2

Zin of matched line

Zin=2%/7Z1, n=0,1,2,...

Zin=2y

\VO+| = amplitude of incident wave; I" = |F|e-f9" with —T < 6; < 7; 6; in radians; I'; = Te /2B,

Exercise 2-15: A 300 Q feedline is to be connected to a
3-m long, 150 Q line terminated in a 150 Q resistor. Both
lines are lossless and use air as the insulating material,
and the operating frequency is 50 MHz. Determine (a) the
input impedance of the 3-m long line, (b) the voltage
standing-wave ratio on the feedline, and (c) the charac-
teristic impedance of a quarter-wave transformer were it
to be used between the two lines in order to achieve S = 1
on the feedline. (See .)

Answer: (a) Zy, = 150Q, (b) S=2, (c) Zy =212.1 Q.

Exercise 2-16: Through multiple trials, it was determined
that a load with unknown impedance Z; can be per-
fectly matched to a feedline with Z;, = 50 Q by using a
A /4 transformer section with characteristic impedance of
60 Q. What is Z.?

Answer: Z; =72 Q.
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Technology Brief 3: Microwave Ovens

Percy Spencer, while working for Raytheon in the 1940s
on the design and construction of magnetrons for radar,
observed that a chocolate bar that had unintentionally
been exposed to microwaves had melted in his pocket.
The process of cooking by microwave was patented in
1946 and by the 1970s, microwave ovens had become
standard household items.

Microwave Absorption

A microwave is an electromagnetic wave whose fre-
quency lies in the 300 MHz-300 GHz range (see
Fig. 1-16). When a material containing water is exposed
to microwaves, the water molecule reacts by rotating
itself in order to align its own electric dipole along the
direction of the oscillating electric field of the microwave.
The rapid vibration motion creates heat in the material,
resulting in the conversion of microwave energy into
thermal energy. The absorption coefficient of water, a(f),
exhibits a microwave spectrum that depends on the tem-
perature of the water and the concentration of dissolved

salts and sugars present in it. If the frequency f is chosen
such that o(f) is high, the water-containing material
absorbs much of the microwave energy passing through
it and converts it to heat. However, this also means that
most of the energy is absorbed by a thin surface layer
of the material with not much energy remaining to heat
deeper layers. The penetration depth 8, of a material,
defined as 6, = 1/2a, is a measure of how deep the
power carried by an EM wave can penetrate into the
material. Approximately 95% of the microwave energy
incident upon a material is absorbed by the surface
layer of thickness 34,. Figure TF3-1 displays calculated
spectra of 9, for pure water and two materials with
different water contents.

» The frequency most commonly used in microwave
ovens is 2.45 GHz. The magnitude of &, at 2.45 GHz
varies beween ~2 cm for pure water and 8 cm for a
material with a water content of only 20%. «

This is a practical range for cooking food in a microwave
oven; at much lower frequencies, the food is not a good
absorber of energy (in addition to the fact that the design

50
T=20°C

40
e
= t 95% of energy
s T 3dp | [ absorbed in
%‘ | ! this layer -— Chocolate bar
a
g
2
g 20
(]
|
(5]
-

10

Pure water '
0 | 5 [ : ]
1 2 3 4 5
Frequency (GHz)

Figure TF3-1 Penetration depth as a function of frequency (1-5 GHz) for pure water and two foods with different water contents.
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of the magnetron and the oven cavity become problem-
atic), and at much higher frequencies, the microwave
energy cooks the food very unevenly (mostly the surface
layer). Whereas microwaves are readily absorbed by
water, fats, and sugars, they can penetrate through
most ceramics, glass, or plastics without loss of energy,
thereby imparting little or no heat to those materials.

Oven Operation

To generate high-power microwaves (~ 700 watts), the
microwave oven uses a magnetron tube (Fig. TF3-2),
which requires the application of a voltage on the order
of 4000 volts. The typical household voltage of 115 volts
is increased to the required voltage level through a high-
voltage transformer. The microwave energy generated
by the magnetron is transferred into a cooking chamber
designed to contain the microwaves within it through the
use of metal surfaces and safety Interlock switches.

Metal screen
|

» Microwaves are reflected by metal surfaces, so
they can bounce around the interior of the chamber,
be absorbed by the food, but not escape to the
outside. «

If the oven door is made of a glass panel, a metal
screen or a layer of conductive mesh is attached to it
to ensure the necessary shielding; microwaves cannot
pass through the metal screen if the mesh width is much
smaller than the wavelength of the microwave (A ~ 12 cm
at 2.5 GHz). In the chamber, the microwave energy
establishes a standing-wave pattern, which leads to an
uneven distribution. This is mitigated by using a rotating
metal stirrer that disperses the microwave energy to
different parts of the chamber.

Magnetron

7
)
A
3
®

J

~eo
S~

115V

I EINNE I DN DI DI DI DI B B B . -
4
7
U

[
High-voltage transformer

Figure TF3-2 Microwave oven cavity.
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2-9 Power Flow on a Lossless
Transmission Line

Our discussion thus far has focused on the voltage and current
attributes of waves propagating on a transmission line. Now
we examine the flow of power carried by the incident and
reflected waves. We begin by reintroducing Egs. (2.63a) and
(2.63b) with z = —d:

V(d)

=V (/P! +Te /PY), (2.98a)

- |/ .
I(d) = 22— (&P —Te7P4), (2.98b)
In these expressions, the first terms represent the incident-wave
voltage and current, and the terms involving " represent the
reflected-wave voltage and current. The time-domain expres-
sions for the voltage and current at location d from the load

are obtained by transforming Eq. (2.98) to the time domain:
v(d,t) =
= Re[|V; [e/?" (P4 + |T|e/b e iPd) ]

= |V, |[cos(wt + Bd+ ¢T)

Re[Ve/ ']

+|[fcos(wr — Bd+ ¢ +6,)],  (2.99a)

i(d,t) = Yo 0+ [cos(wt +Bd+¢™T)
—|[|cos(wt —Bd+¢ " +6,)], (2.99b)
where we used the relations V™ = [V, |e/¢" and T = |[e/®

that were introduced earlier as Egs. (2.31a) and (2.62), respec-
tively.
2-9.1

The instantaneous power carried by the transmission line is
equal to the product of v(d,) and i(d,t):

P(d,t) =v(d,t) i(d,1)
= |V, |[cos(wt + Bd+¢™)
+ |T|cos(wt — Bd + ¢ + 6,)]

Instantaneous Power

|ZOO | [cos(wt + Bd+¢™)

— || cos(wt — Bd+ ¢ + 6;)]
+12
_ W )| [cos?(wt + Bd+¢™)
Zy
—T)?cos®*(wt — Bd+ 9T +6)] (W)
(2.100)

Per our earlier discussion in connection with Eq. (1.31),
if the signs preceding wr and Bd in the argument of the
cosine term are both positive or both negative, then the cosine
term represents a wave traveling in the negative d direction.
Since d points from the load to the generator, the first term
in Eq. (2.100) represents the instantaneous incident power
traveling towards the load. This is the power that would be
delivered to the load in the absence of wave reflection (when
I' = 0). Because fBd is preceded by a minus sign in the
argument of the cosine of the second term in Eq. (2.100), that
term represents the instantaneous reflected power traveling in
the +d direction—away from the load. Accordingly, we label
these two power components

V2
Pi(d,t) = Vo I 0 cos?(wt+Bd+9T) (W), (2.101a)
v 2V Mo I P _ +
P'(d,r) = —|T cos* (ot — Bd+¢T+6,) (W).
%
(2.101b)
Using the trigonometric identity
2.1
cos“x = 5 (14 cos2x),
the expressions in Eq. (2.101) can be rewritten as
i WP +
P'(d,t) = 7 [1+cos(Qar+2Bd+2¢™")], (2.102a)

+‘2

P(d) = — Ve 2 (14 cos(201 ~2Bd +297 +26,)].

(2.102b)
‘We note that in each case, the instantaneous power consists of

a dc term (not varying in time) and an ac term that oscillates at
an angular frequency of 2.

» The power oscillates at twice the rate of the voltage or
current. <«

2-9.2 Time-Average Power

From a practical standpoint, we usually are more interested
in the time-average power flowing along the transmission
line, Py (d), than in the instantaneous power P(d,t). To com-
pute P,y (d), we can use a time-domain approach or a compu-
tationally simpler phasor-domain approach. For completeness,
we consider both.
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Time-Domain Approach

The time-average power is equal to the instantaneous power
averaged over one time period T =1/f =2n/®. For the
incident wave, its time-average power is

. 1 27r/w
P;V(d>=7/0 Pi(d.t)d w/ P\(d.1)dr. (2.103)

Upon inserting Eq. (2.102a) into Eq. (2.103) and performing
the integration, we obtain

i |V0+|2

av 2—20 (W), (2.104)

which is identical with the dc term of Pi(d,t) given by
Eq. (2.102a). A similar treatment for the reflected wave gives

+‘2

‘1—‘|2‘
27y

— TP (2.105)

» The average reflected power is equal to the average

incident power, diminished by a multiplicative factor
of |T'%. «

Note that the expressions for Pl and P, are independent
of d, which means that the time-average powers carried by
the incident and reflected waves do not change as they travel
along the transmission line. This is as expected, because the
transmission line is lossless.

The net average power flowing towards (and then absorbed
by) the load shown in Fig. 2-23 is

Vo

27

Py=P +F = =2 w. (2.106)

Phasor-Domain Approach

For any propagating wave with voltage and current phasors 1%
and /, a useful formula for computing the time-average power
is

Py = 19 [V 7} , (2.107)

Transmission line
— Zg O O
+ Pl
() . B
AN PL =TPP},
1 T
d=1 d=0

Figure 2-23 The time-average power reflected by a load
connected to a lossless transmission line is equal to the incident
power multiplied by |T|2.

where I* is the complex conjugate of I Application of this
formula to Egs. (2.98a) and (2.98b) gives

1 +(,jBd —jBd V0+*
Paviime VO (ej +F€j )Z—

- (e*jﬁd _ F*ejﬁd)]

Vo' I? 2 —j2Bd vy j2Bd
9% (1— |TJ2 4 Te 24 _ % ¢i2Bd)

Zy
IV+|2 i(2Bd— (28—
= ZOZO {[1—\F|2]+2Re [|Te j(2Bd Gr)_|1—~‘e](zﬁd 9r>]}
|V0+|2 5
=2z {[1 =T + T|[cos(2Bd — 6;) — cos(2Bd — 6,)] }
V+ 2
lzoz(l [1=[TP], (2.108)

which is identical to Eq. (2.106).

Exercise 2-17: For a 50 Q lossless transmission line
terminated in a load impedance Z; = (100 + j50) Q
determine the fraction of the average incident power
reflected by the load.

Answer: 20%. (See .)

Exercise 2-18: For the line of Exercise 2-17, what is the
magnitude of the average reflected power if |V | =1 V?

Answer: P. =2 (mW). (See &)

Concept Question 2-15:  According to Eq. (2.102b),
the instantaneous value of the reflected power depends on
the phase of the reflection coefficient 6;, but the average
reflected power given by Eq. (2.105) does not. Explain.
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Concept Question 2-16: What is the average power
delivered by a lossless transmission line to a reactive load?

Concept Question 2-17: What fraction of the incident
power is delivered to a matched load?

Concept Question 2-18:  Verify that

1 /T, (2nt 1
— = 4 Bd dt = =
T/o cos ( = +B +¢) 5

regardless of the values of d and ¢, so long as neither is a
function of 7.

2-10 The Smith Chart

The Smith chart, developed by P. H. Smith in 1939, is a widely
used graphical tool for analyzing and designing transmission-
line circuits. Even though it was originally intended to facil-
itate calculations involving complex impedances, the Smith
chart has become an important avenue for comparing and
characterizing the performance of microwave circuits. As the
material in this and the next section demonstrates, use of the
Smith chart not only avoids tedious manipulations of complex
numbers, but it also allows an engineer to design impedance-
matching circuits with relative ease.

2-10.1 Parametric Equations

The reflection coefficient I" is, in general, a complex quantity
composed of a magnitude |I'| and a phase angle 6; or, equiva-
lently, a real part I'; and an imaginary part I,

[=[[|e/% =T, + I}, (2.109)

where
I = | cos B, (2.110a)
I = |[|sin 6. (2.110b)

The Smith chart lies in the complex I' plane. In Fig. 2-24,
point A represents a reflection coefficient I'y = 0.3 + j0.4 or,
equivalently,

ICal = [(0.3)%+(0.4)%)'/2 = 0.5

and
6,, = tan"'(0.4/0.3) = 53°.

Similarly, point B represents I's = —0.5 — j0.2, or |[T'g| = 0.54
and 6;, = 202° or, equivalently,

6, = (360° —202°) = —158°.

» When both I'; and I are negative, 6, is in the
third quadrant in the I'\-Ij plane. Thus, when using
0. = tan’l(l"i /T;) to compute 6;, it may be necessary to
add or subtract 180° to obtain the correct value of 6,. €

The unit circle shown in Fig. 2-24 corresponds to |I'| = 1.
Because |I'] < 1 for a transmission line terminated with a
passive load, only that part of the I'.—I; plane that lies within
the unit circle is useful to us; hence, future drawings will be
limited to the domain contained within the unit circle.

Impedances on a Smith chart are represented by their values
normalized to the line’s characteristic impedance, Zy. From

e AlZo-1
Z1/Zo+1
2L —1
= , 2.111
7.+ 1 ( )
the inverse relation is
1+T
e 2.112
a=1_T ( )

The normalized load impedance z;, is, in general, a complex
quantity composed of a normalized load resistance r;, and a
normalized load reactance xy :

zr, =1L+ jXi. (2.113)

Using Eqs. (2.109) and (2.113) in Eq. (2.112), we have

(L+1I) + I

rL+ jxL =

which can be manipulated to obtain explicit expressions for
each of r and x in terms of I'; and I';. This is accomplished by
multiplying the numerator and denominator of the right-hand
side of Eq. (2.114) by the complex conjugate of the denomina-
tor and then separating the result into real and imaginary parts.
These steps lead to

1-I2-17
rL:m, (21153)
215
XL = (2.115b)

(1-T)2 417"
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Short-circuit
load

Open-circuit
load

Unit circle

6, =270° or —90°

Figure 2-24 The complex I plane. Point A is at [y = 0.3+ j0.4 = 0.5¢/°%", and point B is at [z = —0.5 — j0.2 = 0.54¢/20%° | The unit
circle corresponds to |I'| = 1. At point C, I' = 1, corresponding to an open-circuit load, and at point D, I' = —1, corresponding to a short

circuit.

Equation (2.115a) implies that there exist many combinations
of values for I, and I that yield the same value for the
normalized load resistance ri.. For example, (I, I;) = (0.33,0)
gives r, = 2, as does (I}.,I5) = (0.5,0.29), as well as an
infinite number of other combinations. In fact, if we were to
plot in the I'.—I7j plane all possible combinations of I'; and I’
corresponding to r;, = 2, we would obtain the circle labeled
r. = 2 in Fig. 2-25. Similar circles can be obtained for other
values of 7. After some algebraic manipulations, Eq. (2.115a)
can be rearranged into the parametric equation for the circle
in the I',-T7 plane corresponding to a given value of rp:

, 2 1 2
——— ) +I?= .
]+I’L ]+I’L

(2.116)

The standard equation for a circle in the x—y plane with center
at (xo,y0) and radius a is

(x—x0)2 4+ (y—yo)* = @’ 2.117)

Comparison of Eq. (2.116) with Eq. (2.117) shows that the
r, circle is centered at I'y = r./(1 +r.) and T3 = 0, and its
radius is 1/(1 + r). It therefore follows that all r -circles
pass through the point (I',,I3) = (1,0). The largest circle
shown in Fig. 2-25 is for r, = 0, which also is the unit circle
corresponding to |I'| = 1. This is to be expected, because when
r, =0, |T'| = 1 regardless of the magnitude of x;..

A similar manipulation of the expression for x given by
Eq. (2.115b) leads to

(o) (2

(2.118)
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zp =rp tjxp

LN
&&‘ﬁ\\\\\ .

—

—
)

Figure 2-25 Families of r, and x, circles within the domain || < 1. The ry circles are concentric with the outermost circle corresponding
to r., = 0 and the innermost circle (of zero radius) corresponding to rp. = oo. The parts of the x circles contained in the Smith chart are in
the upper half of the chart if x, is positive and in the lower half of the chart if xi is negative.

which is the equation of a circle of radius (1/x.) centered
at (I,I7) = (1,1/x1). The xp circles in the I'-I; plane
are quite different from those for constant .. To start with,
the normalized reactance x; may assume both positive and
negative values, whereas the normalized resistance cannot be
negative (negative resistances cannot be realized in passive
circuits). Hence, Eq. (2.118) represents two families of circles:
one for positive values of x and another for negative ones.
Furthermore, as shown in Fig. 2-25, only part of a given circle
falls within the bounds of the |T'| = 1 unit circle.

The families of circles of the two parametric equations given
by Egs. (2.116) and (2.118) plotted for selected values of r
and xp, constitute the Smith chart shown in Fig. 2-26. The

Smith chart provides a graphical evaluation of Eqs. (2.115a
and b) and their inverses.

» Each point in the Smith chart conveys the values of two
interrelated quantities, namel z;, and I'. The intersection
of the r, and x, circles at that point defines zp, = r, + jxr.
Simultaneously, the location of the point defines |T|
and 6,. «

For example, point P in Fig. 2-26 represents a normalized
load impedance z;, = 2 — j1, which corresponds to a voltage
reflection coefficient I' = 0.45exp(—j26.6°). The magnitude
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Outermost scale:
wavelengths toward
generator

Inner scale:
0, in degrees

Middle scale:
wavelengths
toward load

and an angle 6; = —26.6°. Point R is an arbitrary point on the ri, = 0 circle (which also is the |I'| = 1 circle).

i IZL=2_jl

Figure 2-26 Point P represents a normalized load impedance z; = 2 — j1. The reflection coefficient has a magnitude || = OP/OR = 0.45

IT'| = 0.45 is obtained by dividing the length of the line
between the center of the Smith chart and point P (designated
OP in Fig. 2-26), by OR, which is the length of the line
between the center of the Smith chart and the edge of the unit
circle (the radius of the unit circle corresponds to [I'| = 1). The

perimeter of the Smith chart contains three concentric scales. eliremis), Bt (), = L (mtisinotl G,

Exercise 2-19: Use the Smith chart to find the values of '
corresponding to the following normalized load impe-
dances: (a) z =2+ 0, (b)zL =1 —jl,(c) z = 0.5 — j2,
(d) zL = —Jj3, (e) zL = 0 (short circuit), (f) z1. = o (open

The innermost scale is labeled angle of reflection coefficient Answer: (@ I' =033, (b) ' = 045/-63.4°,
in degrees. This is the scale for 6;. As indicated in Fig. 2-26, (¢©)I'=0.83/-50.9°, (d) ' = 1/-36.9°, (e) [ = —1,
6. = —26.6° (—0.46 rad) for point P. The meanings and uses HT=1,(g)T=0.(See @)

of the other two scales are discussed next.
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(location at B)

from the load. At B, z(d) = 0.6 — j0.66.

Figure 2-27 Point A represents a normalized load z;, =2 — j1 at 0.287A on the WTG scale. Point B represents the line input at d = 0.14

2-10.2 SWR Circle

Consider point A in the Smith chart of Fig. 2-27. At point A,
the normalized load impedance is z;, = 2 — j1. The magnitude
of the corresponding reflection coefficient is

-1 2—jl—1 1—j1 2
+1 2—j1+1 3—j1 V10

Let us construct a circle centered at (I, I5) = (0,0) and
passing through point A. Every point on this circle has the same
value for |I'|, namely 0.45. This constant-|I'| circle is also a

constant-SWR circle. This follows from the relation between
the voltage standing-wave ratio (SWR) and |I'|, namely

_ 14T

Sil—\l‘|'

(2.119)

> A constant value of |I'| corresponds to a constant value
of S, and vice versa. <«

The utility of the SWR circle will become evident shortly.
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2-10.3 Wave Impedance

From Eq. (2.74), the normalized wave impedance looking
toward the load at a distance d from the load is

Z(d) 14T
d) = """ — , 2.120
z(d) Z 1T, ( )
where ' '
I, =Te /2P = |r|e/(6—2B4) (2.121)

is the phase-shifted voltage reflection coefficient. The form of
Eq. (2.120) is identical with that for z;, given by Eq. (2.112):

1+T
1T
This similarity in form suggests that, if I" is transformed into
Iy, z1. gets transformed into z(d). On the Smith chart, the
transformation from I" to T’y is achieved by maintaining |T|
constant and decreasing its phase 6; by 2d, which corre-
sponds to a clockwise rotation (on the Smith chart) over an
angle of 2d radians. A complete rotation around the Smith
chart corresponds to a phase change of 27 in I'. The length d
corresponding to this phase change satisfies

@ (2.122)

2
2ﬁd:27nd:27r,

from which it follows that d = 1 /2.

(2.123)

» The outermost scale around the perimeter of the
Smith chart (Fig. 2-26), called the wavelengths toward
generator (WTG) scale, has been constructed to denote
movement on the transmission line toward the generator,
in units of the wavelength A. That is, d is measured in
wavelengths, and one complete rotation corresponds to
d=1/2. <

In some transmission-line problems, it may be necessary to
move from some point on the transmission line toward a point
closer to the load, in which case the phase of I must be
increased, which corresponds to rotation in the counterclock-
wise direction. For convenience, the Smith chart contains a
third scale around its perimeter (in between the 6, scale and
the WTG scale) for accommodating such an operation. It is
called the wavelengths toward load (WTL) scale.

Exercise 2-20: Use the Smith chart to find the normalized
input impedance of a lossless line of length / terminated in
a normalized load impedance z;. for each of the following
combinations: (a) [ = 0.254, z = 1 + jO; (b) [ = 0.54,
2=14+j1;0) =031,z =1—jl;(d) =124, z. =
0.5—j0.5;(e) I =0.1A, z = 0 (short circuit); (f) [ = 0.4A,
zL = j3; and (g) [ = 0.24, 71 = o (open circuit).

Illustration:
Using the Smith Chart to Find Z(d)

To illustrate how the Smith chart is used to find Z(d),
consider a 50 Q lossless transmission line terminated in
a load impedance Z;, = (100 — j50) Q. Our objective is to
find Z(d) at a distance d = 0.1A4 from the load.

1. The normalized load impedance is

Zu 100 —j50
Zo 50

L= =2—jl (point A in Fig. 2-27).

2. Point A is located at 0.287A on the WTG scale.

3. Using a compass, we construct the SWR circle with its
center at the center of the Smith chart and radius passing
through A.

4. As was stated earlier, to transform zr, to z(d), we need to
maintain |I'| constant, which means staying on the SWR
circle, while decreasing the phase of I" by 23d radians.
This is equivalent to moving a distance d = 0.1A toward
the generator on the WTG scale. Since point A is located
at 0.287A on the WTG scale, z(d) is found by moving to
location 0.287A 4+ 0.1A4 = 0.387A4 on the WTG scale. A
radial line through this new position on the WTG scale
intersects the SWR circle at point B.

5. Point B represents z(d), whose value is
2(d) = 0.6 — j0.66.

To obtain Z(d), we unnormalize z(d) by multiplying it by
Zo =150 Q:

Z(d) = (0.6 — j0.66) x 50 = (30 — j33) Q.

This result can be verified analytically using Eq. (2.120).
The points between points A and B on the SWR circle
represent different locations along the transmission line.

If a line is of length [, its input impedance is Z;, = Z z(I)
with z(/) determined by rotating a distance / from the load
along the WTG scale.

Answer: @ zm =1+j0, (b) zin = 1+ jl,
(©)zin=0.76+j0.84, (d) zmn = 0.59 + j0.66,
(e) zin =0+ j0.73, (f) zin = 0+ jO.72, (g) zin = 0 — j0.32.
(See @)




106

CHAPTER 2 TRANSMISSION LINES

2-10.4 SWR, Voltage Maxima, and Minima

Consider a load with z;, = 2+ j1. Figure 2-28 shows a Smith
chart with a SWR circle drawn through point A, represent-
ing z.. The SWR circle intersects the real (I';) axis at two
points, labeled P,x and Ppi,. At both points, I} = 0 and
I' =T.. Also, on the real axis, the imaginary part of the load
impedance x;, = 0. From the definition of I,

a1

= , 2.124
7+ 1 ( )
It follows that points Py,,x and Py, correspond to
7o
I'=rI,= (forI'; = 0), (2.125)
ro+1

where r( is the value of r. where the SWR circle intersects
the I'; axis. Point P, corresponds to ry < 1, and Py, corre-
sponds to rp > 1. Rewriting Eq. (2.119) for || in terms of S,

we have §1
IN=>""_. 2.126
m=3 (.126
For point Pyax, |T'| =T; hence
S—1
= —. 2.127
TS+ ( )

The similarity in form of Eqs. (2.125) and (2.127) suggests
that S equals the value of the normalized resistance ry. By
definition, S > 1, and at point Py,x, 79 > 1, which further
satisfies the similarity condition. In Fig. 2-28, ry = 2.6 at Py ax;
hence S = 2.6.

» S is numerically equal to the value of ry at Py,,x, Which
is the point at which the SWR circle intersects the real I'
axis to the right of the chart’s center. <«

Points Py, and Py, also represent locations on the line
where the magnitude of the voltage |V| is a minimum and
a maximum, respectively. This is easily demonstrated by
considering Eq. (2.121) for I';. At point Py,.x, the total phase
of T'y, that is, (6, — 2d), equals zero or —2n7 (with n being
a positive integer), which is the condition corresponding to
|V|max, as indicated by Eq. (2.69). Similarly, at Py, the total
phase of I'; equals —(2n + 1)m, which is the condition for
|V |min- Thus, for the transmission line represented by the SWR
circle shown in Fig. 2-28, the distance between the load and
the nearest voltage maximum is dyax = 0.037A, which is
obtained by moving clockwise from the load at point A to
point Py, .x, and the distance to the nearest voltage minimum is
dpmin = 0.287A, corresponding to the clockwise rotation from

A to Py;,. Since the location of |V|Inax corresponds to that of
mmin and the location of |‘7|min corresponds to that of mmax,
the Smith chart provides a convenient way to determine the
distances from the load to all maxima and minima on the line
(recall that the standing-wave pattern has a repetition period of

1/2).

2-10.5 Impedance to Admittance Transformations

In solving certain types of transmission line problems, it is
often more convenient to work with admittances than with
impedances. Any impedance Z is in general a complex quan-
tity consisting of a resistance R and a reactance X:

Z=R+jX Q). (2.128)
The admittance Y is the reciprocal of Z:
1 1 R—jX
J (S). (2.129)

Y==-= — =
Z R+jX R:+X2

The real part of Y is called the conductance G, and the

imaginary part of Y is called the susceptance B. That is,
Y=G+jB (S). (2.130)

Comparison of Eq. (2.130) with Eq. (2.129) reveals that

R

e © (2.131a)
-X

B=rm O (2.131b)

A normalized impedance z is defined as the ratio of Z to the
characteristic impedance of the line, Zy. The same concept
applies to the definition of the normalized admittance y; that
is,

Y G

.B .
y=y =y tig=8tijb
0

= (dimensionless),
Yo Y

(2.132)

where Yy = 1/Z; is the characteristic admittance of the line
and

G
g= 7= GZy (dimensionless), (2.133a)
0
B . .
b= 7 BZ7, (dimensionless). (2.133b)
0

The lowercase quantities g and b represent the normalized
conductance and normalized susceptance of y, respectively.
Of course, the normalized admittance y is the reciprocal of the
normalized impedance z,

==, (2.134)
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Distance to voltage
maximum from load

A = 0.0371
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Figure 2-28 Point A represents a normalized load with z;, =2+ j1. The standing-wave ratio is S = 2.6 (at Ppax), the distance between the
load and the first voltage maximum is dmax = (0.25—0.213)4 = 0.0374, and the distance between the load and the first voltage minimum

is dipin = (0.037+0.25)4 = 0.287A.

Accordingly, using Eq. (2.122), the normalized load admit-  2fd =4nd /A =47nA /4\ = 7 gives

tance yy, is given by 1+Te/® 1-T (2.136)
— yL .

d=21/4)= _ = -
=44 = e = 15T
1 1-T . .
YL = 2 1+T (dimensionless). (2.135) » Rotation by A /4 on the SWR circle transforms z into y,
and vice versa. <«

In Fig. 2-29, the points representing z;, and yy, are diametrically

Now let us consider the normalized wave impedance z(d) at
opposite to each other on the SWR circle. In fact, such a

a distance d = A /4 from the load. Using Eq. (2.120) with



108

CHAPTER 2 TRANSMISSION LINES

e
o
4
2
°
2 \&
[}
w
0

at point B.

Figure 2-29 Point A represents a normalized load z;, = 0.6+ j1.4. Its corresponding normalized admittance is yp, = 0.25 — j0.6, and it is

14330 NOLOF I 407

2N

SELE)
— 34 NIINa1,

transformation on the Smith chart can be used to determine
any normalized admittance from its corresponding normalized
impedance, and vice versa.

The Smith chart can be used with normalized impedances
or with normalized admittances. As an impedance chart, the
Smith chart consists of r and x; circles: the resistance and
reactance of a normalized load impedance 7, respectively.

» When used as an admittance chart, the r circles
become gy, circles and the xi, circles become by, circles,
where g1 and by are the conductance and susceptance of
the normalized load admittance yy,, respectively. <

Example 2-11: Smith Chart Calculations

A 50 Q lossless transmission line of length 3.3 is terminated
by a load impedance Z;, = (25 + j50) Q. Use the Smith chart
to find (a) the voltage reflection coefficient, (b) the voltage
standing-wave ratio, (c) the distances of the first voltage
maximum and first voltage minimum from the load, (d) the
input impedance of the line, and (e) the input admittance of
the line.

Solution: (a) The normalized load impedance is
_ 4L 25450
Zo 50

ZL =0.5+/1,
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Ainin = A +0.251= 03651

. dmax H

=4.26
Location |5 [
of | Vlmin 3
0.251
Locgtion
of [V]max
o 0.3
A
|
Zip = i E zp=0.5+,1
dmax = 0.252—0.1352=0.1154 ot !

—
DE— dmin —

Figure 2-30 Solution for Example 2-11. Point A represents a normalized load z;, = 0.5+ j1 at 0.1354 on the WTG scale. At A, 6, = 83°
and |I'| = OA/OO0’ = 0.62. At B, the standing-wave ratio is S = 4.26. The distance from A to B gives dmax = 0.1154 and from A to C
gives dpin = 0.365A. Point D represents the normalized input impedance zj, = 0.28 — j0.40, and point E represents the normalized input
admittance yj, = 1.15+4 j1.7.

which is marked as point A on the Smith chart in Fig. 2-30. A determine lengths OA and OO’ of the lines between O and A
radial line is drawn from the center of the chart at point O and between points O and O', respectively, where O’ is an
through point A to the outer perimeter of the chart. The arbitrary point on the ri, = 0 circle. The length OO’ is equal
line crosses the scale labeled “angle of reflection coefficient  to the radius of the |I'| = 1 circle. The magnitude of T is then
in degrees” at 6, = 83°. Next, measurements are made to
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obtained from |T'| = OA/0O0’ = 0.62. Hence,

I'=0.62/83°. (2.137)
(b) The SWR circle passing through point A crosses the I';
axis at points B and C. The value of r, at point B is 4.26, from
which it follows that

S =4.26.

(c) The first voltage maximum is at point B on the SWR
circle, which is at location 0.25A on the WTG scale. The load,
represented by point A, is at 0.135A on the WTG scale. Hence,
the distance between the load and the first voltage maximum
is

dmax = (0.25—0.135)A =0.1151.

The first voltage minimum is at point C. Moving on the WTG
scale between points A and C gives

dmin = (0.5—0.135)2 = 0.3651,

which is 0.251 past dyax-

(d) The line is 3.3 long; subtracting multiples of 0.5A leaves
0.3A. From the load at 0.135A4 on the WTG scale, the input
of the line is at (0.135+ 0.3)A = 0.435A. This is labeled as
point D on the SWR circle, and the normalized impedance is

Zin = 0.28 — j0.40,
which yields
Zin = zinZo = (0.28 — j0.40)50 = (14 — j20) Q.

(e) The normalized input admittance yj, is found by moving
0.25A on the Smith chart to the image point of z;, across the
circle, labeled point £ on the SWR circle. The coordinates of
point E give

yin = 1.154+j1.7,

and the corresponding input admittance is

in LIS+ j1.7
Vi = yinly = 20 = 22 T

= (0.023 + j0.034) S.
7 < (0.023+ j0.034) S

Example 2-12: Determining Z; Using

the Smith Chart

This problem is similar to Example 2-6, except that now we
demonstrate its solution using the Smith chart.

Given that the voltage standing-wave ratio S = 3 on a 50 Q
line, that the first voltage minimum occurs at 5 cm from

the load, and that the distance between successive minima is
20 cm, find the load impedance.

Solution: The distance between successive minima equals
A /2. Hence, A = 40 cm. In wavelength units, the first voltage
minimum is at

5
dmin = — = 0.125A.
40

Point A on the Smith chart in Fig. 2-31 corresponds to S = 3.
Using a compass, the constant S circle is drawn through
point A. Point B corresponds to locations of voltage minima.
Upon moving 0.1254 from point B toward the load on the
WTL scale (counterclockwise), we arrive at point C, which
represents the location of the load. The normalized load
impedance at point C is

7z = 0.6 — j0.8.
Multiplying by Zy = 50 Q, we obtain

71 =50(0.6 — j0.8) = (30 — j40) Q.

Concept Question 2-19: The outer perimeter of the
Smith chart represents what value of |I"|? Which point on
the Smith chart represents a matched load?

Concept Question 2-20: What is an SWR circle? What
quantities are constant for all points on an SWR circle?

Concept Question 2-21:  What line length corresponds
to one complete rotation around the Smith chart? Why?

Concept Question 2-22:  Which points on the SWR cir-
cle correspond to locations of voltage maxima and minima
on the line and why?

Concept Question 2-23: Given a normalized impe-
dance z, how do you use the Smith chart to find the
corresponding normalized admittance yp, = 1/7,.?

2-11 Impedance Matching

A transmission line usually connects a generator circuit at
one end to a load at the other. The load may be an antenna,
a computer terminal, or any circuit with an equivalent input
impedance Zj .
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Voltage min

Figure 2-31 Solution for Example 2-12. Point A denotes that § = 3, point B represents the location of the voltage minimum, and point C
represents the load at 0.125A4 on the WTL scale from point B. At C, z;, = 0.6 — j0.8.

0.1254

~ dmin—|

» The transmission line is said to be matched to the
load when its characteristic impedance Zy = Z;, in which
case waves traveling on the line towards the load are not
reflected back to the source. <

Since the primary use of a transmission line is to transfer power
or transmit coded signals (such as digital data), a matched load
ensures that all of the power delivered to the transmission line
by the source is transferred to the load (and no echoes are
relayed back to the source).

The simplest solution to matching a load to a transmission
line is to design the load circuit such that its impedance

71, = Zy. Unfortunately, this may not be possible in practice
because the load circuit may have to satisfy other require-
ments. An alternative solution is to place an impedance-
matching network between the load and the transmission line
as illustrated in Fig. 2-32.

» The purpose of the matching network is to eliminate
reflections at terminals MM’ for waves incident from
the source. Even though multiple reflections may occur
between AA’ and MM’, only a forward traveling wave
exists on the feedline. <«
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Module 2.6 Interactive Smith Chart Locate the load on the Smith chart; display the corresponding reflection coefficient
and SWR circle; “move” to a new location at a distance d from the load; read the wave impedance Z(d) and phase-shifted
reflection coefficient I'y; perform impedance to admittance transformations and vice versa; and use all of these tools to solve
transmission-line problems via the Smith chart.

d= [H

4

' ¥ SWR Circle ¥ Cursor Lines

Module 2.6

RETTT s
| Jeven

)
T

Click and drag mouse
to reposition load

Interactive Smith Chart

\
ETRARE AR

W Showcurves [ y(d)

¥ Full Chart

I~ Tangent SWR Circle
SWR = 5.8284

¥ Voltage Maximum
d{max) = 0.0625 A
I Voltage Minimum
d{min) = 0.3125 A

¥ Show "  Load

" Cursor

@ z =10+j20
[, =070710678 L45p%°
@ z(d)= 0604963 - j 1504591
[y =0.70710678 L -6156°
@ y(d)=0.230043 + | 0.572137

™~ d=01434
2 B d = 1.859823 rad = 106.56"
™ 05.-d=035%
2B (05L-d)=
= 4.4234 rad = 253.44"

Set Line Update
Zg= 500 [©]
Set Load Update
= 50.0
4 3
+] 1000 [a]
y = r
"z -0 {

Feedline M
:)_
Zy Zin—>
M!
:)_

Generator

Matching
network

O
Load

Figure 2-32 The function of a matching network is to trans-
form the load impedance Z; such that the input impedance Zj,
looking into the network is equal to Zj of the feedline.

Within the matching network, reflections can occur at both
terminals (AA” and MM’), creating a standing-wave pattern,
but the net result (of all of the multiple reflections within the
matching network) is that the wave incident from the source
experiences no reflection when it reaches terminals MM’. This
is achieved by designing the matching network to exhibit an
impedance equal to Zy at MM’ when looking into the network
from the transmission line side. If the network is lossless, then
all of the power going into it will end up in the load.
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Feedline M
/4 transformer A
°—
2o Zin—> Z02 " ZL
o—

E—Y

(a) If Z1_is real: in-series A/4 transformer inserted at A4’

Z(d)
Feedline M| A4 I d |4
—1B |
2oy Lin—> Zy — Zo1 Zr,
M A’

(b) If Z; = complex: in-series /4 transformer inserted
at d = dpax or d = dppin

w(dy)
Feedline M

A
I - .
C A Zy
i ]

(c) In-parallel insertion of capacitor at distance d

ZO Zin —

W)
Feedline M A
A Zin=—> L 2y 71,
M dy 14’ |

(d) In-parallel insertion of inductor at distance d»

ys(lh)
Feedline | M! d; 14

\ "]
Z % ZL,

M 1%'_|

(e) In-parallel insertion of a short-circuited stub

Figure 2-33 Five examples of in-series and in-parallel matching networks.

» Matching networks may consist of lumped elements,
such as capacitors and inductors (but not resistors
because resistors incur ohmic losses), or of sections of
transmission lines with appropriate lengths and termina-
tions. <

The matching network, which is intended to match a load
impedance Z; = Ry, + jX to a lossless transmission line with
characteristic impedance Zj, may be inserted either in series
(between the load and the feedline) as in Fig. 2-33(a) and (b)
or in parallel (Fig. 2-33(c) to (e)). In either case, the network
has to transform the real part of the load impedance from Ry, (at
the load) to Zy at MM’ in Fig. 2-32 and transform the reactive
part from X (at the load) to zero at MM’ . To achieve these two
transformations, the matching network must have at least two
degrees of freedom (that is, two adjustable parameters).

If Xi, = 0, the problem reduces to a single transforma-
tion, in which case matching can be realized by inserting

a quarter-wavelength transformer (Section 2-8.5) next to the
load (Fig. 2-33(a)).

» For the general case where Xi, # 0, a A /4 transformer
can be designed to provide the desired matching, but it
has to be inserted at a distance dy,,x Or dmin from the load
(Fig. 2-33(b)), where dmax and dpi, are the distances to
voltage maxima and minima, respectively. <

The design procedure is outlined in Module 2.7. The
in-parallel insertion networks shown in Fig. 2-33(c)—(e) are the
subject of Examples 2-13 and 2-14.

2-11.1 Lumped-Element Matching

In the arrangement shown in Fig. 2-34, the matching network
consists of a single lumped element, either a capacitor or an
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Yq
Feedline M | d |
] L |
YO Yin —— Ys Y() YL
M 1 |

\ Shunt element Load

(a) Transmission-line circuit

Feedline M

Yin—> Yd YS
M |_I_|

(b) Equivalent circuit

Figure 2-34 Inserting a reactive element with admittance Ys at MM’ modifies Y to Y.

inductor, connected in parallel with the line at a distance d
from the load. Parallel connections call for working in the
admittance domain. Hence, the load is denoted by an ad-
mittance Y, and the line has a characteristic admittance Yj.
The shunt element has an admittance Y;. At MM', Yy is the
admittance due to the transmission-line segment to the right
of MM'. The input admittance Y;, (referenced at a point just to
the left of MM’) is equal to the sum of Yy and Y;:

Yin=Yq+7Y. (2.138)
In general, Yy is complex, and Y is purely imaginary because
it represents a reactive element (capacitor or inductor). Hence,
Eq. (2.138) can be written as

Yin = (Ga+ jBa) + jBs = Ga + j(Ba + By). (2.139)

When all quantities are normalized to Yy, Eq. (2.139) becomes

Yin = &a+ j(ba + by). (2.140)

To achieve a matched condition at MM’, it is necessary that
vin = 1 4+ jO, which translates into two specific conditions,
namely

(real-part condition), (2.141a)

(2.141b)

ga=1

by = —by (imaginary-part condition).

The real-part condition is realized through the choice of d,
which is the distance from the load to the shunt element, and
the imaginary-part condition is realized through the choice of
lumped element (capacitor or inductor) and its value. These
two choices are the two degrees of freedom needed in order to
match the load to the feedline.

Example 2-13: Lumped Element

A load impedance Z;, = 25 — j50 Q is connected to a 50 Q
transmission line. Insert a shunt element to eliminate reflec-
tions towards the sending end of the line. Specify the insert
location d (in wavelengths), the type of element, and its value
given that f = 100 MHz.

Solution: The normalized load impedance is

Zi 25— 50
Zo 50

2L = :O.S—jl,

which is represented by point A on the Smith chart of Fig. 2-35.
Next, we draw the constant S circle through point A. As alluded
to earlier, to perform the matching task, it is easier to work
with admittances than with impedances. The normalized load
admittance yy, is represented by point B, which is obtained by
rotating point A over 0.25A or equivalently by drawing a line
from point A through the chart center to the image of point A
on the S circle. The value of y;, at B is

y = 0.4+ jO.8,

and it is located at position 0.115A4 on the WTG scale. In the
admittance domain, the ry circles become g circles, and the
xp, circles become by, circles. To achieve matching, we need to
move from the load toward the generator a distance d such that
the normalized input admittance y, of the line terminated in the
load (Fig. 2-34) has a real part of 1. This condition is satisfied
by either of the two matching points C and D on the Smith
charts of Figs. 2-35 and 2-36, respectively, corresponding to
intersections of the S circle with the g = 1 circle. Points C
and D represent two possible solutions for the distance d in
Fig. 2-34(a).
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First intersection of
gr. = 1 circle with SWR circle.

AtC,yg =1+/1.58.

g = 1circle

d; =0.0631
Feedline

Yo %50 nH [ 7. =(0.4+,0.8)Y,

First solution

Figure 2-35 Solution for point C of Example 2-13. Point A is the normalized load with z;. = 0.5 — j1; point B is yp = 0.4+ j0.8. Point C
is the intersection of the SWR circle with the g = 1 circle. The distance from B to C is dj = 0.063A.

Solution for Point C (Fig. 2-35): At C, Looking from the generator toward the parallel combination
) of the line connected to the load and the shunt element, the
ya, =14 j1.58, normalized input admittance at terminals MM’ is
which is located at 0.1784 on the WTG scale. The distance _
between points B and C is Ying = Ys; +Vdy»

dy =(0.178—0.115)2 = 0.0631. (continued on p. 117)
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dy = 0.207)

Second intersection of
gr, = 1 circle with SWR circle.

AtD, yg = 1-/1.58.
dy=0.2071

|
Yo % 50 pF :}] YL = (0.4 +0.8)Y,

Second solution

Feedline |

Figure 2-36 Solution for point D of Example 2-13. Point D is the second point of intersection of the SWR circle and the g;, = 1 circle.
The distance B to D gives d» = 0.2071.
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where yg, is the normalized input admittance of the shunt
element. To match the feed line to the parallel combination, we
need yi,, = 1+ jO. Hence, we need ys, to cancel the imaginary
part of y,, ; that is,

vs, = —j1.58.
The corresponding impedance of the lumped element is
1 1 Zy Zo iZo

Zy =

= =2 = =22 3162 Q.
YS| y51Y0 ]bsl

—j1.58  1.58
Since the value of Z;, is positive, the element to be inserted

should be an inductor and its value should be

3162 3162
o 2mx108

=50 nH.

The results of this solution have been incorporated into the
circuit of Fig. 2-35.

Solution for Point D (Fig. 2-36): At point D,
Ya, =1 —j1.58,
and the distance between points B and D is
dr, =(0.322—-0.115)A = 0.207A.
The needed normalized admittance of the reactive element is
ys, = +j1.58.

Hence,
Zy, = —j31.62 Q,

which is the impedance of a capacitor with

_ — 50 pE.
C=31620 0P

Figure 2-36 displays the circuit solution for d, and C.

2-11.2 Single-Stub Matching

The single-stub matching network shown in Fig. 2-37(a)
consists of two transmission line sections: one of length d
connecting the load to the feedline at MM’ and another of
length [ connected in parallel with the other two lines at MM’ .
This second line is called a stub, and it is usually terminated in
either a short or open circuit; hence, its input impedance and
admittance are purely reactive. The stub shown in Fig. 2-37(a)
has a short-circuit termination.

» The required two degrees of freedom are provided by
the length [ of the stub and the distance d from the load to
the stub position. <

|
Feedline d I
Yo Y —> Yo L
Load
Yo
/
Shorted
(a) Transmission line circuit stub

’ 2

Feedline M

Yip —> Y4 Ys
M |_I_|

(b) Equivalent circuit

Figure 2-37 Shorted-stub matching network.

Because at MM’ the stub is added in parallel to the line (which
is why it is called a shunt stub), it is easier to work with
admittances than with impedances. The matching procedure
consists of two steps. In the first step, the distance d is
selected to transform the load admittance, i, = 1/Z;, into an
admittance of the form Y; = Yy + jB when looking toward
the load at MM’. Then in the second step, the length [ of the
stub line is selected so that its input admittance Y; at MM’ is
equal to — jB. The parallel sum of the two admittances at MM’
yields Yy, which is the characteristic admittance of the line.
The procedure is illustrated by Example 2-14.

Example 2-14: Single-Stub Matching

Repeat Example 2-13, but use a shorted stub (instead
of a lumped element) to match the load impedance
Z1, = (25— j50) Q to the 50 Q transmission line.

Solution: In Example 2-13, we demonstrated that the load
can be matched to the line via either of two solutions:

1.d; = 0.0634, and y, = jby, = —j1.58,
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2.dy =0.207A, and y,, = jb,, = j1.58.

The locations of the insertion points at distances d; and d;
remain the same, but now our task is to select corresponding
lengths /1 and I, of shorted stubs that present the required
admittances at their inputs.

To determine /;, we use the Smith chart in Fig. 2-38. The
normalized admittance of a short circuit is — joo, which is
represented by point E on the Smith chart with position 0.254
on the WTG scale. A normalized input admittance of —j1.58
is located at point F' with position 0.344 on the WTG scale.
Hence,

I1 =(0.34—0.25)A = 0.091.
Similarly, yy;, = j1.58 is represented by point G with posi-
tion 0.16A on the WTG scale of the Smith chart in Fig. 2-39.

Rotating from point E to point G involves a rotation of 0.251
plus an additional rotation of 0.16A4 or

I =(0.25+0.16)A = 0.41A.

Example 2-15: 1/4 Transformer for Complex

Load

Design a quarter-wavelength transformer to match a load with
Z;, = (1004 j100) Q to a 50 Q line.

Solution: The required transmission-line circuit is shown in
Fig. 2-40(a) on p. 121. We need to insert a A /4 transformer to
eliminate reflections at MM’. To that end, we need to specify
the insertion distance d and the characteristic impedance Z,
of the A /4 section so that Zi, = Zj, .

A A /4 section with characteristic impedance Zy, transfers
an impedance Z, at one end of the section to impedance Z;, at
the other end such that

ZaZy =75, (2.142)
In the present case (Fig. 2-40(a)), Z, = Z(d), the in-
put impedance at BB’ looking towards the load, and
Zy = Zin = Zp, = 50 Q. Since the A /4 transformer is a lossless
line, its impedance Zy, is purely real. Consequently, to satisfy
Eq. (2.142), it is necessary that Z(d) be purely real as well,
which is the key to how we select the distance d. Given this
rationale, we proceed as follows.

1. The normalized load impedance is
7, 100+ ;100
Zo, 50

which is shown as point A in the Smith chart of Fig. 2-40(b).

L= :2+j2’

2. Move on the SWR circle until z(d) becomes purely real,
which occurs at points B and C.

(a) Point B:
dy =(0.25-0.209)1
=0.041A4,
z(dy) =4.27,
Z(d)) =4.27x50=213.5Q,
Zo, =\ Z(dv) Zo,
=+/213.5%x50
=103.3 Q.
(b) Point C:
A
d2 = dl + Z

= (0.0414+0.25)2 =0.2914,
2(dy) = 0.23,
Z(dy) =023 x50=11.5Q,

2y, = Z<d2> 2,

=+v11.5x50
=242Q.

Concept Question 2-24: To match an arbitrary load
impedance to a lossless transmission line through a match-
ing network, what is the required minimum number of
degrees of freedom that the network should provide?

Concept Question 2-25: In the case of the single-stub
matching network, what are the two degrees of freedom?

Concept Question 2-26: When a transmission line is
matched to a load through a single-stub matching net-
work, no waves are reflected toward the generator. What
happens to the waves reflected by the load and by
the shorted stub when they arrive at terminals MM’ in
Fig. 2-37?
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Figure 2-38 Solution for point C of Example 2-14. Point A is the normalized load with z;. = 0.5 — j1; point B is yp, = 0.4+ j0.8. Point C
is the intersection of the SWR circle with the g = 1 circle. The distance from B to C is d; = 0.063A. The length of the shorted stub (E to F)

is 1 = 0.09.
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Admittance of
short circuit stub
(Example 2-14)

Second intersection of
g1, = 1 circle with SWR circle.

AtD, yg = 1-1.58.

|<—d2—’l

\ | YL = (0.4 +,0.8)Y,
/\ i I
)

N

Figure 2-39 Solution for point D of Example 2-14. Point D is the second point of intersection of the SWR circle and the g;, = 1 circle.
The distance B to D gives d = 0.207A, and the distance E to G gives [, = 0.410A.

Feedline
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Z(d)

N
~ -
T ~
S| F
x _
- Q
| ¢
= » S
) .8
£ N
S _
gl W

(a) Quarter-wave transformer

(b) Smith chart solution

Figure 2-40 Solution for Example 2-15: (a) quarter-wave transformer and (b) Smith chart solution.
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Module 2.7 Quarter-Wavelength Transformer This module allows you to go through a multi-step procedure to design
a quarter-wavelength transmission line that, when inserted at the appropriate location on the original line, presents a matched

load to the feedline.

Module 2.7
Quarter-Wavelength Transformer

Step 5 - First Solution

Mave to the input of the transformer.
Here the line impedance is matched:

® z, - 20+j16
Zin =Zp =5000 I = 055494 L 29.92213°
O y, = 0.30433-j0.2439
Maote that the normalized impedance @ z(d) = 0335+j00
) ) T(d) = 030293 L -180.0°
ph thg Smith cljart |5_r10t 1.0 because T rens
it is still narmalized with Z 5.
¢ d=00A 2B d=00rad=00°

" 05A-d=05A 2@ (0.5 A - d) = 6.2832 rad = 360.0°




2-11 IMPEDANCE MATCHING 123

Module 2.8 Discrete Element Matching For each of two possible solutions, the module guides the user through a
procedure to match the feedline to the load by inserting a capacitor or an inductor at an appropriate location along the line.

Module 2.8 Discrete Element Matching

Z, =1000+j800%
f =1.00CH:z
A=03m

Step 4 - First Solution

Ta cancel the imaginary part of the line
admittance we add a shunt inductance:

] Z = 20+j16
Yy = (jwly }'1:-j 002668 S (actual) I, = 055494 L 29.92213°
O y, = 0.30488-j0.2439
L, =596458 x 109 H @ (@) = 1.0+/00
T(d) = 0.0 L 0.0°
_ , @ y() = 1.0+j00
yq =] 133417 (narmalized)
C d=02134A 2@ d = 2,6813 rad = 153 6287°

€ 05h-d=02866A 2B (0.5 A-d)=36018 rad = 206.3713"
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Module 2.9 Single-Stub Tuning Instead of inserting a lumped element to match the feedline to the load, this module
determines the length of a shorted stub that can accomplish the same goal.

I Module 2.9 Single-Stub Tuning

SHORTED STUB

Z,=500Q

Z = 1000+j8D.0Q
f =100GHz
A=03m

Go Back | HNext Step | Back to Start |

Step 4 - First Solution

To cancel the imaginary part of the
line admittance we add a stub with:

Length: 7, =0.1024 &

Admittance:

Y, =-j002668 S (actual)

yq =-J 133417 (normalized)

Instructions |

Color |

(7] z = 20+j16
' = 055494 L 29.92213°
8] y, = 0.30488-j0.2439
@ z(d) = 1.0+j0.0
Ti) = 00 L 00"
@ y(d) = 1.0+j00
 d=02134A 2B d = 26813 rad = 153 6287°
rl

0.5 A - o =0.2866 A 2B (0.5 A - d) = 3.6018 rad = 206.3713°

2-12 Transients on Transmission Lines

Thus far, our treatment of wave propagation on transmis-
sion lines has focused on the analysis of single-frequency,
time-harmonic signals under steady-state conditions. The
impedance-matching and Smith chart techniques we devel-
oped, while useful for a wide range of applications, are
inappropriate for dealing with digital or wideband signals that
exist in digital chips, circuits, and computer networks. For such
signals, we need to examine the transient transmission line
response instead.

» The fransient response of a voltage pulse on a trans-
mission line is a time record of its back-and-forth travel
between the sending and receiving ends of the line, taking
into account all the multiple reflections (echoes) at both
ends. <

Let us start by considering the case of a single rectangular
pulse of amplitude Vjy and duration 7, as shown in Fig. 2-41(a).
The amplitude of the pulse is zero prior to t = 0, V, over
the interval 0 <t < 7, and zero afterwards. The pulse can
be described mathematically as the sum of two unit step
functions:

V(l‘) =V1<l‘>+V2<l‘> ZV()M(I)—Vou(l‘—T), (2.143)
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4L,

Vo

(a) Pulse of duration t

V()
Vi) = Vo u(n)

Vo

L > 1

Vo() = Vo u(t — 1)

(b) V(@) =110 + V(0

Figure 2-41 A rectangular pulse V() of duration 7 can be represented as the sum of two step functions of opposite polarities displaced

by 7 relative to each other.

where the unit step function u(x) is

u(x){(l)

The first component, V;(¢t) = Vou(t), represents a dc volt-
age of amplitude V,, that is switched on at r = 0 and
then retains that value indefinitely. The second component,
Va(t) = =Vou(t — ), represents a dc voltage of amplitude —V;
that is switched on at = 7 and remains that way indefinitely.
As can be seen from Fig. 2-41(b), the sum V;(¢) 4+ V(¢) is
equal to Vp for 0 < ¢ < 7 and equal to zero for r < 0 and
t > 1. This representation of a pulse in terms of two step
functions allows us to analyze the transient behavior of the
pulse on a transmission line as the superposition of two dc
signals. Hence, if we can develop basic tools for describing
the transient behavior of a single step function, we can apply
the same tools for each of the two components of the pulse and
then add the results to obtain the response to V (¢).

for x > 0,

forx < 0. (2.144)

2-12.1 Transient Response to a Step Function

The circuit shown in Fig. 2-42(a) consists of a generator,
composed of a dc voltage source V, and a series resistance Ry,
connected to a lossless transmission line of length / and
characteristic impedance Zy. The line is terminated in a purely
resistive load Ry, at z = 1.

» Note that in previous sections z = 0 was defined as the
location of the load; now it is more convenient to define it
as the location of the source. <«

The switch between the generator circuit and the transmis-
sion line is closed at t = 0. The instant the switch is closed,

t=0
b Transmission line
—o0

Zy RL

| I z

I
z=0 z=1

(a) Transmission-line circuit
R "
B ==
+
4
it
'

(b) Equivalent circuit at 7= 0"

Figure 2-42 At = 0", immediately after closing the switch
in the circuit in part (a), the circuit can be represented by the
equivalent circuit in part (b). This is because from that instant
and until a reflection is received back from the load the generator
circuit “sees’” only an impedance Z.

the transmission line appears to the generator circuit as a load
with impedance Zj. This is because, in the absence of a signal
on the line, the input impedance of the line is unaffected by
the load impedance Ry. The circuit representing the initial
condition is shown in Fig. 2-42(b). The initial current Il+
and corresponding initial voltage VlJr at the sending end of the
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Wz, 3T/2)
A

W(z, 5T/2)
(V1+ +77) A /(VIJr 1+ V2+) (Vl+ +V7)
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1/ 1/ g I e
4! V1T T‘\ "nT Vy =T'gh
— Vi =TI’
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0 12 [ 0 12 / 0 12 /

(a) Mz)att=T/2

(b) Vz)att =372
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)
(e) I(z)att =372
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(f) I(z) att = 5T72

Figure 2-43 Voltage and current distributions on a lossless transmission line at# = T'/2, t = 3T /2, and t = 5T /2 due to a unit step voltage
applied to a circuit with Rg = 4Zy and Ry, = 2Z. The corresponding reflection coefficients are I', = 1/3 and I'g = 3/5.

transmission line are given by
(2.145a)

(2.145b)

The combination of Vl+ and / 1* constitutes a wave that travels
along the line with velocity u, = 1/,/il€ immediately after
the switch is closed. The plus-sign superscript denotes the fact
that the wave is traveling in the +z direction. The transient
response of the wave is shown in Fig. 2-43 at each of three
instances in time for a circuit with Ry = 4Zj and Ry, = 2Z,. The
first response is at time #; = 7'/2, where T = [ /u,, is the time it
takes the wave to travel the full length of the line. By time ¢,
the wave has traveled halfway down the line; consequently,
the voltage on the first half of the line is equal to Vfr, while the
voltage on the second half is still zero (Fig. 2-43(a)). Atr =T,
the wave reaches the load at z = [, and because Ry # Z, the

mismatch generates a reflected wave with amplitude

Vi =TI, (2.146)
where
RL—Zo
= 2.147
L= R 1 Z ( )

is the reflection coefficient of the load. For the specific case
illustrated in Fig. 2-43, Ry, = 27, which leads to I'L = 1/3.
After this first reflection, the voltage on the line consists of
the sum of two waves: the initial wave Vl+ and the reflected
wave V,". The voltage on the transmission line at 7, = 37 /2 is
shown in Fig. 2-43(b); V(2,37 /2) equals V;" on the first half
of the line (0 <z < /2) and (V;" +V,") on the second half
(/2 <z<.

At t = 2T, the reflected wave V| arrives at the sending
end of the line. If R, # Z, the mismatch at the sending end
generates a reflection at z = 0 in the form of a wave with
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voltage amplitude V2+ given by

Vi =TV, =TIV, (2.148)
where
r,— Re—% (2.149)
£ R.+2 )

is the reflection coefficient of the generator resistance R,. For
Ry =47y, we have I'y = 0.6. As time progresses after t = 27T,
the wave V2+ travels down the line toward the load and adds
to the previously established voltage on the line. Hence, at
t = 5T /2, the total voltage on the first half of the line is

V(z5T/2)=V{"+V +V, =1+ +T)V,"

(0<z<1/2), (2.150)
while on the second half of the line the voltage is only

V(z,5T/2) =V "+V; =(1+T)V (12 <z<1).

(2.151)
The voltage distribution is shown in Fig. 2-43(c).

So far, we have examined the transient response of the
voltage wave V(z,¢). The associated transient response of
the current /(z,¢) is shown in Figs. 2-43(d)—(f). The current
behaves similarly to the voltage V(z,t), except for one impor-
tant difference. Whereas at either end of the line the reflected
voltage is related to the incident voltage by the reflection
coefficient at that end, the reflected current is related to the
incident current by the negative of the reflection coefficient.
This property of wave reflection is expressed by Eq. (2.61).
Accordingly,

Iy =T,
Iy =T,y =TI,

(2.152a)
(2.152b)

and so on.

» The multiple-reflection process continues indefinitely,
and the ultimate value that V(z,#) reaches as ¢ approaches
+oo is the same at all locations on the transmission line. <«

The final value of V is given by
Voo = ViF V] +V, -V, +VSF 4V 4
= V1+[1+FL+FLFg+F§Fg+FfF§+r{r§+. -]
= V" [(14TL) (14 DL+ T2 4 )]

=V (4T [+ x+22 4], (2.153)

where x = I'LI';. The series inside the square bracket is the
geometric series of the function

1
—:1+_x+_x2+

for |x|] < 1.
I—x

(2.154)
Hence, Eq. (2.153) can be rewritten in the compact form

Voo = V"

—_ 2.155
U 1-TII, (2159

Upon replacing V1+, I'L, and I’y with Egs. (2.145b), (2.147),
and (2.149) and simplifying the resulting expression, we obtain

VoR
Vo= —2 1
Rg+RL

(2.156)

The voltage V.. is called the steady-state voltage on the line,
and its expression is exactly what we should expect on the
basis of dc analysis of the circuit in Fig. 2-43(a), where we
treat the transmission line as simply a connecting wire between
the generator circuit and the load. The corresponding steady-
state current is

(2.157)

2-12.2 Bounce Diagrams

Keeping track of the voltage and current waves as they bounce
back and forth on the line is a rather tedious process. The
bounce diagram is a graphical presentation that allows us
to accomplish the same goal but with relative ease. The
horizontal axes in Figs. 2-44(a) and (b) represent the position
along the transmission line, while the vertical axes denote
time. Figures 2-44(a) and (b) pertain to V(z,7) and I(z,?),
respectively. The bounce diagram in Fig. 2-44(a) consists
of a zigzag line indicating the progress of the voltage wave
on the line. The incident wave V," starts at z =¢ = 0 and
travels in the +z direction until it reaches the load at z =
at time ¢+ = T. At the very top of the bounce diagram, the
reflection coefficients are indicated by I' = I, at the generator
end and by I' =I'L at the load end. At the end of the first
straight-line segment of the zigzag line, a second line is drawn
to represent the reflected voltage wave V" = FLVﬁ. The
amplitude of each new straight-line segment equals the product
of the amplitude of the preceding straight-line segment and
the reflection coefficient at that end of the line. The bounce
diagram for the current /(z,¢) in Fig. 2-44(b) adheres to the
same principle except for the reversal of the signs of I'L. and I'y
at the top of the bounce diagram.
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4 I
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Iy =23/5 X (1+T+ T TP .
R T
V1+-- Vl : : :
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T T 7T 2T 9T 3T 15T 4T 17T 5T
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(c) Voltage versus time at z = //4

Figure 2-44 Bounce diagrams for (a) voltage and (b) current. In (c), the voltage variation with time at z = /4 for a circuit with 'y = 3/5

and I, = 1/3 is deduced from the vertical dashed line at //4 in (a).

Using the bounce diagram, the total voltage (or current) at
any point z; and time #; can be determined by first drawing
a vertical line through point z;, and then adding the voltages
(or currents) of all the zigzag segments intersected by that
line between 7 = 0 and # = #;. To find the voltage at z = /4
and T = 4T, for example, we draw a dashed vertical line in
Fig. 2-44(a) through z =/ /4, and we extend it from t = 0 to

t = 4T. The dashed line intersects four line segments. The total
voltage at z =1/4 and r = 4T therefore is

V(I/4,4T) = V" + TLV,  + T [V, + T IEV,"
=V, (14T 4+ Tl + L I).

The time variation of V(z,7) at a specific location z can be
obtained by plotting the values of V(z,7) along the (dashed)
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vertical line passing through z. Figure 2-44(c) shows the
variation of V as a function of time at z = /4 for a circuit
withI'y =3/5and I'L = 1/3.

Example 2-16: Pulse Propagation

The transmission-line circuit of Fig. 2-45(a) is excited by a
rectangular pulse of duration T = 1 ns that starts at + = 0.
Establish the waveform of the voltage response at the load
given that the pulse amplitude is 5 V, the phase velocity is c,
and the length of the line is 0.6 m.

Solution: The one-way propagation time is

! 0.6

T—— "
c 3x108

2 ns.

The reflection coefficients at the load and the sending end are

R.—Zy 150—50

T R.+Zy 150+50
R—Zy 125-50
C Ry+Zy 125450

I

0.5,

—0.6.

Ly

By Eq. (2.143), the pulse is treated as the sum of two step
functions: one that starts at # = 0 with an amplitude Vip =5V
and a second one that starts at + = 1 ns with an amplitude
Voo = —5 V. Except for the time delay of 1 ns and the sign
reversal of all voltage values, the two step functions generate
identical bounce diagrams, as shown in Fig. 2-45(b). For the
first step function, the initial voltage is given by

V]Jr: V()]Z() _ 5 x50 —4vV.

Re+7Zy 125450

Using the information displayed in the bounce diagram, it
is straightforward to generate the voltage response shown in
Fig. 2-45(c). Note that at + = 2 ns, the voltage at the load
consists of both V;" =4 V, and its reflection V;” =I'LV;" =2 V.
Thus, the total voltage at the load at t =2 ns is 6 V. A
similar process occurs at 3 ns due to the negative step function,
which generates —6 V. Consequently, the sum of the two step-
function contributions adds up to zero and stays that way until
t =06ns.

Example 2-17: Time-Domain Reflectometer

A time-domain reflectometer (TDR) is an instrument used to
locate faults on a transmission line. Consider, for example, a
(formerly matched) long underground or undersea cable that

(a) Pulse circuit

Ty=-06 =05
220 l/:4 l/:2 31:/4 .
tl nos ~~~~~ V=4V |1ns
2 ns —4{7\\»\\ 2 ns
3 ns 2V ::::‘3ns
4 ns /‘_‘——":ZV 4 ns
5ns ~1::: -12V]|5ns
6 ns 1-2\7\“\-,\ 6 ns
7ns| 0.6V T22{7ns
8 ns _/,‘—”0.'6V 8 ns
9ns = 0.36 V [9ns
10ns| —0.36 V™ "~-_ 10 ns
Ilns| 018V “Txx{1lns
12nst —0.18 Va-=""" t12ns

First step function
----- Second step function
(b) Bounce diagram
L (V)

6V{---

4V+

2 0.54V
— 1 1 (0s)

Lyl 12345 6 7809101112

-1.8V

_4V-.

(c) Voltage waveform at the load

Figure 2-45 Example 2-16.

gets damaged at some distance d from the sending end of
the line. The damage may alter the electrical properties or the
shape of the cable, causing it to exhibit at the fault location
an effective resistance Ry ;. A TDR sends a step voltage down
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(0, 1)
Drop in level caused
"t by reflection from fault
6V
/ I/1++ I/l_
3Vt —— === ==-
t t
0 12 us

(a) Observed voltage at the sending end

t=0
X —o
R, =7
+§ e Zo Ry 2y RL=2y
e
z=0 z=d

(b) The fault at z = d is represented by a
fault resistance Ry

Figure 2-46 Time-domain reflectometer of Example 2-17.

the line, and by observing the voltage at the sending end as a
function of time, it is possible to determine the location of the
fault and its severity.

If the voltage waveform shown in Fig. 2-46(a) is seen on
an oscilloscope connected to the input of a 75 Q matched
transmission line, determine (a) the generator voltage, (b) the
location of the fault, and (c) the fault shunt resistance. The
line’s insulating material is Teflon with & = 2.1.

Solution: (a) Since the line is properly matched, R, =
Ry, = Zy. In Fig. 2-46(b), the fault located a distance d from
the sending end is represented by a shunt resistance Ry. For a
matched line, Eq. (2.145b) gives

VR Zy 220 2

According to Fig. 2-46(a), V;" = 6 V. Hence,
Ve=2V" =12 V.
(b) The propagation velocity on the line is

¢ 3% 108
Uy = — =
P V2.1

=2.07 x 108 m/s.

B

For a fault at a distance d, the round-trip time delay of the

echo is
2

up

From Fig. 2-46(a), At = 12 us. Hence,

At

At 12x 107

> x2.07 x 108 =1,242 m.

(c) The drop in level of V(0,7) shown in Fig. 2-46(a) repre-
sents V,". Thus,

Vi =LV, =-3V,
or
-3 -
==

where I’y is the reflection coefficient due to the effective fault
resistance Ry ¢ that appears at z = d.
From Eq. (2.59),

It = —0.5,

I Ris—7Zy
f* 9
Ris+ 2y

which leads to Ry s = 25 Q. This fault load is composed of the
parallel combination of the fault shunt resistance Ry and the
characteristic impedance Z of the line to the right of the fault:

P11
Ryt R Zy’

so the shunt resistance must be 37.5 Q.

Example 2-18: Pulse Transmission

When excited by a pulse source of amplitude 1 V and dura-
tion 5 s, a transmission line—with unknown characteristic
impedance Z; and unknown load resistance Ry —exhibits the
voltage response shown in Fig. 2-47(b) when observed at the
middle of the line. The line relative permittivity is & = 2.25.
Determine (a) the length of the line, (b) Zy, and (c) Ry..

Solution: (a) The phase velocity is

c 3x 108
up:—:

V& V225

It takes 10 ps for the initial part of the pulse to reach the middle
of the line, so it would take it 7 = 20 us to reach the end of
the line. Hence,

=2 x 10% m/s.

I =u,T =2 x10%x 20 x 10~° = 4000 m.
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100Q | /
@
+
1V
| | Zo V(2 Ry
0 Sus =
O @
(a) Transmission line
V(1/2)
05V 4--------
03V f-------- e

10 us 15 pus 30 us 35us

(b) Observed voltage at midpoint of the line

Figure 2-47 Circuit and voltage response of Example 2-18.

(b) From Eq. (2.145b),

s Vel
L' R+ 7

In the present case, V, = 1V, Ry = 100 Q, and the waveform in
Fig. 2-47(b) indicates that V;" = 0.5 V. Solving for Z, leads to

Zo = 100 Q.

(c¢) The pulse that appears between 30 us and 35 us is due

to reflection by the load and its amplitude V,” = 0.3 V. Hence,

V. 03
L — = —0.6.

r =L
FTVE 05

Also,

RL-Z
R+ Zy

L

Using I, = 0.6 and Zy = 100 Q leads to

Ry =400 Q.

Concept Question 2-27: What is transient analysis
used for?

Concept Question 2-28: The transient analysis pre-
sented in this section was for a step voltage. How does
one use it for analyzing the response to a pulse?

Concept Question 2-29: What is the difference
between the bounce diagram for voltage and the bounce
diagram for current?

Concept Question 2-30: What is a TDR and what is it
used for?

Concept Question 2-31:  What do V., and I represent?
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Module 2.10 Transient Response For a lossless line terminated in a resistive load, the module simulates the dynamic
response—at any location on the line—to either a step or pulse waveform sent by the generator.

Module 2.10 Transien Options:  TransentFicts Set Load
R, = 100 (2] Update |

& Resistance ¢~ Conductance
Set Generator
Vumax = 10 vl
Ry = 100.0 [a]
Update |
Transient Plots © step Pulse Width 160.0 ps Data
Voltage V(t) - & pulse ¢ =] v Pulse Input T =160.0 [ps]
Cursor z =48.83 [mm]

2000 o VA [mV] Cursor Location = Transit Time: inputto load

T =33333333 [ps]

Transit Time: input to cursor position

Tg =1631 [ps]
|_| [] — Transit Time: inputto load and back to cursor
l_l T
U T o =50356667  [ps]
Phase velocity u,=3.0 [108 mis]

Reflection coefficients
2000 : : Iy =06 I, =-0.6667
0 4T 8T 13T
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Technology Brief 4:
EM Cancer Zappers

From laser eye surgery to 3-D X-ray imaging, EM
sources and sensors have been used as medical di-
agnostic and treatment tools for many decades. Future
advances in information processing and other relevant
technologies will undoubtedly lead to the greater perfor-
mance and utility of EM devices, as well as to the intro-
duction of entirely new types of devices. This Technology
Brief introduces two recent EM technologies that are still
in their infancy but are quickly developing into serious
techniques for the surgical treatment of cancer tumors.

Microwave Ablation

In medicine, ablation is defined as the “surgical removal
of body tissue,” usually through the direct application of
chemical or thermal therapies.

» Microwave ablation applies the same heat-
conversion process used in a microwave oven (see
TB3), but instead of using microwave energy to
cook food, it is used instead to destroy cancerous
tumors by exposing them to a focused beam of
microwaves. <«

The technique can be used percutaneously (through
the skin), laparoscopically (via an incision), or intraop-
eratively (open surgical access). Guided by an imaging
system, such as a CT scanner or an ultrasound imager,
the surgeon can localize the tumor and then insert a thin
coaxial transmission line (~1.5 mm in diameter) directly
through the body to position the tip of the transmission
line (a probe-like antenna) inside the tumor (Fig. TF4-1).
The transmission line is connected to a generator capa-
ble of delivering 60 W of power at 915 MHz (Fig. TF4-2).
The rise in temperature of the tumor is related to the
amount of microwave energy it receives, which is equal
to the product of the generator’s power level and the
duration of the ablation treatment. Microwave ablation is
a promising new technique for the treatment of liver, lung,
and adrenal tumors.

High-Power Nanosecond Pulses

Bioelectrics is an emerging field focused on the study
of how electric fields behave in biological systems. Of
particular recent interest is the desire to understand

Ultrasound transducer

Ablation catheter
(transmission line)
Liver

P

Ultrasound image

B

Figure TF4-2 Photograph of the setup for a percutaneous
microwave ablation procedure in which three single microwave
applicators are connected to three microwave generators. (Cour-
tesy of RadioGraphics, October 2005, pp. 569-583.)

how living cells might respond to the application of
extremely short pulses (on the order of nanoseconds
(10~? s) and even as short as picoseconds (1012 s)) with
exceptionally high voltage and current amplitudes.
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Tima (ns)
200

Conductor

Load (cells)
o

Conductor

1 With the switch open, the
device is charged up by its
connection to the high-voltage gy itch
source. Closing the switch sets

up transient waves.

High-valtage source

%=—— Ground

2 The voltage waves
- -
,{t\ reflect off the ends of the b =

3 When the
trailing edges
of the waves
finally meet, the
pulse ends.

"5 transmission line. The wave near N p
~ the switch inverts (red)—its polarity
changes—when it reflects, because that end is
shorted. When the inverted and noninverted waves crash
into each other at the load, a pulse of voltage results.

Figure TF4-3 High-voltage nanosecond pulse delivered to tumor cells via a transmission line. The cells to be shocked by the pulse sit in
a break in one of the transmission-line conductors. (Courtesy of IEEE Spectrum, August 2006.)

» The motivation is to treat cancerous cells by
zapping them with high-power pulses. The pulse
power is delivered to the cell via a transmission line,
as illustrated by the example in Fig. TF4-3. «

Note that the pulse is about 200 ns long, and its voltage
and current amplitudes are approximately 3,000 V and
60 A, respectively. Thus, the peak power level is about
180,000 W! However, the total energy carried by the
pulse is only (1.8 x 10%) x (2 x 1077) = 0.0036 joules.
Despite the low energy content, the very high voltage
appears to be very effective in destroying malignant
tumors (in mice, so far), with no regrowth.
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Chapter 2 Summary

Concepts

e A transmission line is a two-port network connecting a by the load. The sum of the two waves generates a

generator to a load. EM waves traveling on the line may
experience ohmic power losses, dispersive effects, and
reflections at the generator and load ends of the line.
These transmission-line effects may be ignored if the
line length is much shorter than A.

TEM transmission lines consist of two conductors that
can support the propagation of transverse electromag-
netic waves characterized by electric and magnetic
fields that are transverse to the direction of propagation.
TEM lines may be represented by a lumped-element
model consisting of four line parameters (R, L', G/,
and C') whose values are specified by the specific line
geometry, the constitutive parameters of the conductors
and of the insulating material between them, and the
angular frequency .

Wave propagation on a transmission line, which is
represented by the phasor voltage 17(1) and associated
current /( (z), is governed by the propagation constant
of the line, ¥ = o + jB, and its characteristic impe-
dance Zj. Both y and Z are specified by w and the four
line parameters.

If R = G’ =0, the line becomes lossless (o =0). A
lossless line is generally nondispersive, meaning that
the phase velocity of a wave is independent of the
frequency.

In general, a line supports two waves, an incident wave
supplied by the generator and another wave reflected

standing-wave pattern with a period of A /2. The volt-
age standing-wave ratio S, which is equal to the ratio
of the maximum to minimum voltage magnitude on the
line, varies between 1 for a matched load (Z;, = Zg) to =
for a line terminated in an open circuit, a short circuit,
or a purely reactive load.

The input impedance of a line terminated in a short cir-
cuit or open circuit is purely reactive. This property can
be used to design equivalent inductors and capacitors.
The fraction of the incident power delivered to the load
by a lossless line is equal to (1 — |T'[?).

The Smith chart is a useful graphical tool for ana-
lyzing transmission-line problems and for designing
impedance-matching networks.

Matching networks are placed between the load and
the feed transmission line for the purpose of elimi-
nating reflections toward the generator. A matching
network may consist of lumped elements in the form
of capacitors and/or inductors, or it may consist of
sections of transmission lines with appropriate lengths
and terminations.

Transient analysis of pulses on transmission lines can
be performed using a bounce-diagram graphical tech-
nique that tracks reflections at both the load and gener-
ator ends of the transmission line.
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Mathematical and Physical Models

TEM Transmission Lines
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Important Terms

admittance Y

air line

attenuation constant o

bounce diagram

characteristic impedance Z
coaxial line

complex propagation constant ¥
conductance G

current maxima and minima
dispersive transmission line
distortionless line

effective relative permittivity &
guide wavelength A
higher-order transmission lines
impedance matching

in-phase

input impedance Zi,

load impedance Z,

matched transmission line

matching network

microstrip line

normalized impedance

normalized load reactance xi,

normalized load resistance r,

open-circuited line

optical fiber

parallel-plate line

perfect conductor

perfect dielectric

phase constant 3

phase opposition

phase-shifted reflection
coefficient I'y

quarter-wave transformer

short-circuited line

single-stub matching

Provide definitions or explain the meaning of the following terms:

standing wave

standing-wave pattern

surface resistance Ry

susceptance B

SWR circle

telegrapher’s equations

TEM transmission lines

time-average power Py,

transient response

transmission-line parameters

two-wire line

unit circle

voltage maxima and minima

voltage reflection coefficient I'

voltage standing-wave ratio
(VSWR or SWR) §

wave equations

wave impedance Z(d)

slotted line
Smith chart

lossless line
lumped-element model

PROBLEMS

Sections 2-1 to 2-4: Transmission-Line Model

2.1 A two-wire copper transmission line is embedded in a
dielectric material with & = 2.6 and 6 = 2 x 107% S/m. Its
wires are separated by 3 cm and their radii are 1 mm each.

(a) Calculate the line parameters R, L', G, and C’ at 2 GHz.
(b) Compare your results with those based on CD Module
2.1. Include a printout of the screen display.

2.2 A transmission line of length [/ connects a load to a
sinusoidal voltage source with an oscillation frequency f.
Assuming the velocity of wave propagation on the line is c, for
which of the following situations is it reasonable to ignore the
presence of the transmission line in the solution of the circuit?

“(a) 1 =30cm, f =20kHz,
(b) 1 =50km, f =60 Hz,
*(¢) 1=130cm, f = 600 MHz,
(d) =2 mm, f =100 GHz.
2.3 Show that the transmission line model shown in Fig. P2.3

yields the same telegrapher’s equations given by Eqgs. (2.14)
and (2.16).

*
Answer(s) available in Appendix E.

waveguide
WTG and WTL
) R'Az L'Az R'Az L'Az
i(z,0) 2 2 2 2 izt Az0)
— —

Figure P2.3 Transmission line model.

“24 A1GHz parallel-plate transmission line consists of 2.4
cm wide copper strips separated by a 0.3 cm thick layer
of polystyrene. Appendix B gives p. = po = 41 x 1077
(H/m) and o, = 5.8 x 107 (S/m) for copper, and & = 2.6 for
polystyrene. Use Table 2-1 to determine the line parameters
of the transmission line. Assume y = Uy and ¢ ~ 0 for
polystyrene.
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2.5 For a parallel-plate transmission line, the line parameters
are given by:

R =2 (Q/m),

L' =335 (nH/m),
G =0,

C =344 (pF/m).

Find a, B, up, and Zy at 1 GHz.

2.6 A coaxial line with inner and outer conductor diameters
of 0.5 cm and 1 cm, respectively, is filled with an insulating
material with & = 4.5 and 6 = 1073 S/m. The conductors are
made of copper.

(a) Calculate the line parameters at 1 GHz.

(b) Compare your results with those based on CD Module
2.2. Include a printout of the screen display.

>:<2.7 Find «, B, up, and Zy for the coaxial line of Problem
2.6. Verify your results by applying CD Module 2.2. Include a
printout of the screen display.

2.8 Find a, B, up, and Zy for the two-wire line of Problem
2.1. Compare results with those based on CD Module 2.1.
Include a printout of the screen display.

2.9 A lossless microstrip line uses a 1 mm wide conducting
strip over a 1 cm thick substrate with & = 2.5. Determine
the line parameters, &, Zy, and B at 10 GHz. Compare your
results with those obtained by using CD Module 2.3. Include a
printout of the screen display.

“2.10 Use CD Module 2.3 to design a 100 Q microstrip
transmission line. The substrate thickness is 1.8 mm and its
& = 2.3. Select the strip width w, and determine the guide
wavelength A at f = 5 GHz. Include a printout of the screen
display.

2.11 A 50-Q microstrip line uses a 0.6-mm alumina substrate
with & = 9. Use CD Module 2.3 to determine the required strip
width w. Include a printout of the screen display.

2.12  Generate a plot of Zy as a function of strip width w,
over the range from 0.05 mm to 5 mm, for a microstrip line
fabricated on a 0.7-mm-—thick substrate with & = 9.8.

Sections 2-6 and 2-7: Lossless Line and Wave Impedance

2.13 In addition to not dissipating power, a lossless line
has two important features: (1) it is dispertionless (U, is
independent of frequency) and (2) its characteristic impedance
Zy is purely real. Sometimes, it is not possible to design a
transmission line such that R < oL’ and G’ < owC’, but it is

possible to choose the dimensions of the line and its material
properties so as to satisfy the condition

RC' =L'G (distortionless line).
Such a line is called a distortionless line because despite the
fact that it is not lossless, it does nonetheless possess the

previously mentioned features of the loss line. Show that for
a distortionless line,

C/ L/
(X:R/“?:VR/G/, ﬁ:a)\/L/C/, Z():“a.

“2.14  For a distortionless line [see Problem 2.13] with Zy =
50 Q, o =10 (mNp/m), u, = 2.5 x 10® (m/s), find the line
parameters and A at 100 MHz.

2.15 Find « and Z; of a distortionless line whose R’ = § Q/m
and G' =2 x 107* S/m.

“2.16 A transmission line operating at 125 MHz has
Zo =40 Q, o =0.01 (Np/m), and B = 0.75 rad/m. Find the
line parameters R', L', G’, and C’.

*2.17 Polyethylene with & = 2.25 is used as the insulating
material in a lossless coaxial line with characteristic impe-
dance of 50 Q. The radius of the inner conductor is 1.2 mm.

(a) What is the radius of the outer conductor?

(b) What is the phase velocity of the line?
2.18 Using a slotted line, the voltage on a lossless transmis-
sion line was found to have a maximum magnitude of 1.5 V

and a minimum magnitude of 0.5 V. Find the magnitude of the
load’s reflection coefficient.

2.19 A 50-Q1lossless transmission line is terminated in a load
with impedance Z;, = (30 — j50) Q. The wavelength is 8 cm.
Find:

(a) the reflection coefficient at the load,

(b) the standing-wave ratio on the line,

(¢) the position of the voltage maximum nearest the load,

(d) the position of the current maximum nearest the load.

(e) Verify quantities in parts (a)—(d) using CD Module 2.4.
Include a printout of the screen display.

2.20 A 300-Q lossless air transmission line is connected to a
complex load composed of a resistor in series with an inductor,
as shown in Fig. P2.20. At 5 MHz, determine: (a) I', (b) S,
(c) location of voltage maximum nearest to the load, and (d)
location of current maximum nearest to the load.
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(o O
R=600Q
Zo=300Q
L=0.02 mH
(o O

Figure P2.20 Circuit for Problem 2.20.

2.21 Using a slotted line, the following results were ob-
tained: distance of first minimum from the load =4 cm;
distance of second minimum from the load = 14 cm; voltage
standing-wave ratio = 1.5. If the line is lossless and Zy = 50 Q,
find the load impedance.

>:<2.22 On a 150 Q lossless transmission line, the following
observations were noted: distance of first voltage minimum
from the load = 3 cm; distance of first voltage maximum from
the load =9 cm; S = 2. Find Z; .

“2.23 A load with impedance 7 = (50 — j50) Q is to be
connected to a lossless transmission line with characteristic
impedance Zj, with Zy chosen such that the standing-wave
ratio is the smallest possible. What should Z; be?

2.24 A 50Q]lossless line terminated in a purely resistive load
has a voltage standing-wave ratio of 2. Find all possible values
of ZL.

2.25 Apply CD Module 2.4 to generate plots of the voltage
standing-wave pattern for a 50 Q line terminated in a load
impedance Z;, = (100 — j50) Q. Set V, =1V, Z, = 50 Q,
& =12.25,1=40cm, and f = 1 GHz. Also determine S, diax,
and din.

2.26 A 50 Q lossless transmission line is connected to a
load composed of a 75 Q resistor in series with a capacitor
of unknown capacitance (Fig. P2.26). If at 10 MHz the
voltage standing wave ratio on the line was measured to be 3,
determine the capacitance C.

Section 2-8: Wave and Input Impedance

2.27 Show that the input impedance of a quarter-
wavelength—long lossless line terminated in a short circuit
appears as an open circuit.

2.28 A lossless transmission line of electrical length
[ = 0.35A is terminated in a load impedance as shown in

§RL=7SQ

—C=?

Z():SOQ

o O-

Figure P2.26 Circuit for Problem 2.26.

Fig. P2.28. Find I, S, and Z;,. Verify your results using CD
Modules 2.4 or 2.5. Include a printout of the screen’s output
display.

|[+——/=035A——

(o O

Zin —>

Zo=100Q [] ZL= (60 + j30) Q

(o O

Figure P2.28 Circuit for Problem 2.28.

2.29 At an operating frequency of 300 MHz, a lossless 50 Q
air-spaced transmission line 2.5 m in length is terminated with
an impedance Z;, = (40 + j20) Q. Find the input impedance.

2.30 Show that at the position where the magnitude of the
voltage on the line is a maximum, the input impedance is
purely real.

2.31 A 6 m section of 150 Q lossless line is driven by a
source with

vg(t) = 5cos(8m x 107t —30°) (V)

and Z; = 150 Q. If the line, which has a relative permittivity
& = 2.25, is terminated in a load Z;, = (150 — j50) Q, deter-
mine:

(a) A on the line.
>|<(b) The reflection coefficient at the load.
(¢) The input impedance.
(d) The input voltage \71
(e) The time-domain input voltage v; ().
(f) Quantities in (a) to (d) using CD Modules 2.4 or 2.5.
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2.32 A voltage generator with o .
Vg (1) = Scos(27 x 10%1) V
and internal impedance Z, = 50 Q is connected to a 50 Q Zp=50Q [] Z1,=(30—,20) Q
lossless air-spaced transmission line. The line length is
5 cm and the line is terminated in a load with impedance
71, = (100 — j100) Q. Determine: o _
*(a) T at the load. @)
(b) Z;, at the input to the transmission line.
(¢) The input voltage ‘71 and input current L. J
(d) The quantities in (a)—(c) using CD Modules 2.4 or 2.5. o X _.3
2.33 Two half-wave dipole antennas, each with an impe-
dance of 75 Q, are connected in parallel through a pair of .
transmission lines, and the combination is connected to a feed Zp=50Q R [] 71, =(30—,20) Q
transmission line, as shown in Fig. P2.33. r
Z;
| (o O
b
75 Q ®)
|
(|: 0.34 (Antenna) Figure P2.34 Circuit for Problem 2.34.
Z.
Zip — .
Zin2
o

75 Q
(Antenna)

Figure P2.33 Circuit for Problem 2.33.

All lines are 50 Q and lossless.

X . .
(a) Calculate Z;, , the input impedance of the antenna-
terminated line, at the parallel juncture.

(b) Combine Z;,, and Z;,, in parallel to obtain 7!, the effec-
tive load impedance of the feedline.

(¢) Calculate Z;, of the feedline.

2.34 A 50-Q lossless line is terminated in a load impedance
71 = (30— j20) Q.
(a) Calculate I" and S.

(b) It has been proposed that by placing an appropriately
selected resistor across the line at a distance d,,,x from
the load (as shown in Fig. P2.34(b)), where dp,ax is the
distance from the load of a voltage maximum, then it is
possible to render Z; = Z, thereby eliminating reflection
back to the end. Show that the proposed approach is valid
and find the value of the shunt resistance.

“2.35 For the lossless transmission line circuit shown in
Fig. P2.35, determine the equivalent series lumped-element
circuit at 400 MHz at the input to the line. The line has a
characteristic impedance of 50 Q and the insulating layer has
& =2.25.

o O
% Zp=50Q 75 Q
in=> 0 §
(o O
| 1.2m |

Figure P2.35 Circuit for Problem 2.35.

Section 2-8: Special Cases

2.36 A lossless transmission line is terminated in a short
circuit. How long (in wavelengths) should the line be for it
to appear as an open circuit at its input terminals?
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2.37 At an operating frequency of 300 MHz, it is desired to
use a section of a lossless 50 Q transmission line terminated
in a short circuit to construct an equivalent load with reactance
X =40 Q. If the phase velocity of the line is 0.75¢, what is
the shortest possible line length that would exhibit the desired
reactance at its input? Verify your results using CD Module
2.5.

2.38 The input impedance of a 36 cm long lossless transmis-
sion line of unknown characteristic impedance was measured
at 1 MHz. With the line terminated in a short circuit, the
measurement yielded an input impedance equivalent to an
inductor with inductance of 0.064 uH, and when the line was
open-circuited, the measurement yielded an input impedance
equivalent to a capacitor with capacitance of 40 pF. Find Z; of
the line, the phase velocity, and the relative permittivity of the
insulating material.

©2.39 A 75 Q resistive load is preceded by a A /4 section
of a 50 Q lossless line, which itself is preceded by another
A /4 section of a 100-Q line. What is the input impedance?
Compare your result with that obtained through two successive
applications of CD Module 2.5.

2.40 A 100-MHz FM broadcast station uses a 300-Q trans-

mission line between the transmitter and a tower-mounted

half-wave dipole antenna. The antenna impedance is 73 Q. You
are asked to design a quarter-wave transformer to match the
antenna to the line.

(a) Determine the electrical length and characteristic impe-
dance of the quarter-wave section.

(b) If the quarter-wave section is a two-wire line with
D = 2.5 cm, and the wires are embedded in polystyrene
with & = 2.6, determine the physical length of the
quarter-wave section and the radius of the two wire
conductors.

2.41 A50Q]ossless line of length I = 0.375A connects a 300
MHz generator with V; = 300 V and Z, = 50 Q to a load Z; .
Determine the time-domain current through the load for:

(a) ZL = (50— j50) Q
“b) ZL=50Q
(¢) Z, =0 (short circuit)

For (a), verify your results by deducing the information you
need from the output products generated by CD Module 2.4.

Section 2-9: Power Flow on Lossless Line

2.42 A generator with Vg =300 V and Z, = 50 Q is con-
nected to a load Zy, = 75 Q through a 50-Q lossless line of
length [ = 0.154.

>k(a) Compute Zj,, the input impedance of the line at the
generator end.

(b) Compute Z and \71

(c) Compute the time-average power delivered to the line,

(d) Compute VL, INL, and ihg time-average power delivered to
the load, P = %D‘ie[VLII’j. How does P,, compare to P?
Explain.

(e) Compute the time-average power delivered by the gener-
ator, P, and the time-average power dissipated in Z,. Is
conservation of power satisfied?

2.43 If the two-antenna configuration shown in Fig. P2.43
(next page) is connected to a generator with Vg =250 V and
Z, = 50 Q, how much average power is delivered to each
antenna?

>:<2.44 For the circuit shown in Fig. P2.44, calculate the
average incident power, the average reflected power, and the
average power transmitted into the infinite 100-Q line. The
A /2 line is lossless and the infinitely long line is slightly lossy.
(Hint: The input impedance of an infinitely long line is equal
to its characteristic impedance so long as ¢ # 0.)

50 Q

| ——12—

Z():SOQ

o F 77

P}, = — P},

Z1 =100 Q —» oo

T
Pyy <-—

Figure P2.44 Circuit for Problem 2.44.

2.45 The circuit shown in Fig. P2.45 consists of a
100-Q lossless transmission line terminated in a load with
Z1. = (504 j100) Q. If the peak value of the load voltage was

measured to be |V| = 12 V, determine:

“(a) the time-average power dissipated in the load,
(b) the time-average power incident on the line,

(c) the time-average power reflected by the load.
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Z,=75Q
500 | " (Antenna 1)
A
250V Zin —>  Line 1
B
Generator -
Z1,=75Q
- (Antenna 2)
|
Figure P2.43 Antenna configuration for Problem 2.43.
e) I'=0
e ((f; r=j
2.48 Use the Smith chart to find the reflection coefficient
;g Zo=100Q [] ZL= (50 +/100) Q c((;r)re;]ioidégi to a load impedance of
. . ) 2= (2~ j2)2
(©) ZL=—j2Z

Figure P2.45 Circuit for Problem 2.45.

2.46 An antenna with a load impedance
7= (754 j25)Q

is connected to a transmitter through a 50-Q lossless trans-
mission line. If under matched conditions (50-Q load) the
transmitter can deliver 20 W to the load, how much power can
it deliver to the antenna? Assume that Z, = Zj.

Section 2-10: Smith Chart

2.47 Use the Smith chart to find the normalized load impe-
dance corresponding to a reflection coefficient of

(a) =05

(b) I'=0.5260°
(¢c) '=-1

(d) '=0.32=3

(d) Zp = 0 (short circuit)
2.49 Repeat Problem 2.48 using CD Module 2.6.

¥2.50 Use the Smith chart to determine the input impedance
Zin of the two-line configuration shown in Fig. P2.50.

2.51 Repeat Problem 2.50 using CD Module 2.6.

2.52 A lossless 50 Q transmission line is terminated in a
load with Z, = (504 j25) Q. Use the Smith chart to find the
following:

(a) The reflection coefficient I.

* (b) The standing-wave ratio.
(¢) The input impedance at 0.35A from the load.
(d) The input admittance at 0.35A from the load.

(e) The shortest line length for which the input impedance is
purely resistive.

(f) The position of the first voltage maximum from the load.

¥2.53 On a lossless transmission line terminated in a load
Z1, = 100 Q, the standing-wave ratio was measured to be 2.5.
Use the Smith chart to find the two possible values of Zj.
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=38

I =518

e B
(o O

Zin—> ZOI =100 Q

(o O

(o]

Zpn=50Q [] Zr = (75 —-j50) Q

O
2 %4

Figure P2.50 Circuit for Problem 2.50.

2.54 Repeat Problem 2.53 using CD Module 2.6.

¥2.55 A lossless 50-Q transmission line is terminated in a
short circuit. Use the Smith chart to determine:
(a) The input impedance at a distance 2.3A from the load.
(b) The distance from the load at which the input admittance
is Y, = —j0.04 S.
2.56 Repeat Problem 2.55 using CD Module 2.6.

>:<2.57 Use the Smith chart to find y if z = 1.5 — jO.7.

2.58 A lossless 100-Q transmission line 34 /8 in length is
terminated in an unknown impedance. If the input impedance
is Zin = —j2.5 Q,

(a) Use the Smith chart to find Z; .

(b) Verify your results using CD Module 2.6.

2.59 A 75-Q lossless line is 0.6A long. If S = 1.8 and 6, =
—60°, use the Smith chart to find |I'|, Z;, and Z,.

2.60 Repeat Problem 2.59 using CD Module 2.6.

*2.61 Using a slotted line on a 50-Q air-spaced lossless
line, the following measurements were obtained: S = 1.6 and
|‘7|maX occurred only at 10 cm and 24 ¢cm from the load. Use
the Smith chart to find Z; .

2.62 At an operating frequency of 10 GHz, a 50 Q lossless
coaxial line with insulating material having a relative permit-
tivity & = 2.25 is terminated in an antenna with an impedance
Z1, = 150 Q. Use the Smith chart to find Z;,. The line length is
30 cm.

Section 2-11: Impedance Matching

©2.63 A 50-Q lossless line 0.6 long is terminated in a load
with Z, = (50+ j25) Q. At 0.3A from the load, a resistor with
resistance R = 30 Q is connected as shown in Fig. P2.63. Use
the Smith chart to find Zj,.

Zn— 7=50Q 2300  2%=50Q [z

(0, . O
| 0.34 0.34 |

Zi = (50 +,25) Q

Figure P2.63 Circuit for Problem 2.63.

2.64 Use CD Module 2.7 to design a quarter-wavelength
transformer to match a load with Zp, = (50 + j10) Q to a 100
Q line.

2.65 Use CD Module 2.7 to design a quarter-wavelength
transformer to match a load with Z;, = (100 — j200) Q to a 50
Q line.

2.66 A 200-Q transmission line is to be matched to a

computer terminal with Z;, = (50 — j25) Q by inserting an

appropriate reactance in parallel with the line. If f = 800 MHz

and & = 4, determine the location nearest to the load at which

inserting:

(a) A capacitor can achieve the required matching, and the
value of the capacitor.

(b) An inductor can achieve the required matching, and the
value of the inductor.

2.67 Repeat Problem 2.66 using CD Module 2.8.

2.68 A 50-Q]lossless line is to be matched to an antenna with
Z1. = (75— j20) Q using a shorted stub. Use the Smith chart
to determine the stub length and distance between the antenna
and stub.

2.69 Repeat Problem 2.68 for a load with
Zi, = (100+ j50) Q.
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2.70 Repeat Problem 2.68 using CD Module 2.9.
2.71 Repeat Problem 2.69 using CD Module 2.9.

2.72 Determine Z;, of the feed line shown in Fig. P2.72. All
lines are lossless with Zy = 50 Q.

71 = (50 +j50) Q

7{\
|
7= (50 —j50) Q

Figure P2.72 Circuit of Problem 2.72.

*2.73 Repeat Problem 2.72 for the case where all three trans-
mission lines are 34 /4 in length.

2.74 A 25 Q antenna is connected to a 75 Q lossless
transmission line. Reflections back toward the generator can
be eliminated by placing a shunt impedance Z at a distance /
from the load (Fig. P2.74). Determine the values of Z and .

1=9
I I
o O
B A
Zy=75Q 7=9 []ZLzzsg
(o O

Figure P2.74 Circuit for Problem 2.74.

Section 2-12: Transients on Transmission Lines

2.75 In response to a step voltage, the voltage waveform
shown in Fig. P2.75 was observed at the sending end of a

lossless transmission line with R, = 50 Q, Zg = 50 Q, and
& = 4. Determine the following:

(a) The generator voltage.
(b) The length of the line.
(¢) The load impedance.

(0, )

5V

3V

+ t
0 6 us

Figure P2.75 Voltage waveform for Problems 2.75 and 2.79.

276  Generate a bounce diagram for the voltage V (z,¢) fora 1
m long lossless line characterized by Zy = 50 Q and u, = 2c¢/3
(where c is the velocity of light) if the line is fed by a step
voltage applied at ¢ = 0 by a generator circuit with Vy = 60 V
and R, = 100 Q. The line is terminated in a load Ry = 25 Q.
Use the bounce diagram to plot V() at a point midway along
the length of the line from t = 0 to t = 25 ns.

2.77 Repeat Problem 2.76 for the current I(z,¢) on the line.

©2.78 In response to a step voltage, the voltage waveform
shown in Fig. P2.78 was observed at the sending end of a
shorted line with Zy = 50 Q and & = 2.25. Determine Vg, R,,
and the line length.

70, )

12V

3V

0 7 us
Figure P2.78 Voltage waveform of Problem 2.78.
2.79 Suppose the voltage waveform shown in Fig. P2.75

was observed at the sending end of a 50-Q transmission line
in response to a step voltage introduced by a generator with
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Ve = 15 V and an unknown series resistance R,. The line is
1 km in length, its velocity of propagation is 2 x 10% m/s, and
it is terminated in a load R, = 100 Q.

(a) Determine Ry.

(b) Explain why the drop in level of V(0,7) at# = 6 us cannot
be due to reflection from the load.

(¢) Determine the shunt resistance Ry and location of the fault
responsible for the observed waveform.

“2.80 In response to a step voltage, the voltage waveform
shown in Fig. P2.80 was observed at the midpoint of a
lossless transmission line with Zy = 50 Q and up, =1 x 108
m/s. Determine:

(a) the length of the line,
(b) Z,

(¢) Ry, and

(d) V.

(112, 1)

12V ---

15 21 t(us)

_3V _____________________

Figure P2.80 Circuit for Problem 2.80.

2.81 A generator circuit with V, =200 V and R, = 25 Q was
used to excite a 75 Q lossless line with a rectangular pulse of
duration 7 = 0.4 us. The line is 200 m long, its u, = 2 x 108
m/s, and it is terminated in a load R, = 125 Q.

(a) Synthesize the voltage pulse exciting the line as the sum
of two step functions, Vg, (f) and Vg, (1).

(b) For each voltage step function, generate a bounce diagram
for the voltage on the line.

(c) Use the bounce diagrams to plot the total voltage at the
sending end of the line.

2.82 For the circuit of Problem 2.81, generate a bounce
diagram for the current and plot its time history at the middle
of the line.
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Overview

In our examination of wave propagation on a transmission
line in Chapter 2, the primary quantities we worked with were
voltage, current, impedance, and power. Each of these is a
scalar quantity, meaning that it can be completely specified by
its magnitude if it is a positive real number or by its magnitude
and phase angle if it is a negative or a complex number (a
negative number has a positive magnitude and a phase angle
of 7 (rad)). This chapter is concerned with vectors. A vector
has a magnitude and a direction. The speed of an object is a
scalar, whereas its velocity is a vector.

Starting in the next chapter and throughout the succeeding
chapters in this book, the primary electromagnetic quanti-
ties we deal with are the electric and magnetic fields, E
and H. These, and many other related quantities, are vec-
tors. Vector analysis provides the mathematical tools nec-
essary for expressing and manipulating vector quantities in
an efficient and convenient manner. To specify a vector in
three-dimensional space, it is necessary to specify its compo-
nents along each of the three directions.

» Several types of coordinate systems are used in the
study of vector quantities, the most common being the
Cartesian (or rectangular), cylindrical, and spherical sys-
tems. A particular coordinate system is usually chosen to
best suit the geometry of the problem under considera-
tion. «

Vector algebra governs the laws of addition, subtraction,
and “multiplication” of vectors. The rules of vector algebra and
vector representation in each of the aforementioned orthogonal
coordinate systems (including vector transformation between
them) are two of the three major topics treated in this chapter.
The third topic is vector calculus, which encompasses the
laws of differentiation and integration of vectors, the use of
special vector operators (gradient, divergence, and curl), and
the application of certain theorems that are particularly useful
in the study of electromagnetics, most notably the divergence
and Stokes’s theorems.

3-1 Basic Laws of Vector Algebra

A vector is a mathematical object that resembles an arrow.
Vector A in Fig. 3-1 has magnitude (or length) A = |A| and
unit vector a:

A=4alA|=4aA. 3.1)

Figure 3-1 Vector A = 4A has magnitude A = |A| and points
in the direction of unit vector 8 = A /A.

z
A
AZ‘:I\\
1
Af
1
'4
IZ
1
1 4
4 .
Z =
Ay A W

(b) Components of 4

Figure 3-2 Cartesian coordinate system: (a) base vectors X, ¥,
and Z and (b) components of vector A.

The unit vector & has a magnitude of one (|a] = 1) and points
from A’s tail or anchor to its head or tip. From Eq. (3.1),

. A A
4a=— =

Al (3.2)

In the Cartesian (or rectangular) coordinate system shown
in Fig. 3-2(a), the x, y, and z coordinate axes extend along
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directions of the three mutually perpendicular unit vectors X,
¥, and Z, which are also called base vectors. The vector A in
Fig. 3-2(b) may be decomposed as

A=XA,+3A,+12A,, (3.3)
where Ay, Ay, and A; are A’s scalar components along the
x-, y-, and z axes, respectively. The component A, is equal to
the perpendicular projection of A onto the z axis, and similar
definitions apply to Ay and Ay. Application of the Pythagorean
theorem—first to the right triangle in the x—y plane to express
the hypotenuse A, in terms of A, and A, and then again to the
vertical right triangle with sides A, and A, and hypotenuse A—
yields the following expression for the magnitude of A:

A=|A|= {/AZ+ A2+ A2,

Since A is a nonnegative scalar, only the positive root applies.
From Eq. (3.2), the unit vector a is

(3.4)

S A RAIA 24

A eraiar

Occasionally, we use the shorthand notation A = (Ay,Ay,A;) to
denote a vector with components Ay, Ay, and A; in a Cartesian
coordinate system.

(3.5)

3-1.1 Equality of Two Vectors

Two vectors A and B are equal if they have equal magnitudes
and identical unit vectors. Thus, if

A =8A =fA,+ A, +2A., (3.6a)
B =bB =%B,+§B, +1B., (3.6b)

then A =B ifand only if A =B and a4 = f), which requires that
Ay=By, Ay=By,and A, = B,.

» Equality of two vectors does not necessarily imply that
they are identical; in Cartesian coordinates, two displaced
parallel vectors of equal magnitude and pointing in the
same direction are equal, but they are identical only if they
lie on top of one another. <«

3-1.2 Vector Addition and Subtraction

The sum of two vectors A and B is a vector

C=%C,+§C,+2C.,

B

(a) Parallelogram rule (b) Head-to-tail rule

Figure 3-3 Vector addition by (a) the parallelogram rule and
(b) the head-to-tail rule.

given by

C=A+B= (%A, +§A,+2A;) + (XB, +§B, + 2B;)
=X(Ac+By) +§(Ay +By) +2(A; + B;)

=XC,+yC,+12C, 3.7
with C, = A, + By, etc.
» Vector addition is commutative:
C=A+B=B-+A. (3.8)

Graphically, vector addition can be accomplished by either the
parallelogram or the head-to-tail rule (Fig. 3-3). Vector C is
the diagonal of the parallelogram with sides A and B. With the
head-to-tail rule, we may either add A to B or B to A. When
A is added to B, it is repositioned so that its tail starts at the
tip of B while keeping its length and direction unchanged. The
sum vector C starts at the tail of B and ends at the tip of A.

Subtraction of vector B from vector A is equivalent to the
addition of A to negative B. Thus,

D=A-B=A+(-B)

= ﬁ(Ax - Bx) + y(A)' - B}') + i(Az - Bz)- (3~9)
Graphically, the same rules used for vector addition are also
applicable to vector subtraction; the only difference is that the
arrowhead of (—B) is drawn on the opposite end of the line
segment representing the vector B (i.e., the tail and head are
interchanged).

3-1.3 Position and Distance Vectors

The position vector of a point P in space is the vector from the
origin to P. Assuming points Py and P, are at (x1,y;,z;) and
(x2,¥2,22) in Fig. 3-4, their position vectors are

— R R
R, = 0P =xxy +¥yy1 +12z1, (3.10a)
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X

. . —
Figure 3-4 Distance vector Rj; = P|P, = Ry — Ry, where R;
and R; are the position vectors of points P and P», respectively.

— . .
Ry = OP, = Xxp + 92 + 225, (3.10b)
where point O is the origin.
The distance vector from Py to P, is defined as
—
R, =PP=R;—R
=%(x2 —x1) +§02 —y1) +2(z2—21), B.11)

and the distance d between P; and P, equals the magnitude
of R12!

d=Rp|=[(x2—x1)*+ (2 —y1)* + (2 —2)2]V% (3.12)

Note that the first and second subscripts of Ry, denote the
locations of its tail and head, respectively (Fig. 3-4).

3-1.4 Vector Multiplication

There exist three types of products in vector calculus: the
simple product, the scalar (or dot) product, and the vector (or
cross) product.

Simple Product

The multiplication of a vector by a scalar is called a simple
product. The product of the vector A = 4A by a scalar k results
in a vector B with magnitude B = kA and direction the same

A

as A. That is, b = a. In Cartesian coordinates,
B = kA = akA = X(kA.) + §(kA,) + 2(kA;)

=RB,+§By+1B.. (3.13)

D
&
\ [5

(a) (b)

Figure 3-5 The angle 6435 is the angle between A and B,
measured from A to B between vector tails. The dot product
is positive if 0 < G4 < 90°, as in (a), and it is negative if
90° < 045 < 180°, as in (b).

Scalar or Dot Product

The scalar (or dot) product of two co-anchored vectors A
and B, denoted A -B and pronounced “A dot B,” is defined
geometrically as the product of the magnitude of A and the
scalar component of B along A, or vice versa. Thus,

A-B =ABcos0O,p, (3.14)

where 0,p is the angle between A and B (Fig. 3-5) measured
from the tail of A o the tail of B. Angle 645 is assumed to be
in the range 0 < 04 < 180°. The scalar product of A and B
yields a scalar whose magnitude is less than or equal to the
products of their magnitudes (equality holds when 645 = 0)
and whose sign is positive if 0 < 845 < 90° and negative if
90° < B4 < 180°. When 045 = 90°, A and B are orthogonal,
and their dot product is zero. The quantity AcosOp is the
scalar component of A along B. Similarly, Bcos8p, is the
scalar component of B along A.

The dot product obeys both the commutative and
distributive properties of multiplication:

A-B=B-A, (3.15a)
(commutative property)
A-B+C)=A-B+A-C. (3.15b)

(distributive property)

The commutative property follows from Eq. (3.14) and the fact
that 645 = 6p4. The distributive property expresses the fact that
the scalar component of the sum of two vectors along a third
one equals the sum of their respective scalar components.

The dot product of a vector with itself gives

A-A=|A?=4% (3.16)
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which implies that

A=|Al= VA-A. (3.17)
Also, 645 can be determined from
0, cosl{————:é;!i————} (3.18)
e VA-A VBB '

Since the base vectors X, ¥, and Z are each orthogonal to the
other two, it follows that

X-X=y-y=2-2=1, (3.19a)
X-y=y-2=2-x=0 (3.19b)
If A = (A« Ay, A;) and B = (By, By, B;), then
A-B=(%A.+JA,+12A;)-(XB, +§B, +1B;). (3.20)
Use of Egs. (3.19a) and (3.19b) in Eq. (3.20) leads to
A-B=AB,+A,By+A.B;. (3.21)

Vector or Cross Product

The vector (or cross) product of two vectors A and B, denoted
A x B and pronounced “A cross B,” yields a vector defined as

A XB =10 ABsin6,g, (3.22)

where 1 is a unit vector normal to the plane containing A
and B (Fig. 3-6(a)). The magnitude of the cross product,
AB|sin 05|, equals the area of the parallelogram defined by the
two vectors. The direction of fi is governed by the right-hand
rule (Fig. 3-6(b)): ©i points in the direction of the right thumb
when the fingers rotate from A to B through the angle 045.
Note that, since fi is perpendicular to the plane containing A
and B, A x B is perpendicular to both vectors A and B.

The cross product is anticommutative and distribu-
tive:

AxB=-BxA (anticommutative). (3.23a)

The anticommutative property follows from the application of
the right-hand rule to determine fi. The distributive property
follows from the fact that the area of the parallelogram formed

® A xB=nABsin ,p

(a) Cross product

AxB

A
(b) Right-hand rule

Figure 3-6 Cross product A x B points in the direction A,
which is perpendicular to the plane containing A and B and
defined by the right-hand rule.

by A and (B + C) equals the sum of those formed by (A and B)
and (A and C):

Ax(B+C)=AxB+AxC,
(distributive)

(3.23b)

The cross product of a vector with itself vanishes. That is,

AXA=0. (3.24)

From the definition of the cross product given by Eq. (3.22),
it is easy to verify that the base vectors X, ¥, and Z of
the Cartesian coordinate system obey the right-hand cyclic
relations:
XXy=12,

yXZ=X%, ZxXx=9. (3.25)

Note the cyclic order (xyzxyz...). Also,

AXR=§x§=2x2=0. (3.26)
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If A =(A,Ay,A;) and B = (B,,By,B;), then use of Egs. (3.25)
and (3.26) leads to
AxB = (%A, +JA,+2A;) x (B, +§B, +1B;)
=R(A)B: —A:By) + §(A:B: — A:B:)
+2(ABy — AB,). (3.27)

The cyclical form of the result given by Eq. (3.27) allows us to
express the cross product in the form of a determinant:

X § 2
AxB=| A, A, A | (3.28)
B, B, B.

Example 3-1: Vectors and Angles

In Cartesian coordinates, vector A points from the origin to
point P; = (2,3,3), and vector B is directed from P; to point
P, =(1,-2,2). Find:

(a) vector A, its magnitude A, and unit vector a,

(b) the angle between A and the y axis,

(c) vector B,

(d) the angle 645 between A and B, and

(e) perpendicular distance from the origin to vector B.

Solution: (a) Vector A is given by the position vector of
Py =(2,3,3) (Fig. 3-7). Thus,

A=R2+§3+13,

048 ,/
P1=(23,3)
P2 = (13 _27 2)

Figure 3-7 Geometry of Example 3-1.

A=Al=V22432432=V22,

a=—=(X2+§3+23)/V22.

=

(b) The angle  between A and the y axis is obtained from
A-§=]A||§|cosB =Acosf,

or
—eos (AY) Cos (2 25000
B = cos (A )—cos <m)—50.2.
(c)
B=x(1-2)+y(-2-3)+z22—-3)=—%k—§95—12
(d)

A-B —2—-15—
GABZCOS*l [—] =cos™! [M
A[[B| V2227

(e) The perpendicular distance between the origin and vector B

} = 145.1°.

is the distance | OP; | shown in Fig. 3-7. From right triangle
OP\Ps,

—) .
‘ 0P3 | = \A|sm(180° — GAB)
= /22 5in(180° — 145.1°) = 2.68.

Example 3-2: Cross Product

Given vectors A = X2 —§+ 23 and B = §2 — 23, compute
(a) Ax B, (b) §xB,and (c) (§ x B)-A.

Solution: (a) Application of Eq. (3.28) gives

X ¥ Z

AxB=|2 -1 3

0 2 -3
=%((-1)x(=3)—3x%x2)—§(2x(=3)—3x%x0)

+2(2x2—(-1x0))
=—X3+y6+74.
(b)§xB=yx (§2—123) = —%3.
(©)(§xB)-A=—-%3-(%2—§+123)=—6.
Exercise 3-1: Find the distance vector between

P =(1,2,3) and P, = (—1,—-2,3) in Cartesian coor-
dinates.

—
Answer: PP, = —%2 — $4. (See @)
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Exercise 3-2: Find the angle 645 between vectors A and B
of Example 3-1 from the cross product between them.

Answer: 0945 = 145.1°. (See &)

Exercise 3-3: Find the angle between vector B of Exam-
ple 3-1 and the z axis.

Answer: 101.1°. (See €.)

Exercise 3-4: Vectors A and B lie in the y—z plane and
both have the same magnitude of 2 (Fig. E3.4). Determine
(a) A-B and (b) A x B.

z
B
1 2\30°
: A
----------- 2 y
X
Figure E3.4

Answer: (a) A-B = —2;(b) A x B = £3.46. (See @)

Exercise 3-5: If A-B = A - C, does it follow that B = C?
Answer: No. (See €.)

3-1.5 Scalar and Vector Triple Products

When three vectors are multiplied, not all combinations of dot
and cross products are meaningful. For example, the product

Ax(B-C)

does not make sense because B C is a scalar, and the cross
product of the vector A with a scalar is not defined under the
rules of vector algebra. Other than the product of the form
A(B-C), the only two meaningful products of three vectors
are the scalar triple product and the vector triple product.

Scalar Triple Product

The dot product of a vector with the cross product of two other
vectors is called a scalar triple product, so named because the

result is a scalar. A scalar triple product obeys the cyclic order:

A-BxC)=B-(CxA)=C-(AxB). (3.29)

The equalities hold as long as the cyclic order (ABCABC...) is
preserved. The scalar triple product of vectors A = (A,,Ay,A;),
B = (B,,B,,B;), and C = (C,,C,,C;) can be expressed in the
form of a 3 x 3 determinant:

A Ay A,
A-BxC)=| B, B, B, (3.30)
. C C

The validity of Egs. (3.29) and (3.30) can be verified by
expanding A, B, and C in component form and carrying out
the multiplications.

Vector Triple Product

The vector triple product involves the cross product of a vector

with the cross product of two others, such as

Ax (BxC). (3.31)

Since each cross product yields a vector, the result of a vector

triple product is also a vector. The vector triple product does
not obey the associative law. That is,

Ax(BxC)# (AxB)xC, (3.32)

which means that it is important to specify which cross multi-

plication is to be performed first. By expanding the vectors A,
B, and C in component form, it can be shown that

Ax(BxC)=B(A-C)—C(A-B), (3.33)

which is known as the “bac-cab” rule.

Example 3-3: Vector Triple Product

Given A=%X—-9+22, B=9+12 and C = —X2 423, find
(A x B) x C and compare it with A x (B x C).

Solution:

S = W
| e
—

— N N

AxB=
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and
X y 2
(AxB)xC=| =3 —1 1 |=—-%3+§7—122.
-2 0 3

A similar procedure gives A X (B x C) = X2+ §4 + 2. The
fact that the results of two vector triple products are different
demonstrates the inequality stated in Eq. (3.32).

Concept Question 3-1: When are two vectors equal
and when are they identical?

Concept Question 3-2:  When is the position vector of a
point identical to the distance vector between two points?

Concept Question 3-3: If A-B =0, what is 645?
Concept Question 3-4: If A x B =0, whatis 6457

Concept Question 3-5:
uct?

Is A(B- C) a vector triple prod-

Concept Question 3-6: If A-B = A-C, does it follow

that B = C?

3-2 Orthogonal Coordinate Systems

A three-dimensional coordinate system allows us to uniquely
specify locations of points in space and the magnitudes and
directions of vectors. Coordinate systems may be orthogonal
or nonorthogonal.

» An orthogonal coordinate system is one in which
coordinates are measured along locally mutually perpen-
dicular axes. <«

Nonorthogonal systems are very specialized and seldom used

in solving practical problems. Many orthogonal coordinate

systems have been devised, but the most commonly used are
e the Cartesian (also called rectangular),

e the cylindrical, and

o the spherical coordinate system.

Why do we need more than one coordinate system? Whereas
a point in space has the same location and an object has the
same shape regardless of which coordinate system is used
to describe them, the solution of a practical problem can be
greatly facilitated by the choice of a coordinate system that
best fits the geometry under consideration. The following sub-
sections examine the properties of each of the aforementioned
orthogonal systems, and Section 3-3 describes how a point or
vector may be transformed from one system to another.

3-2.1 Cartesian Coordinates

The Cartesian coordinate system was introduced in Section 3-1
to illustrate the laws of vector algebra. Instead of repeating
these laws for the Cartesian system, we summarize them in
Table 3-1. Differential calculus involves the use of differen-
tial lengths, areas, and volumes. In Cartesian coordinates, a
differential length vector (Fig. 3-8) is expressed as

A =Rdl,+§dly+2dl.=%dx+§dy+2dz. (334

where dl, = dx is a differential length along X, and similar
interpretations apply to dl, = dy and dI, = dz.

A differential area vector ds is a vector with magnitude ds
equal to the product of two differential lengths (such as dl,
and dl,) and direction specified by a unit vector along the third

z ds, =7 dx dy
A
dy
dx
> ds, = § dx dz
/ZI dz
dz“\\dl Ve dv = dx dy dz

. ds, = X dy dz

|

1

d
>3 -
dx \\|//

Figure 3-8 Differential length, area, and volume in Cartesian
coordinates.
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Table 3-1 Summary of vector relations.

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X2 79,z R.0,¢
Vector representation A = KA+ A, + 24, TA, —Hi)A,p +ZA; RAz 4604, +<|3A¢
Magnitude of A |A| = (/A2 + A%+ A2 A A A2 AR +AG A
— o
Position vector oprP, = Xx1 +¥y1 +2z1, tr| +1z1, RR,
for P(x1,y1,21) for P(ry,01,21) for P(R1,01,¢1)
Base vector properties X k=y-y=22=1 f‘~f':$~$:i z=1 ﬁ~ﬁ:é~é:$~$:l
X §y=y2=2%=0 | t-¢=¢-2=2:7=0| R-6=0-¢=¢-R=0
ixy=1 Pxo=2 Rx6=¢
yxz=% Oxz="r 0xo=R
ZxXX=9 Ixt=0 dxR=60
Dot pI‘OdllCt A-B= AyBy +AyBy +AZBZ A;B, +A¢B¢ +AZBZ ARBRr +A939 +A¢B¢
X 0§ 2 oo 2 R 6 ¢
Cross product A xB= Ay Ay A Ay Ay A AR Ag Ay
B, B, B, B, By B Bx Bs By
Differential length  dl= | fdx+§dy+2dz tdr+¢rdp+2dz | RAR+6R d6 +Rsin6 d¢
Differential surface areas dsy = Xdydz ds, =trd¢ dz dsp = RR2sin 6 d6 do
dsy =y dxdz dsy = ¢ drdz dsg = ORsin 6 dR d¢
ds, = 2dx dy ds, = ardrd¢ dsy = @R dR d6
Differential volume dv = dxdydz rdrd¢ dz R?sin 0 dR d6 d¢

direction (such as X). Thus, for a differential area vector in the
y—z plane,

dsy =Xdl,dl, =Xdydz (y—z plane), (3.35a)
with the subscript on ds denoting its direction. Similarly,
dsy =¥ dxdz (3.35b)

ds, = 2 dx dy (3.35¢)

(x—z plane),
(x—y plane).

A differential volume equals the product of all three differen-
tial lengths:

dV = dx dy dz. (3.36)

3-2.2 Cylindrical Coordinates

The cylindrical coordinate system is useful for solving
problems involving structures with cylindrical symmetry, such
as calculating the capacitance per unit length of a coaxial
transmission line. In the cylindrical coordinate system, the
location of a point in space is defined by three variables: r,

¢, and z (Fig. 3-9). The coordinate r is the radial distance in
the x—y the azimuth angle measured from the positive x axis,
and z is as previously defined in the Cartesian coordinate
system. Their ranges are 0 < r < o, 0 < ¢ < 27, and
—oo < 7 < oo, Point P(ry,¢;,z;) in Fig. 3-9 is located at the
intersection of three surfaces. These are the cylindrical surface
defined by r = ry, the vertical half-plane defined by ¢ = ¢,
(which extends outwardly from the z axis), and the horizontal
plane defined by z = z;.

» The mutually perpendicular base vectors are T, J), and 2
with £ pointing away from the origin along r, $ pointing
in a direction tangential to the cylindrical surface, and 2
pointing along the vertical. Unlike the Cartesian system,
where base vectors X, ¥, and Z are independent of the
location of P, both t and (]3 are functions of ¢ in the
cylindrical system. <
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r=ry cylinder

z
z=z) plane -
1l,"” P=(Vl,¢1,21)
N
N
N
N
N\,
N
R] : \\
N
- — ——
] N
N
! 1
1
T : > )
1"1 I A 1
1 Z ,
1
¢ e @ = @1 plane

PO |
|

Figure 3-9 Point P(r,¢;,z1) in cylindrical coordinates; r; is the radial distance from the origin in the x—y plane, ¢; is the angle in the
x—y plane measured from the x axis toward the y axis, and z; is the vertical distance from the x—y plane.

The base unit vectors obey the following right-hand cyclic
relations:

Pxd=2  Oxi=f  Ixi=0, (3.37)
and like all unit vectors, f-F = (T)(f) =122 =1, and
EXP=0x0=2x2=0.

In cylindrical coordinates, a vector is expressed as
A =aA| =#A, + 04y + 24, (3.38)

where A,, Ay, and A; are the components of A along the F, (13
and 2 directions. The magnitude of A is obtained by applying
Eq. (3.17), which gives
Al = VA-A= (/A2 +A3 +A2. (3.39)
.. - . .
The position vector OP shown in Fig. 3-9 has components
along r and z only. Thus,

.
R; = OP = fr) +z,. (3.40)

The dependence of Ry on ¢; is implicit through the depen-
dence of T on ¢;. Hence, when using Eq. (3.40) to denote the

position vector of point P(ry,¢;,71), it is necessary to specify
that t is at ¢;.

Figure 3-10 shows a differential volume element in cylin-
drical coordinates. The differential lengths along ¥, ¢, and Z
are

dl, =dr, dly =rd¢, dl, =dz. (3.41)

Note that the differential length along (]3 is r d¢, not just d¢.

The differential length 41 in cylindrical coordinates is given by

dl=¢dl,+¢dly+2dl, =t dr+rdo+2dz.  (3.42)

As was stated previously for the Cartesian coordinate system,

the product of any pair of differential lengths is equal to the

magnitude of a vector differential surface area with a surface

normal pointing along the direction of the third coordinate.
Thus,

ds, =t dly dl, =trd¢ dz (¢—z cylindrical surface),

(3.43a)
dsy = dl, dl,=ddrdz  (r—zplane), (3.43b)
ds, =2dl, dly =2rdrd¢ (r—¢ plane). (3.43¢)
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z
A
o ds. = i dr db
d .
rdp A dsy = dr dz
N dv = r dr dip dz
ds, =trdo dz
>y
¢
,
2 dar I"d(P

Figure 3-10 Differential areas and volume in cylindrical
coordinates.

The differential volume is the product of the three differential
lengths,

dV =dl, dly dl,=rdrd¢ dz. (3.44)

These properties of the cylindrical coordinate system are
summarized in Table 3-1.

Distance Vector in
Cylindrical Coordinates

Example 3-4:

Find an expression for the unit vector of vector A shown in
Fig. 3-11 in cylindrical coordinates.

Solution: In triangle OP, P»,

— —
OP, = OP; +A.

Hence,
—_— —
A= 0P2 - OPl == f'ro 72}1,
and

A frg—12h
a—=— =

A ———
| ‘ /r(2)+h2

We note that the expression for A is independent of ¢. This
implies that all vectors from point P to any point on the circle
defined by » = r¢ in the x—y plane are equal in the cylindrical

P1=(0,0,h)

&>

o) >)
$o 1o

Py = (rg, ¢, 0)

Figure 3-11 Geometry of Example 3-4.

coordinate system, which is not true. The ambiguity can be
resolved by specifying that A passes through a point whose

0 = ¢o.

Example 3-5: Cylindrical Area

Find the area of a cylindrical surface described by r =135,
30° < ¢ <60° and 0 < z < 3 (Fig. 3-12).

Figure 3-12 Cylindrical surface of Example 3-5.
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Module 3.1 Points and Vectors Examine the relationships between Cartesian coordinates (x,y) and cylindrical
coordinates (r, ¢) for points and vectors.
Module 3.1 Points and Vectors
Instructions ‘ Scenario 3: User-Selected Coordinates
¥
5T Select location of P
v " Cartesian  Cylindrical
a7 r= 3125
VE‘J 31 | ‘ [ b |
\
r p= 15516  °
2 L il + |
L
8 Add vector V and select display options
- ; ; ; ; - * Cartesian " Cylindrical
£ 4 3 2 1 2 3 4 5 X
[ N '
27T
[ W |
31
47T Display Options
display
57T P x=-2848 y=1318 v
r=3.138 ® =155.16° v
v 7
_ : - V =2519 vy =-1912 v
grid: " cartesian = cylindrical

Solution: The prescribed surface is shown in Fig. 3-12. Use
of Eq. (3.43a) for a surface element with constant r gives

60° 3 z/3 |13 Sm;
S:r/ d / dz=>5 ‘ z’ =—.
¢:300 ¢ Z:O ¢ 71'/6 0 2

Note that ¢ had to be converted to radians before evaluating
the integration limits.

Exercise 3-6: A circular cylinder of radius » =5 cm is
concentric with the z axis and extends between z = —3 cm
and z =3 cm. Use Eq. (3.44) to find the cylinder’s volume.

Answer: 471.2 cm?. (See @.)

3-2.3 Spherical Coordinates

In the spherical coordinate system, the location of a point
in space is uniquely specified by the variables R, 6, and ¢
(Fig. 3-13). The range coordinate R, which measures the

distance from the origin to the point, describes a sphere of
radius R centered at the origin. The zenith angle 0 is measured
from the positive z axis and it describes a conical surface with
its apex at the origin, and the azimuth angle ¢ is the same
as in cylindrical coordinates. The ranges of R, 0, and ¢ are
0<R<o, 0<0<m, and0< ¢ < 27x. The base vectors R,
6, and @ obey the right-hand cyclic relations:

Rx0=¢, Oxo=R, ¢xR=0. (3.45)
A vector with components Ag, Ag, and Ay is written as
A =alA| = RAg + 044 +0A,, (3.46)
and its magnitude is
Al= VA-A={ AR +AG AT (3.47)
The position vector of point P(Ry, 0;,¢;) is simply
- N
R; = OP =RR;, (3.48)
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As shown in Fig. 3-14, the differential lengths along R, 0,
‘Z and ¢ are
dlr =dR, dlg=Rd0, dly=Rsin0d¢. (3.49)
Hence, the expressions for the vector differential length dl, the
vector differential surface ds, and the differential volume dUD
are

0=0, dl=Rdlr+0dlg+dly

conical N A Ao
surface =RdR+OR IO+ PRsin6 d¢, (3.50a)
> ) dsg =Rdlg dly = RR%sin6 d6 d¢ (3.50b)

X

Figure 3-13 Point P(Ry, 0, ¢) in spherical coordinates.

X

Figure 3-14 Differential volume in spherical coordinates.

while keeping in mind that R is implicitly dependent on 6;
and ¢.

(6—0¢ spherical surface),
dsg =0 dig dly = ORsin@ dR d¢ (3.50¢)
(R—¢ conical surface),
dsy =@ dirdle =R dRdO (R- plane), (3.50d)
dV =dlg dlg dly = R*sin 6 dR d6 d¢. (3.50e)

These relations are summarized in Table 3-1.

Example 3-6: Surface Area in Spherical
Coordinates

The spherical strip shown in Fig. 3-15 is a section of a sphere
of radius 3 cm. Find the area of the strip.

Figure 3-15 Spherical strip of Example 3-6.
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Solution: Use of Eq. (3.50b) for the area of an elemental
spherical area with constant radius R gives

-60° 21
S—R / sin0d6 [ do

0=30° 0=0
60° 2r

= 9(—0056)’ (cm?)

¢ 0
= 187(cos30° — cos60°) = 20.7 cm?.

0°

Example 3-7: Charge in a Sphere

A sphere of radius 2 cm contains a volume charge density py
given by

py=4cos?’0  (C/md).
Find the total charge Q contained in the sphere.
Solution:
0= / pvdv
v

2r pm 2x1072
- / / (4c0529)stin9 dR d6 d¢
$=0.J6=0JR=0

2w [ R3
=) (5)

o Jo \3 /]
_32, 1076/2” _cos’ 6
3 0 3

4 21
_ %o d
9 0

2x1072
sinBcos’ 6 dO do

T
d¢
0

_ 1287 x 107% = 44.68

(uC).
Note that the limits on R were converted to meters prior to
evaluating the integral on R.

3-3 Transformations between Coordinate
Systems

The position of a given point in space of course does not
depend on the choice of coordinate system. That is, its location
is the same irrespective of which specific coordinate system is
used to represent it. The same is true for vectors. Nevertheless,
certain coordinate systems may be more useful than others in
solving a given problem, so it is essential that we have the tools
to “translate” the problem from one system to another. In this

section, we shall establish the relations between the variables
(x,y,z) of the Cartesian system, (r,,z) of the cylindrical sys-
tem, and (R, 0,¢) of the spherical system. These relations will
then be used to transform expressions for vectors expressed in
any one of the three systems into expressions applicable in the
other two.

3-3.1 Cartesian to Cylindrical Transformations

Figure 3-16 Interrelationships between Cartesian coordinates
(x,y,z) and cylindrical coordinates (r, ¢, 7).

Point P in Fig. 3-16 has Cartesian coordinates (x,y,z) and
cylindrical coordinates (r,,z). Both systems share the coor-
dinate z, and the relations between the other two pairs of
coordinates can be obtained from the geometry in Fig. 3-16.
They are

r=/x>+y2,

and the inverse relations are

-1 (Y
¢ = tan (x) (3.51)
X =rcosg, y=rsing@. 3.52)

Next, with the help of Fig. 3-17, which shows the directions of

the unit vectors X, ¥, T, and @ in the x—y plane, we obtain the
relations:

-y =sing, (3.53a)
(]3-)7 =cos¢.

To express t in terms of X and §, we write T as

(3.53b)
£ = Ra+ §b, (3.54)

where a and b are unknown transformation coefficients. The
dot product - X gives

rX=%X-RXa+y-Xb=a. (3.55)
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A
=

Figure 3-17 Interrelationships between base vectors (%,§) and

(#.9).

Comparison of Eq. (3.55) with Eq. (3.53a) yields a = cos¢.
Similarly, application of the dot product - § to Eq. (3.54) gives
b =sin¢@. Hence,

' ==Xcos® + §sin¢. (3.56a)
Repetition of the procedure for(]A) leads to
& = —Rksing + ycos ¢. (3.56b)

The third base vector Z is the same in both coordinate systems.
By solving Egs. (3.56a) and (3.56b) simultaneously for %X
and §, we obtain the following inverse relations:

fcos ¢ —(i)sin 9,

y=~rsing +4A>cos¢.

X

(3.57a)
(3.57b)

The relations given by Eqgs. (3.56a) to (3.57b) are not only
useful for transforming the base vectors (%,§) into (£,¢), and
vice versa, they also can be used to transform the components
of a vector expressed in either coordinate system into its
corresponding components expressed in the other system. For
example, a vector A = XA, + JA, +2A; in Cartesian coordi-
nates can be described by A = tA, + (T)Ad, + ZA; in cylindrical
coordinates by applying Egs. (3.56a) and (3.56b). That is,

A, =Aycos +Aysing,
Ap = —Aysing +Aycos g,

(3.582)
(3.58b)

and, conversely,

Ay =A;cos —Aysing,
Ay =A,sin¢ +Aycos¢.

(3.59a)
(3.59b)

The transformation relations given in this and the following
two subsections are summarized in Table 3-2.

Example 3-8: Cartesian to Cylindrical

Transformations

Given point P; = (3,—4,3) and vector A = %2 — §3 + 24
defined in Cartesian coordinates, express P; and A in cylin-
drical coordinates and evaluate A at P;.

Solution: For point P;, x =3, y = —4, and z = 3. Using
Eq. (3.51), we have

r= 2+ =5 ¢=tan 'L =_53.1°=3069°
X

and z remains unchanged. Hence, P = P;(5,306.9°,3) in
cylindrical coordinates.
The cylindrical components of vector A = A, +¢Ay +2ZA;
can be determined by applying Egs. (3.58a) and (3.58b):
A, =A;cos¢+Aysing =2cos¢ —3sing,
Ay = —Asing +Aycos¢ = —2sin¢g —3cos ¢,
A, =4.
Hence,

A =#(2cos¢ —3sing) —d(2sin ¢ +3cos @) + 4.
At point P, ¢ = 306.9°, which gives

A=13.60—0020+1724.

3-3.2 Cartesian to Spherical Transformations

From Fig. 3-18, we obtain the following relations between
the Cartesian coordinates (x,y,z) and the spherical coordinates

(R.0,9):

R= {/x2+y2+4+22, (3.60a)
+/42 2
0 —tan ! | 2T (3.60b)
Z
¢ =tan"! (X) . (3.60¢)
X
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Table 3-2 Coordinate transformation relations.

Transformation | Coordinate Variables | Unit Vectors | Vector Components |
Cartesian to r= {/x24+y2 £ =%cos¢ +§sing Ar=AxcosP+Aysing
cylindrical ¢ = tan!(y/x) O = —%sing +§cos o Ay = —Aysing +Aycos ¢
2=z i=1 A, =A;
Cylindrical to X =rcos¢ X =rfcos¢ fc]A)sinq) Ay =A,cos¢ —Aysing
Cartesian y=rsing y=rtsing +dcosd Ay =A;sing +Agpcos o
2=z i=1 A=A,
Cartesian to R=/x24y2+72 R = %sin 6 cos ¢ Ag = A,sinfcos ¢
spherical +¥sinOsin¢ +zcos 6 +Aysin@sing +A;cos 6
6 =tan'[{/x2+)2/z] | 6 =RcosOcoso Ag =Axcos6cos ¢
+ycosOsing —Zsin0 +AycosOsing —A;sin 6
¢ =tan"!(y/x) ¢ = —Xsing +ycos ¢ Ay = —Aysing +A,cos §
Spherical to x =RsinBcos ¢ % =Rsinfcos ¢ A, = AgsinOcos @
Cartesian +0cos0cos P —Psing +AgcosBcosd —Aysing
y = RsinOsin¢@ $=RsinOsin¢ Ay = AgsinBsin¢
+0cos0sing +dcos @ +AgcosBsing +Aycos
z=Rcos O 2=RcosO —0Bsin6 A;=ApcosO —Apsinb
Cylindrical to R=Vr2+722 R = fsin6 +zcos O AR =A,sin6 +A;cos 0
spherical 6 =tan~!(r/z) 0 =tcos6 —2Zsinb Ag =A,cos0 —A;sinO
p=9 0=9 Ay =Ayp
Spherical to r=Rsin6 #=Rsin6 +6cos 0 A, =Apsin0 +Agcos 0
cylindrical O=¢ 0=90 Ap =Ay
z=Rcos 0 2=RcosH —0sin6 A, =ARcosB —AgsinO
The converse relations are
z
® 0 x=RsinOcos ¢, (3.61a)
z/ y = RsinOsin ¢, (3.61b)
R
z=Rcos0. (3.61¢)
— (/2 — )
R i The unit vector R lies in the £-Z plane. Hence, it can be
9 expressed as a linear combination of f and Z as
z=Rcos 6 PPN
R =rta-+12b, (3.62)
where a and b are transformation coefficients. Since  and Z
¢ X =7cos @ are mutually perpendicular,
7
¢ R-t=a, (3.63a)
=rsin .
/ Y ¢ . R-2=b. (3.63b)

X

Figure 3-18 Interrelationships between (x,y,z) and (R,0,9¢).

From Fig. 3-18, the angle between R and # is the complement
of 6 and that between R and % is 6. Hence, a = R-t = sin 6
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and b = R-2 = cos 6. Upon inserting these expressions for a
and b in Eq. (3.62) and replacing t with Eq. (3.56a), we have

R = &sin@cos ¢ + §sinOsin¢ +zcos 6. (3.64a)

A similar procedure can be followed to obtain the expression
for :

é:ﬁcos@cosq)—l—ycosesin(p—isine. (3.64b)
Finally @ is given by Eq. (3.56b) as
¢ = —&sin¢ + §cos ¢. (3.64¢)

Equations (3.64a) through (3.64c) can be solved simultane-
ously to give the expressions for (&,§,2) in terms of (R,0,0):

f(:f{sinecos¢+écosecos¢fi)sin(p, (3.65a)
§ = RsinOsin¢ +écos65in¢ +<T)cos¢, (3.65b)
2=TRcos0 —0sin6. (3.65¢)

Equations (3.64a) to (3.65c¢) also can be used to transform
Cartesian components (Ax,Ay,AZ) of vector A into their spher-
ical counterparts (Ag,Ag,Ay), and vice versa, by replacing

(%,9.2,R,0,0) with (A, Ay, A;,Ag,Ag,Ap).

Example 3-9: Cartesian to Spherical

Transformation

Express vector A = X(x+y) + §(y — x) + Zz in spherical
coordinates.

Solution: Using the transformation relation for Ag given in
Table 3-2, we have

AR =A,sinBcos¢ +A,sinOsing +A;cosO
= (x+y)sinOcos¢ + (y —x)sinOsin @ + zcos 6.

Using the expressions for x, y, and z given by Eq. (3.61c), we
have

Ag = (Rsin6cos¢ + Rsin 0 sin @) sin 6 cos ¢
+ (Rsin @ sin ¢ —Rsin O cos ¢ ) sin O'sin ¢ + Rcos” O
= Rsin® 0 (cos® ¢ +sin® ¢) + Rcos> 6
= Rsin? @+ Rcos’ 0 =R.

Similarly,
Ag = (x+y)cosBcos¢ + (y—x)cosOsing — zsin 6,
Ay = —(x+y)sing + (y —x)cos ¢,
and following the procedure used with Az, we obtain
Ag =0, Ay = —Rsin6.

Hence,

A= ﬁAR -‘réAg +(,|\)A¢ = ﬁR—(T)RsinG.

3-3.3 Cylindrical to Spherical Transformations

Transformations between cylindrical and spherical coordinates
can be realized by combining the transformation relations
of the preceding two subsections. The results are given in
Table 3-2.

3-3.4 Distance between Two Points

In Cartesian coordinates, the distance d between two points
Py = (x1,y1,21) and P> = (x2,y2,22) is given by Eq. (3.12) as

d=Rp| =[(x2— %)%+ 2 —y1)> + (22 —21)]] /%

(3.66)

Upon using Eq. (3.52) to convert the Cartesian coordinates of
Py and P, into their cylindrical equivalents, we have

d = [(racos ¢y — ricos 9 )?
+ (rysing, — ry sin @ )2 +(m—2zu )2] 2

1/2
= [r%—l—r%—2r1rgcos(¢2—¢1)+(Z2—Z1)2] / .
(cylindrical)

(3.67)

A similar transformation using Eqs. (3.61a) through (3.61c)
leads to an expression for d in terms of the spherical coordi-
nates of P; and P»:

d= {R% +R% — 2R R;[cos 0, cos 6;

+ sin 6y sin 6, cos(¢> — )] } &
(spherical)

(3.68)
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Example 3-10: Vector Component

At a given point in space, vectors A and B are given in
cylindrical coordinates by

2+03—12,
+2

I
=

A
B

I
=

Determine (a) the scalar component of B, or projection, in the
direction of A, (b) the vector component of B in the direction
of A, and (c) the vector component of B perpendicular to A.

Solution: (a) Let us denote the scalar component of B in the
direction of A as C, as shown in Fig. 3-19. Thus,

X A, (F2+¢3-2) 2—1
C=B-a=B-— = (t+12%): = =0.267.
A (E+2) VA+9+1T V14

(b) The vector component of B in the direction of A is given
by the product of the scalar component C and the unit vector a:

A A N _A
Coac— D o 2183-2
|Al V14

= £0.143 +0.214 — 20.071.

% 0.267

(¢) The vector component of B perpendicular to A is equal
to B minus C:

D=B—C=(f+2) — (£0.143+¢0.214 —20.071)
= £0.857 — $0.214 4 20.929.

A

Figure 3-19 Vectors A, B, C, and D of Example 3-10.

Concept Question 3-7:
coordinate system?

Why do we use more than one

Concept Question 3-8:  Why is it that the base vectors
(%,9.2) are independent of the location of a point, but #

and ¢ are not?

Concept Question 3-9: What are the cyclic relations
for the base vectors in (a) Cartesian coordinates, (b) cylin-
drical coordinates, and (c) spherical coordinates?

Concept Question 3-10: How is the position vector of
a point in cylindrical coordinates related to its position
vector in spherical coordinates?

Exercise 3-7: Point P = (21/3,7/3,—2) is given in cylin-
drical coordinates. Express P in spherical coordinates.

Answer: P = (4,27/3,7/3). (See &)

Exercise 3-8: Transform vector
A=Xx+y)+30y—x)+2z
from Cartesian to cylindrical coordinates.

Answer: A = fr— ¢r—+2z. (See @)

3-4 Gradient of a Scalar Field

When dealing with a scalar physical quantity whose magnitude
depends on a single variable, such as the temperature 7 as
a function of height z, the rate of change of 7' with height
can be described by the derivative dT/dz. However, if T is
also a function of x and y, its spatial rate of change becomes
more difficult to describe because we now have to deal with
three separate variables. The differential change in 7' along x,
v, and z can be described in terms of the partial derivatives
of T with respect to the three coordinate variables, but it is
not immediately obvious as to how we should combine the
three partial derivatives so as to describe the spatial rate of
change of T along a specified direction. Furthermore, many
of the quantities we deal with in electromagnetics are vectors;
therefore, both their magnitudes and directions may vary with
spatial position. To this end, we introduce three fundamental
operators to describe the differential spatial variations of
scalars and vectors: the gradient, divergence, and curl oper-
ators. The gradient operator applies to scalar fields and is the
subject of the present section. The other two operators, which
apply to vector fields, are discussed in succeeding sections.
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z Py=x+dx,y+dy z+dz)
dy

dz

JPi=(x 2)

X

Figure 3-20 Differential distance vector dl between points P
and Pz.

Suppose that 77 = T(x,y,z) is the temperature at point
P; = (x,y,7) in some region of space, and

T =T(x+dx, y+dy, z+dz)

is the temperature at a nearby point P, = (x+dx, y+dy, z+dz)

(Fig. 3-20). The differential distances dx, dy, and dz are the

components of the differential distance vector dl. That is,
dl=Xdx+¥ydy+12dz. (3.69)

From differential calculus, the temperature difference between
points P; and P>, dT =T, — Ty, is

oT oT oT
dT = — dx+ — dy+ —dz. 3.70
ox o dy y+ 2z °* (3.70)
Because dx =X-dl, dy=9-dl, and dz = 2-dl, Eq. (3.70) can
be rewritten as

T 0T L OT
dT—Xa dl+ya—y dl+18_Z dl
0T . dT . oT

The vector inside the square brackets in Eq. (3.71) relates the
change in temperature d7 to a vector change in direction dl.
This vector is called the gradient of T (or grad T for short)
and denoted VT':

ar . JdT . JdT
+9=—+12

VT =grad T =X— —
&ta X% dy 0z

(3.72)

Equation (3.71) then can be expressed as
dT =VT -dl. (3.73)

The symbol V is called the del or gradient operator and is
defined as

0 o a :
V— R + ya_y + 25 (Cartesian). (3.74)

» Whereas the gradient operator itself has no physical
meaning, it attains a physical meaning once it operates on
a scalar quantity, and the result of the operation is a vector
with magnitude equal to the maximum rate of change of
the physical quantity per unit distance and pointing in the
direction of maximum increase. <

With dl = a,dl, where &, is the unit vector of dl, the directional
derivative of T along &; is

aT
— =VT-a,.

— (3.75)

We can find the difference (7, — T}), where Ty = T (x1,y1,21)
and T» = T (x2,y2,22) are the values of T at points
Pr = (x1,y1,21) and  P=(x2,y2,22)

not necessarily infinitesimally close to one another, by inte-
grating both sides of Eq. (3.73). Thus,

.P2
h—T = VT -dl.
Py

(3.76)

Example 3-11: Directional Derivative

Find the directional derivative of T = x? + y?z along direction
%2 +§3 — 22 and evaluate it at (1,—1,2).

Solution: First, we find the gradient of T':

d d d
VT = <f($ er()_y +ia—z> (x* 4+ y%2) = K2x + §2yz + .

We denote 1 as the given direction,

1=%2+§3 — 2.



3-4 GRADIENT OF A SCALAR FIELD

165

Its unit vector is
a 1 X2+§3—-72 X2+§3—-172
= — =

N~ V2+et2 V1T
Application of Eq. (3.75) gives

‘Z—f — VT -4 = (R2x+ 22+ %) - <%)
4x+6yz—2y°
ey
At (1,-1,2),
dT 4-12-2 10
dl (1,-12) VT T

3-4.1 Gradient Operator in Cylindrical and
Spherical Coordinates

Even though Eq. (3.73) was derived using Cartesian coordi-
nates, it should have counterparts in other coordinate systems.
To convert Eq. (3.72) into cylindrical coordinates (r,¢,z), we
start by restating the coordinate relations

r=vV21y2, tang = f (3.7
From differential calculus,
dT dT dr JdT d¢  JT dz
dx  Jdrodx  9¢ dx  dz dx’ (3.78)

Since z is orthogonal to x and dz/dx = 0, the last term in
Eq. (3.78) vanishes. From the coordinate relations given by
Eq. (3.77), it follows that

or X
== N — =cos ¢, (3.79a)
ox r
Hence, 3 3 3
T T smq) T
xS T T g (3.80)

This expression can be used to replace the coefficient of X in
Eq. (3.72), and a similar procedure can be followed to obtain
an expression for d7 /dy in terms of r and ¢. If, in addition, we
use the relations X = fcos ¢ f(f)sin(p and § = fsin¢ +$cos ¢
[from Egs. (3.57a) and (3.57b)], then Eq. (3.72) becomes

0T ~10T aT

VI=tg +0 55125,

(3.81)

Hence, the gradient operator in cylindrical coordinates can be
expressed as

QJ|Q_,

.d ~1d A
= 8_ ¢;8— Z (cylindrical)
(3.82)

A similar procedure leads to the expression for the gradient in
spherical coordinates:

. 0d 10 . 1 d
V=R 8 +9E%+¢m%. (3.83)
(spherical)

3-4.2 Properties of the Gradient Operator

For any two scalar functions U and V, the following relations
apply:

(1) VU+V)=VU+VV, (3.84a)
(2) V({UV)=UVV+VVU, (3.84b)
(3) Vv'=nv" vV,  foranyn. (3.84¢)

Example 3-12: Calculating the Gradient

Find the gradient of each of the following scalar functions and
then evaluate it at the given point.

(a) V; =24Vycos(my/3)sin(2mwz/3) at (3,2,1) in Cartesian

coordinates,
(b) Vo = Vge *"sin3¢ at (1,7/2,3) in cylindrical coordi-
nates,
(c) V3=Vy(a/R)cos20 at (2a,0, ) in spherical coordinates.
Solution: (a) Using Eq. (3.72) for V,
A% Vi A%
vy =s 2L gt 2t
T +y8y “az
Y81V, %Y cin 222 +zl67V, y 27z
= - sin =2 sin S22 4 3 COS — COS —
yorVoSI T3S TS 06053708 3
T 2mz T 2r
=8nV) { ¥sin ?y sin = +Z2cos ?y cos TZ} .

At (3,2,1),

2 2
VvV, =8nVy {ysin2 ?n +22cos? ?n} =7V [—§6+24].
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Module 3.2 Gradient Select a scalar function f(x,y,z), evaluate its gradient, and display both in an appropriate 2-D plane.

Module 3.2 Gra

dient I

Graphics Created with Walfram Mathematica®

Input

Select a function: fx.y) = Cosx-y] *
Function: f(xy) = Cos[x-y]
Its sign aside, in which direction does the gradient of
f(xy) = Cos(x-y) point?
%
ry
I k+y
/R
Select Plot Type:
& 2D arrow plot
2D field line plot

T(cosey)) = xHEOSLEV) id[co&(‘x—v]l + gdc0spev)
= -Xsin(e-y) + ysin(ey)

=-sin(y)(X-¥)

(b) The function V, is expressed in terms of cylindrical
variables. Hence, we need to use Eq. (3.82) for V:

(.9 19 0 Cor
VV, = (ra —HI);% +z8_z) Voe “"sin3¢
= —2Voe 2 sin3¢ +§(3Vpe ¥ cos39)/r

- [—fz sin3 + > °°S3¢} Voe 2.
r

At (1,m/2,3),r =1 and ¢ = 7/2. Hence,
3n
2

(c) As V3 is expressed in spherical coordinates, we apply
Eq. (3.83) to V3:

. d 19 .~ 1 4 a
VV3 = <Rﬁ +6E£ +¢R—sm9%) V() <E)COS29

3 ~
VV, = [—fQ sin 7” +603cos ] Voe 2 = 2Vpe 2 =#0.27V,.

.V ~ 2V,
—Rla 0826 — (-)—Oa sin26
R? R?

N A Vi
= —[Rcos260 +025sin20] RLZa .

At (2a,0,7), R =2a and 6 = 0, which yields

. Vo
VV3=—-R—.
3 4a

Exercise 3-9: Given V = x%y + xy?> 4+ xz%, (a) find the
gradient of V, and (b) evaluate it at (1,—1,2).

Answer: (a) VV = %(2xy +* + 2%) + §(x + 2xy)
+22xz, () VV| | ) =R3—§+24. (See @)

Exercise 3-10: Find the directional derivative of
V =rz>cos2¢ along the direction of A = #2 — 2 and
evaluate it at (1,77/2,2).

Answer: (dV/dl)|, ., = —4/V5. (See @)
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Technology Brief 5:
Global Positioning System

The Global Positioning System (GPS), initially devel-
oped in the 1980s by the U.S. Department of Defense
as a navigation tool for military use, has evolved into
a system with numerous civilian applications, including
vehicle tracking, aircraft navigation, map displays in au-
tomobiles and hand-held cell phones (Fig. TF5-1), and
topographic mapping. The overall GPS comprises three
segments. The space segment consists of 24 satellites
(Fig. TF5-2), each circling Earth every 12 hours at an
orbital altitude of about 12,000 miles and transmitting
continuous coded time signals. All satellite transmitters
broadcast coded messages at two specific frequencies:
1.57542 GHz and 1.22760 GHz. The user segment
consists of hand-held or vehicle-mounted receivers that
determine their own locations by receiving and process-
ing multiple satellite signals. The third segment is a
network of five ground stations distributed around the
world that monitor the satellites and provide them with
updates on their precise orbital information.

» GPS provides a location inaccuracy of about
30 m both horizontally and vertically, but it can be
improved to within 1 m by differential GPS. (See
final section.) «

Principle of Operation

The triangulation technique allows the determination
of the location (xo,v0,20) of any object in 3-D space
from knowledge of the distances d;, d,, and d; between
that object and three other independent points in space
of known locations (x1,y1,z1) t0 (x3,y3,23). In GPS, the
distances are established by measuring the times it
takes the signals to travel from the satellites to the GPS
receivers, and then multiplying them by the speed of
light ¢ = 3 x 108 m/s. Time synchronization is achieved
by using atomic clocks. The satellites use very precise
clocks, accurate to 3 nanoseconds (3 x 107 s), but
receivers use less accurate, inexpensive, ordinary quartz
clocks. Consequently, the receiver clock may have an
unknown time offset error 1, relative to the satellite
clocks. To correct for the time error of a GPS receiver,
a signal from a fourth satellite is needed.

Middletown

Figure TF5-1 iPhone map feature.

Figure TF5-2 GPS nominal satellite constellation. Four
satellites in each plane with 20,200 km altitudes and a 55°
inclination.
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i SAT?2
SAT 3 2255 e (0, )2,20)
(3,3, 23)
dy
SAT 4
(4,4, 24) SAT 1
=5 1, 1,21)

dy

(X0, 10, 20)

L)
Receiver Code

Satellite Code

Automobile GPS receiver at location

Figure TF5-3
(XO’y09 ZO)'

The GPS receiver of the automobile in Fig. TF5-3 is at
distances d; to d4 from the GPS satellites. Each satellite
sends a message identifying its orbital coordinates
(x1,y1,21) for satellite 1, and so on for the other satellites,
together with a binary-coded sequence common to all
satellites. The GPS receiver generates the same binary
sequence (Fig. TF5-3), and by comparing its code with
the one received from satellite 1, it determines the time
t; corresponding to travel time over the distance d;. A

similar process applies to satellites 2 to 4, leading to four
equations:

2

di = (x1 —x0)% + (y1 —y0)> + (21 — 20)* = *[(t1 +10)]°,
d3 = (x2 —x0)* + (2= 30)> + (2 — 20)* = (2 +10)]7,
d3 = (x3—x0)% + (y3 —y0)> + (23 — 20)* = 2 [(t3 +10)]
d2 = (x4 — x0)> + (ya — yo)? + (24 — 20) = 2 [(ta +10)]*.

The four satellites report their coordinates (x;,y,z1) to
(x4,y4,74) to the GPS receiver, and the time delays # to
t4 are measured directly by the receiver. The unknowns
are (xo,y0.20), the coordinates of the GPS receiver, and
the time offset of its clock 7y. Simultaneous solution of the
four equations provides the desired location information.

Differential GPS

The 30 m GPS position inaccuracy is attributed to several
factors, including time-delay errors (due to the differ-
ence between the speed of light and the actual signal
speed in the troposphere) that depend on the receiver’s
location on Earth, delays due to signal reflections by tall
buildings, and satellites’ locations misreporting errors.

» Differential GPS, or DGPS, uses a stationary
reference receiver at a location with known coordi-
nates. «

By calculating the difference between its location on the
basis of the GPS estimate and its true location, the
reference receiver establishes coordinate correction
factors and transmits them to all DGPS receivers in the
area. Application of the correction information usually
reduces the location inaccuracy down to about 1 m.
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Exercise 3-11: The power density radiated by a star
(Fig. E3.11(a)) decreases radially as S(R) = So/R?, where
R is the radial distance from the star and S is a constant.
Recalling that the gradient of a scalar function denotes the
maximum rate of change of that function per unit distance
and the direction of the gradient is along the direction of

maximum increase, generate an arrow representation of
VS.

! ’ . \ \

@) P

\ T \ S T T

‘\ “/“ /\ '\l' l'

‘/\\ ~e & ,I\Il
g\

A

(b) ———— ——————

AN
N
e 1| N

Figure E3.11

Answer: VS = —R2Sy/R? (Fig. E3.11(b)). (See .)

Exercise 3-12: The graph in Fig. E3.12(a) depicts a gen-
tle change in atmospheric temperature from 77 over the
sea to T, over land. The temperature profile is described
by the function

h—-T
e 41’

T(x) =T+

where x is measured in kilometers and x = 0 is the sea—
land boundary. (a) In which direction does VT point and

(b) at what value of x is it a maximum?

T

Land

(a)

vT

Sea

Land

(b)

Figure E3.12

Answer: (a) +X; (b) at x =0.

(See @.)

3-5 Divergence of a Vector Field

From our brief introduction of Coulomb’s law in Chapter 1, we
know that an isolated, positive point charge ¢ induces an elec-
tric field E in the space around it with the direction of E being
outward away from the charge. Also, the strength (magnitude)

of E is proportional to ¢ and

decreases with distance R from

the charge as 1/R?. In a graphical presentation, a vector field is
usually represented by field lines, as shown in Fig. 3-21. The
arrowhead denotes the direction of the field at the point where
the field line is drawn, and the length of the line provides a
qualitative depiction of the field’s magnitude.
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Figure 3-21 Flux lines of the electric field E due to a positive
charge g.

At a surface boundary, flux density is defined as the amount
of outward flux crossing a unit surface ds:

E-ds E-ids

Flux density of E = W =

E-n, (3.85)
where fi is the normal to ds. The tofal flux outwardly crossing a
closed surface S, such as the enclosed surface of the imaginary

sphere outlined in Fig. 3-21, is
Total flux = jéEds. (3.86)

S

Let us now consider the case of a differential rectangular
parallelepiped, such as a cube, whose edges align with the
Cartesian axes shown in Fig. 3-22. The edges are of lengths
Ax along x, Ay along y, and Az along z. A vector field E(x,y,z)
exists in the region of space containing the parallelepiped, and
we wish to determine the flux of E through its total surface S.
Since S includes six faces, we need to sum up the fluxes
through all of them, and by definition, the flux through any
face is the outward flux from the volume A through that face.

Let E be defined as
E =%E,+JE, +2E.. (3.87)

The area of the face marked 1 in Fig. 3-22 is Ay Az, and its unit
vector fiy = —X. Hence, the outward flux F through face 1 is

F] :/ E'ﬁ] ds
Face 1

- (RE, + VE, +2E.) - (—%) dy dz

Face 1

~ —E (1) Ay A, (3.88)

ny

(x, y+ A4y, 2) Ax
Face 4

1

1 E
: Face 2 /

1

z

Figure 3-22  Flux lines of a vector field E passing
through a differential rectangular parallelepiped of volume
AV = Ax Ay Az.

where E.(1) is the value of E, at the center of face 1.

Approximating E, over face 1 by its value at the center is

justified by the assumption that the differential volume under
consideration is very small.

Similarly, the flux out of face 2 (with i, = X) is

F, = E,(2) Ay Az, (3.89)

where E,(2) is the value of E, at the center of face 2. Over a

differential separation Ax between the centers of faces 1 and 2,
E,(2) is related to E,(1) by

9L px (3.90)

E2) = E()+ 52 A

where we have ignored higher-order terms involving (Ax)? and
higher powers because their contributions are negligibly small
when Ax is very small. Substituting Eq. (3.90) into Eq. (3.89)
gives

JE,
ox

The sum of the fluxes out of faces 1 and 2 is obtained by adding
Eqgs. (3.88) and (3.91),

P= [Ex(1)+ Ax] Ay Az. (3.91)

OE
— Ax Ay Az

F+5K= o

(3.92a)
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Repeating the same procedure to each of the other face pairs
leads to

JE,
y
JE
Fs5+4 Fg = — Ax Ay Az. (3.92¢)

07

The sum of fluxes F; through Fy gives the total flux through
surface S of the parallelepiped:

%E ds = (aE oF, aEZ) Ax Ay Az = (div E) AV,

dy | oz
(3.93)
where AU = Ax Ay Az and div E is a scalar function called the
divergence of E, specified in Cartesian coordinates as

JE, OE, OE,

divE = ax+a—y a—z

(3.94)

» By shrinking the volume AV to zero, we define the
divergence of E at a point as the net outward flux per unit
volume over a closed incremental surface. <

Thus, from Eq. (3.93), we have

jAE ds

where S encloses the elemental volume AD. Instead of denot-
ing the divergence of E by div E, it is common practice to
denote it as V- E. That is,

divE £ lim

Av—0

(3.95)

0E, N JE, JE;
dx dy 0z

V-E=divE = (3.96)

for a vector E in Cartesian coordinates.

» From the definition of the divergence of E given by
Eq. (3.95), field E has positive divergence if the net flux
out of surface S is positive, which may be “viewed” as
if volume AV contains a source of field lines. If the
divergence is negative, AV may be viewed as containing
a sink of field lines because the net flux is into AD. For
a uniform field E, the same amount of flux enters AU as
leaves it; hence, its divergence is zero and the field is said
to be divergenceless. 4

The divergence is a differential operator, it always operates on
vectors, and the result of its operation is a scalar. This is in
contrast with the gradient operator, which always operates on
scalars and results in a vector. Expressions for the divergence
of a vector in cylindrical and spherical coordinates are pro-
vided in Appendix C.

The divergence operator is distributive. That is, for any pair
of vectors E; and E,,

V-(E|+E;) =V-E| +V-E,. (3.97)

If V-E = 0, the vector field E is called divergenceless.

The result given by Eq. (3.93) for a differential volume AD
can be extended to relate the volume integral of V - E over any
volume U to the flux of E through the closed surface S that
bounds V. That is,

(3.98)

/V-Edv _ jAsz's.
v S

(divergence theorem)

This relationship, known as the divergence theorem, is used
extensively in electromagnetics.

Example 3-13: Calculating the Divergence

Determine the divergence of each of the following vector fields
and then evaluate them at the indicated points:

(2) E=183x? 4§27+ 212 zat(2,-2,0);
(b) E=R(a’cos8/R?) —0(a’sinO/R?) at (a/2,0,7).

Solution: (a)
_0JE, JE, JE;
VE= Sy Ty Tz
d d 2,5
= 5;030)+ 3,20+ 5.6%)

=6x+0+x>=x>+6x.

At (2,-2,0), V-E
(2,—-2,0)

= 16.
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Module 3.3 Divergence Select a vector function f(x,y,z), evaluate its divergence, and display both in an appropriate 2-D

plane.

Module 3.3

Divergence

Grap|

=

|

W

f

2329

Input

Select a function:

Function: w(xy) is the elecric field due to a positivecharge at
(0,0,0) (paint 1) and a negative one at (0.5,0.5,0) (paint 2)

The divergence of the electric field due to a positive charge at
the origin and a negative one at (0.5,0.5,0) ...
J [+ has a source at the arigin and a sink at (0.5,0.5,0.)
[~ has a source at (0.5,0.5,0.) and a sink at the origin

V(x,y) as elecric field due to 2 point charges ~

X g |
e iy \:i_/;.///‘ //I Plat v and Vv in the:
et rd
::“:‘//”‘/./“///! E___’ffj/r/(// ) : ¥-y plane (grrows for v, colors for V- v)
/*/f////“\ \\‘\\_‘—’M// V4 ¥ ¥y plane (field lines far v, colars far 7-v)
= /'/ f \ \: \“\“::___'___,,r i " xz plane (arrows far v, calars for 7-v)
:‘/ /:; /’/Jj'“\' Iy \\:\\:‘;:*—:’//'v - : X-Z plane (field lines for v, colors for V- v)
; | \ \\\\\H:,_,__,,/ _ y-z plane (arraws far v, colors for 7-v)
/,’//////!1 ‘\ §:\ m;.__»r—”/ [ ™ y-z plane (field lines for v, colors for V- v)
y / ™, H—.—__:/
S / f ! L LEONN , T , Vv = v(xyZ) - v[x0.5y-05205)
10 -0.5 0o 0.5 10
hics Created with Waolfram Mathematica®
b) From the expression given in Appendix C for the diver-
() P £ PP Answer: V-A =0. (See &.)

gence of a vector in spherical coordinates, it follows that

1

d

V-E=— —(RE

R2

k! “Er) +

1 0E,

Rsin6 W

1
R

:0—

(a®cos0)

dR

2a%cos6

1
Rsin® 90

d

+Rsin6%

(_

R3

AtR=a/2and 6 =0, V-E

Exercise 3-13: Given A = ¢~ 2 (%sin2x + §cos2x), find

V-A.

2a3cos 6
R3 '

= —16.
(a/2,0,m)

(Egsin®)

a’sin® 6
R2

)

Exercise 3-14:

Given A = trcos¢ +d3r sin¢ + 23z, find

V-A at (2,0,3).

Answer: V:-A

= 6. (See @).)

Exercise 3-15: If E = RAR in spherical coordinates,
calculate the flux of E through a spherical surface of
radius a, centered at the origin.

Answer: %E
S

-ds = 4TAG>. (See ©).)

Exercise 3-16: Verify the divergence theorem by calculat-
ing the volume integral of the divergence of the field E of
Exercise 3.15 over the volume bounded by the surface of

radius a.
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Exercise 3-17: The arrow representation in Fig. E3.17
represents the vector field A = Xx — §y. At a given point
in space, A has a positive divergence V - A if the net
flux flowing outward through the surface of an imaginary
infinitesimal volume centered at that point is positive,
V - A is negative if the net flux is into the volume, and
V- A =0 if the same amount of flux enters into the volume
as leaves it. Determine V - A everywhere in the x—y plane.

Figure E3.17

Answer: V-A = 0 everywhere. (See €).)

3-6 Curl of a Vector Field

So far we have defined and discussed two of the three fun-
damental operators used in vector analysis: the gradient of
a scalar and the divergence of a vector. Now we introduce
the curl operator. The curl of a vector field B describes its
rotational property, or circulation. The circulation of B is
defined as the line integral of B around a closed contour C;

Circulation = %é B-dl (3.99)
To gain a physical understanding of this definition, we consider
two examples. The first is for a uniform field B = XB(, whose
field lines are as depicted in Fig. 3-23(a). For the rectangular
contour abcd shown in the figure, we have

b c
Circulation = / XBy-Xdx+ / XBy -y dy
a b

d a
+/ ﬁBo'f(dx+/ ﬁBo'ydy
c d

= By Ax— By Ax =0, (3.100)

where Ax = b —a = ¢ —d and, because X-y = 0, the second
and fourth integrals are zero. According to Eq. (3.100), the
circulation of a uniform field is zero.

>)
a d
I+ Contour C
Ax Ax
b c
B

v
X

(a) Uniform field

z
_—Current /

(b) Azimuthal field

Figure 3-23 Circulation is zero for the uniform field in (a), but
it is not zero for the azimuthal field in (b).

Next, we consider the magnetic flux density B induced by
an infinite wire carrying a dc current /. If the current is in
free space and it is oriented along the z direction, then from
Eq. (1.13),

Bl , (3.101)

2nr
where U is the permeability of free space and r is the radial
distance from the current in the x—y plane. The direction of B
is along the azimuth unit vector @ The field lines of B are
concentric circles around the current, as shown in Fig. 3-23(b).
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For a circular contour C of radius r centered at the origin in the
x—y plane, the differential length vector dl = ¢r d¢, and the
circulation of B is

2”"/-101 n
Circulation = %B-dl:/ O—-0rdo =ppl. (3.102)
c 0o 27r

In this case, the circulation is not zero. However, had the
contour C been in the x—z or y—z planes, dl would not have

had a J) component, and the integral would have yielded a
zero circulation. Clearly, the circulation of B depends on the
choice of contour and the direction in which it is traversed. To
describe the circulation of a tornado, for example, we would
like to choose our contour such that the circulation of the
wind field is maximum, and we would like the circulation
to have both a magnitude and a direction with the direction
being toward the tornado’s vortex. The curl operator embodies
these properties. The curl of a vector field B, denoted curl B or
V x B, is defined as

(3.103)

VxB=curl B= lim i [ﬁjéBwil}
As—0 As C

max

» Curl B is the circulation of B per unit area, with the
area As of the contour C being oriented such that the
circulation is maximum. <«

The direction of curl B is i, the unit normal of As, defined
according to the right-hand rule with the four fingers of the
right hand following the contour direction dl and the thumb
pointing along fi (Fig. 3-24). When we use the notation V x B
to denote curl B, it should not be interpreted as the cross
product of V and B.

For a vector B specified in Cartesian coordinates as
B =XB,+¥B, + 1B, (3.104)

it can be shown, through a rather lengthy derivation, that
Eq. (3.103) leads to

.[(9dB, OB . [0dB, OB
() (22
(298
dx dy
R
=1 5 > o (3.105)
B, B, B.

Expressions for V x B are given in Appendix C for the three
orthogonal coordinate systems considered in this chapter.

CHAPTER 3 VECTOR ANALYSIS
ds = ds
n
dl

contour C

Figure 3-24 The direction of the unit vector fi is along the
thumb when the other four fingers of the right hand follow dl.

3-6.1 Vector Identities Involving the Curl

For any two vectors A and B and scalar V,

(1) Vx(A+B)=VxA+VxB, (3.106a)
(2) V-(VxA)=0, (3.106b)
(3) Vx(VV)=0. (3.106¢)

3-6.2 Stokes’s Theorem

» Stokes’s theorem converts the surface integral of the
curl of a vector over an open surface S into a line
integral of the vector along the contour C bounding the
surface S. <«

For the geometry shown in Fig. 3-24, Stokes’s theorem states

/(VxB)~ds:jAB-dl. (3.107)
S C

(Stokes’s theorem)

Its validity follows from the definition of V x B given by
Eq. (3.103).If V x B = 0, the field B is said to be conservative
or irrotational because its circulation, represented by the right-
hand side of Eq. (3.107), is zero, irrespective of the contour
chosen.
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Technology Brief 6:
X-Ray Computed Tomography

» The word tomography is derived from the Greek
words fome, meaning section or slice, and graphia,
meaning writing. «

Computed tomography, also known as CT scan or
CAT scan (for computed axial tomography), refers to
a technique capable of generating 3-D images of the
X-ray attenuation (absorption) properties of an object.
This is in contrast to the traditional, X-ray technique that
produces only a 2-D profile of the object (Fig. TF6-1).
CT was invented in 1972 by British electrical engineer
Godfrey Hounsfeld and independently by Allan Cor-
mack, a South African-born American physicist. The two
inventors shared the 1979 Nobel Prize in Physiology or

Figure TF6-1 2-D X-ray image.

Medicine. Among diagnostic imaging techniques, CT has
the decided advantage in having the sensitivity to image
body parts on a wide range of densities—from soft tissue
to blood vessels and bones.

Principle of Operation

In the system shown in Fig. TF6-2, the X-ray source and
detector array are contained inside a circular structure
through which the patient is moved along a conveyor belt.
A CAT scan technician can monitor the reconstructed
images to ensure that they do not contain artifacts such
as streaks or blurry sections caused by movement on the
part of the patient during the measurement process.

A CT scanner uses an X-ray source with a narrow
slit that generates a fan-beam that is wide enough to
encompass the extent of the body but only a few mil-
limeters in thickness (Fig. TF6-3(a)). Instead of recording
the attenuated X-ray beam on film, it is captured by an
array of some 700 detectors. The X-ray source and
the detector array are mounted on a circular frame that
rotates in steps of a fraction of a degree over a full 360°
circle around the patient, each time recording an X-ray
attenuation profile from a different angular perspective.
Typically, 1,000 such profiles are recorded per each thin
traverse slice of anatomy. In today’s technology, this
process is completed in less than 1 second. To image
an entire part of the body, such as the chest or head, the
process is repeated over multiple slices (layers), which
typically takes about 10 seconds to complete.

= J o i

C ¥ -

E~T~ .~ = p— K
N~

|
w - b

- 4
\ '
Figure TF6-2 CT scanner.
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Image Reconstruction

iﬁ?cye Fan beam For each anatomical slice, the CT scanner generates
of X-rays on the order of 7 x 10° measurements (1,000 angular
orientations x 700 detector channels). Each measure-
Detector ment represents the integrated path attenuation for the
array narrow beam between the X-ray source and the detector
/ , (Fig. TF6-3(b)), and each volume element (voxel) con-
\ tributes to 1,000 such measurement beams.
I\k » Commercial CT machines use a technique called
acri’é“ﬁute.rt filtered back-projection to “reconstruct” an image
oot of the attenuation rate of each voxel in the anatom-

(a) CT scanner ical slice and, by extension, for each voxel in the
entire body organ. This is accomplished through
the application of a sophisticated matrix inversion
process. <«

X-ray source

A sample CT image of the brain is shown in
Fig. TF6-3(c).

Detector

(b) Detector measures integrated attenuation
along anatomical path

(c) CT image of a normal brain

Figure TF6-3 Basic elements of a CT scanner.



3-6 CURL OF A VECTOR FIELD

177

Verification of Stokes’s
Theorem

Example 3-14:

For vector field B = Zcos¢/r, verify Stokes’s theorem
for a segment of a cylindrical surface defined by r = 2,
n/3<¢ <xm/2, and 0 <z < 3 (Fig. 3-25).

zZ
A
k N
7
[N
= h=i
o
N
/3 /

Figure 3-25 Geometry of Example 3-14.

Solution: Stokes’s theorem states that

/S(VXB)-ds: jéB-dl.

Left-hand side: With B having only a component B, = cos ¢ /r,
use of the expression for V X B in cylindrical coordinates in
Appendix C gives

VxBfGaBzaﬂ) +$<a3,aBz)
;

Jd¢  Jz dz  OJr
1/9 9B,
1 d [cos¢ ~d [cos¢
";a—( p )"’E( p )
.Sing  ~cos¢

The integral of V x B over the specified surface S is

. 3 /2 1 N
/S(VXB)-ds:/io/i <f~smz¢ +¢COSZ¢> “frd¢ dz
z=0J¢=m/3 r r

3./m/2 sing 3 3
= ——dpdz=——=—-.
/0 /7;/3 r ¢dz 2r 4

Right-hand side: The surface S is bounded by contour
C = abcd shown in Fig. 3-25. The direction of C is chosen
so that it is compatible with the surface normal ¥ by the right-
hand rule. Hence,

. b ¢
%B-dl:/ Bab-dl—i-/ By, - dl
C a b

d a
+/ Bcd-dl—i-/ By, - dl,
c d

where B,;,, B,., By, and B,, are the field B along seg-
ments ab, bc, cd, and da, respectively. Over segment ab,
the dot product of B, = Z(cos¢)/2 and dl = ér d¢ is
zero, and the same is true for segment cd. Over segment bc,
¢ = m/2;hence, By, = Z(cos/2)/2 = 0. For the last segment,
By, =%(cosm/3)/2 =1%/4 and dl = Z dz. Hence,

a/ 1 01 3
B-dl= i~ ) sdi= [ ~dz—_2>
£ / (4) rae= [ gae=-3,

which is the same as the result obtained by evaluating the
left-hand side of Stokes’s equation.

Exercise 3-18: Find V x A at (2,0,3) in cylindrical
coordinates for the vector field

A =110e ¥ cos ¢ +210sin ¢.

Answer: (See @)

1 710~ 2"
VxA= (r Ocosg | 210e sin(p)

r r

(2,0,3)

Exercise 3-19: Find V x A at (3,7/6,0) in spherical
coordinates for the vector field A = 012sin 6.

Answer: (See &)

. 12si .
VxA=§ 2“6 —¢2.

(3,m/6,0)
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Module 3.4 Curl Select a vector f(x,y), evaluate its curl, and display both in the x—y plane.

Module 3.4 Curl
. Y . Input
,l ‘l 1 I B | T T T 1 a8 Select a function: vxy) = xhat sinizy) + yhat sin(zx) -
YN e e s - Function: v(xy) = sin(mmy) + ysin(mm)
\ \\ N - / / =" — Vxv(xy) = Xsin(TTy) + ysin(Tx) is
S e S A ro
\\\‘m—+//////—-— &IV ?(mos(rrx)-mos(ﬂy))
\ \ N S / /4 i [~ 2 (TTcos(Tme) + TTeos(Tmy))
B o /e
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3-7 Laplacian Operator That is,
In later chapters, we sometimes deal with problems involving 2V 2V 9y
multiple combinations of operations on scalars and vectors. A ViV =V- (W)= =+ +—. (3.110)
dxz  ody?  dz?

frequently encountered combination is the divergence of the
gradient of a scalar. For a scalar function V defined in Cartesian
coordinates, its gradient is

av. 9V 9V
V=52 195 125 = %A+ A, +24. = A,
dox dy dz
(3.108)

where we defined a vector A with components A, = dV /dx,
A, =0V /dy, and A, = dV /dz. The divergence of VV is

o 9A, A, 0A,
VW)=V A=+ T
0%V 9%V 9%y
=33 8—y2+8—12 (3.109)

For convenience, V-(VV) is called the Laplacian of V and is
denoted by V2V (the symbol V? is pronounced “del square™).

As we can see from Eq. (3.110), the Laplacian of a scalar
function is a scalar. Expressions for V2V in cylindrical and
spherical coordinates are given in Appendix C.

The Laplacian of a scalar can be used to define the Laplacian
of a vector. For a vector E specified in Cartesian coordinates
as

E =XE,+JE, +2E;, (3.111)

the Laplacian of E is

5 02 9° 9? 2 2 2
V’E = (W+8_y2+8_z2>E:XV Ex+3yV°E,+2V°E,.
(3.112)

Thus, in Cartesian coordinates the Laplacian of a vector is
a vector whose components are equal to the Laplacians of
the vector components. Through direct substitution, it can be
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shown that

VZE=V(V-E) -V x (VXE). (3.113)

Concept Question 3-11: What do the magnitude and
direction of the gradient of a scalar quantity represent?

Concept Question 3-12: Prove the
Eq. (3.84c¢) in Cartesian coordinates.

validity  of

Concept Question 3-13: What is the physical meaning
of the divergence of a vector field?

Concept Question 3-14: If a vector field is solenoidal
at a given point in space, does it necessarily follow that
the vector field is zero at that point? Explain.

Concept Question 3-15:  What is the meaning of the
transformation provided by the divergence theorem?

Concept Question 3-16: How is the curl of a vector
field at a point related to the circulation of the vector field?

Concept Question 3-17:  What is the meaning of the
transformation provided by Stokes’s theorem?

Concept Question 3-18:  When is a vector field “con-
servative”?

Chapter 3 Summary

Concepts

e Vector algebra governs the laws of addition, subtrac-
tion, and multiplication of vectors, and vector calculus
encompasses the laws of differentiation and integration
of vectors.

e In a right-handed orthogonal coordinate system, the
three base vectors are mutually perpendicular to each
other at any point in space, and the cyclic relations
governing the cross products of the base vectors obey
the right-hand rule.

e The dot product of two vectors produces a scalar,
whereas the cross product of two vectors produces
another vector.

e A vector expressed in a given coordinate system can be
expressed in another coordinate system through the use
of transformation relations linking the two coordinate
systems.

e The fundamental differential functions in vector calcu-
lus are the gradient, the divergence, and the curl.

e The gradient of a scalar function is a vector whose
magnitude is equal to the maximum rate of increasing

change of the scalar function per unit distance, and its
direction is along the direction of maximum increase.

e The divergence of a vector field is a measure of the net
outward flux per unit volume through a closed surface
surrounding the unit volume.

e The divergence theorem transforms the volume integral
of the divergence of a vector field into a surface integral
of the field’s flux through a closed surface surrounding
the volume.

e The curl of a vector field is a measure of the circulation
of the vector field per unit area As, with the orientation
of As chosen such that the circulation is maximum.

e Stokes’s theorem transforms the surface integral of the
curl of a vector field into a line integral of the field over
a contour that bounds the surface.

e The Laplacian of a scalar function is defined as the
divergence of the gradient of that function.
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Mathematical and Physical Models

Distance Between Two Points

d=[(x —x1)2 + (2 —y1)2 + (22 _Zl>2]1/2 VT = ﬁa_T +§,8_T +28_T
d= [r%—i—r%—2r1r200s(¢2—¢1)+(Z2—Z1)2]1/2 aZx azy aEaZ
d:{R%+R%72R]R2[00592C059] V-E= axx+a—; a_zz

+ sin 6 sin B cos (¢ — ¢1)]}'/? (9B. 9B\ (9B, 3B

VxB =% - | +y| ===

Coordinate Systems Table 3-1 < dy dz > ( 2z dx >
Coordinate Transformations Table 3-2 13 ( % _ an)
Vector Products 2 &
A-B =ABcos O,z v2y — 0’V 9%V 82_V

AXB:ﬁABSiHGAB
A-BxC)=B-(CxA)=C-(AxB)

Vector Operators

W tort oz

(see Appendix C for cylindrical

Ax(BxC)=B(A-C)—C(A-B) and spherical coordinates)

Stokes’s Theorem

/S(VXB)-ds: jéB-dl

Provide definitions or explain the meaning of the following terms:

Divergence Theorem
/V-Edu = jéE-ds
v N

Important Terms

radial distance r
range R

azimuth angle
base vectors

divergence operator
divergence theorem

Cartesian coordinate system divergenceless right-hand rule
circulation of a vector dot product scalar product

conservative field field lines scalar quantity
cross product flux density simple product
curl operator flux lines solenoidal field

spherical coordinate system
Stokes’s theorem

vector product

vector quantity

unit vector

zenith angle

cylindrical coordinate system
differential area vector
differential length vector
differential volume
directional derivative
distance vector

gradient operator

irrotational field

Laplacian operator
magnitude

orthogonal coordinate system
position vector

PROBLEMS (2,—1,0). Find a unit vector in the direction of A.
Section 3-1: Vector Algebra *3.3 In Cartesian coordinates, the three corners of a triangle

are P = (0,4,4), P, = (4,—4,4), and P; = (2,2,—4). Find the
3.1 GivenvectorsA=%2—-93+2, B=%2-9+23,andC=  area of the triangle.
X2+ §1 — 21, show that C is perpendicular to both A and B.

* . . *
3.2 Vector A starts at point (1,—1,3) and ends at point Answer(s) available in Appendix E.
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3.4 Given A =X2—93+121 and B=XB,+$2+2B;:
(a) find B, and B; if A is parallel to B;
(b) find a relation between By and B; if A is perpendicular
to B.

3.5 Given vectors A =X+§2—-23, B=%2—-§4, and C =
§2 — 24, find the following:
“(a) Aand &
(b) The component of B along C
(¢) 6ac
(d) AxC
“(e) A-(BxC)
() Ax (BxC)
(2) xx B
() (Ax9)-2
3.6 Given A =X(x+2y) —§(y+3z) +2(3x — y), determine
a unit vector parallel to A at point P = (1,—1,2).

3.7 Given vectors A = X2 —§+23 and B = %3 — 22, find
a vector C whose magnitude is 9 and whose direction is
perpendicular to both A and B.

3.8 By expansion in Cartesian coordinates, prove:

(a) the relation for the scalar triple product given by (3.29),
and

(b) the relation for the vector triple product given by (3.33).

“3.9 Findan expression for the unit vector directed toward the
origin from an arbitrary point on the line described by x = 1
and z = —2.

¥3.10 Find a unit vector parallel to either direction of the line
described by
2x+z=6.

3.11 Find an expression for the unit vector directed toward
the point P located on the z-axis at a height 4 above the x—y
plane from an arbitrary point Q = (x,y,—5) in the plane z =
=5.

312 A given line is described by
x+2y=4.

Vector A starts at the origin and ends at point P on the line such
that A is orthogonal to the line. Find an expression for A.

3.13 Two lines in the x—y plane are described by the expres-

sions
Line 1

Line 2

x+2y=—6,
3x+4y=38.

Use vector algebra to find the smaller angle between the lines
at their intersection point.
3.14 Show that, given two vectors A and B,

(a) the vector C defined as the vector component of B in the
direction of A is given by

A(B-A)

where a is the unit vector of A, and

(b) the vector D defined as the vector component of B
perpendicular to A is given by

_p_AB-A)
D=B- =

*3.15 A certain plane is described by
2x+3y+4z=16.

Find the unit vector normal to the surface in the direction away
from the origin.

3.16 Given B =%(z—3y)+§(2x—3z) —Z(x+y), find a unit
vector parallel to B at point P = (1,0,—1).

“3.17 Find a vector G whose magnitude is 4 and whose
direction is perpendicular to both vectors E and F, where
E=%+4+§2—-22and F=§3 —26.

3.18 A given line is described by the equation:
y=x—1.

Vector A starts at point P} = (0,2) and ends at point P, on the
line such that A is orthogonal to the line. Find an expression
for A.

3.19 Vector field E is given by
. A 12 N
E =R 5Rcos6 —GK sinf® cos ¢ +¢3sing.

Determine the component of E tangential to the spherical
surface R = 3 at point P = (3,30°,60°).

3.20 When sketching or demonstrating the spatial variation
of a vector field, we often use arrows, as in Fig. P3.20, wherein
the length of the arrow is made to be proportional to the
strength of the field and the direction of the arrow is the same
as that of the field’s. The sketch shown in Fig. P3.20, which
represents the vector field E = £r, consists of arrows point-
ing radially away from the origin and their lengths increase
linearly in proportion to their distance away from the origin.
Using this arrow representation, sketch each of the following
vector fields:
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(a) E; = —xy,

(b) E; = §x,

(¢) E3 =%x+7y,
(d) E4 =%x+32y,
(e) Es =¢r,

(f) Eg = tsin¢.

Figure P3.20 Arrow representation for vector field E =
(Problem 3.20).

3.21 Use arrows to sketch each of the following vector fields:
(a) E; =%Xx—yy,

(b) Ey = —9,

(©) E3 =1,

(d) E4 =tcos¢.
Sections 3-2 and 3-3: Coordinate Systems

3.22 Convert the coordinates of the following points from
cylindrical to Cartesian coordinates:

(a) Pp=(2,m/4,—-4),
(b) P, =(3,0,—4),
(C) P3 = (4,717,4).

3.23 Convert the coordinates of the following points from
Cartesian to cylindrical and spherical coordinates:

“a) P =(1,2,0)
(b) P, =(0,0,2)
(¢) Py=(1,1,3)

@) P =(-2.2,-2)

3.24 Convert the coordinates of the following points from
spherical to cylindrical coordinates:

(@) P =(5.0.0)
(b) P, =(5,0,7)
(c) Ps=(3,m/2,0)
3.25 Use the appropriate expression for the differential sur-

face area ds to determine the area of each of the following
surfaces:

(@) r=30<¢<m/3; -2<z<2

() 2<r<5 w/2<¢<m z=0
@) 2<r<5; g=n/4 —2<7z<2

(d R=2,0<6<7/3;0<¢<m

() 0SR<5,6=m/3,0<¢<2m

Also sketch the outlines of each of the surfaces.

3.26 A section of a sphere is described by 0 < R <2, 0 <
6 <90°, and 30° < ¢ <90°. Find:

(a) the surface area of the spherical section,

(b) the enclosed volume.
Also sketch the outline of the section.

3.27 Find the volumes described by

fa) 2<r<5; mf2< 9 <m 0<z<2
(b) 0<R<5,0<060<m/3;,0<¢<2m
Also sketch the outline of each volume.

3.28 A vector field is given in cylindrical coordinates by

E =trcos¢ —|—<i)rsinq) +22°.

Point P = (2,7,3) is located on the surface of the cylinder
described by » = 2. At point P, find:

(a) the vector component of E perpendicular to the cylinder,

(b) the vector component of E tangential to the cylinder.

3.29 Ata given point in space, vectors A and B are given in
spherical coordinates by

A=R4+62—9,
B=—R2+¢3.

Find:
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(a) the scalar component, or projection, of B in the direction
of A,

(b) the vector component of B in the direction of A,
(¢) the vector component of B perpendicular to A.

>:<3.30 Given vectors

~

A =1t(cos¢ +3z) —0(2r+4sing) + z2(r — 2z),
B = —fsin¢ +2Zcos ¢,

find

(a) O4p at (2,m/2,0),

(b) a unit vector perpendicular to both A and B at (2,7/3,1).
3.31 Determine the distance between the following pairs of
points:

“(a) P =(1,1,2) and P, = (0,2,3)

(b) s=(2,m/3,1)and P, = (4,7/2,3)

(¢) Ps=3,m,m/2)and Ps = (4,7/2,7)

3.32 Find the distance between the following pairs of points:

(a) P =(1,2,3) and P, = (—2,—3,—2) in Cartesian coordi-

nates,

(b) P =(1,m/4,3) and Py = (3,7/4,4) in cylindrical coor-
dinates,

(¢c) Ps = (4,m/2,0) and Ps = (3,7,0) in spherical coordi-
nates.

3.33 Transform the vector
A = Rsin? 0 cos ¢ +Ocos? ¢ — 3¢sin ¢
into cylindrical coordinates and then evaluate it at P =
(2,m/2,7/2).
3.34 Transform the following vectors into cylindrical coor-
dinates and then evaluate them at the indicated points:
(a) A=%(x+y) at P =(1,2,3)
(b) B=%(y—x)+§(x—y) at P, =(1,0,2)
“(0) C=02/ (P +y?) —§22/ (> +y?) + 24 at
Ps=(1,—-1,2)
(d) D =Rsin6O +0cosO +cos? ¢ at
Pr=(2,m/2,m/4)
“(e) E=Rcos¢ +0Osing +sin26 at Ps = (3,7/2,7)
3.35 Transform the following vectors into spherical coordi-
nates and then evaluate them at the indicated points:
(a) A=%y>+9xz+24 at P = (1,—1,2)
(b) B=§(x*+)?+2%) —2(x* +y%) at P, = (—1,0,2)

*(c) C=tcos¢ f@)sin(p +2Zcos@sin¢ at

Py=(2,m/4,2)
(d) D= ﬁyz/(x2+y2) fffxz/(szryz) + 24 at
Py=(1,-1,2)

Sections 3-4 and 3-7: Gradient, Divergence, and Curl
Operators

3.36 Find the gradient of the following scalar functions:
(@) T=3/(x*+7°)

(b) V =xy’7*

(€) U=zcos¢/(1+r?)

(d) W=eRsing

(e) S=4dx?e T4y

(f) N = r?cos? ¢

(g) M =RcosOsin¢

*

3.37 For each of the following scalar fields, obtain an an-
alytical solution for VT and generate a corresponding arrow
representation.

(@) T=10+x,for—10<x <10
“(h) T =2, for —10 < x < 10
(b) T =100+ xy, for —10 < x < 10
() T=x%?* for—10<x,y<10
() T=20+x+y,for—10<x,y <10
(f) T =1+sin(mx/3), for —10 <x < 10
“(g) T =1+cos(mx/3), for —10 < x < 10

0<r<10
(h) T15+rcos¢,f0r{0§¢§2m

0<r<10
; _ 2 Srs
(i) T =15+ rcos ¢,f0r{0§¢§2n.

“3.38 The gradient of a scalar function T is given by
VT =je *.
IfT=10atz=0, find T(z).

¥3.39  For the scalar function V = xy? — 22, determine its di-
rectional derivative along the direction of vector A = (X — §z)
and then evaluate it at P = (1,—1,2).

3.40 Follow a procedure similar to that leading to Eq. (3.82)
to derive the expression given by Eq. (3.83) for V in spherical
coordinates.

3.41 Evaluate the line integral of E = Xx — §y along the
segment Pj to P; of the circular path shown in Fig. P3.41.
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P1=(0,3)

Py=(-3,0)

Figure P3.41

Problem 3.41.

F

tt b4ttt o

AN -

(b) A= —Xsin2y+§ycos2x, for—n<x,y<7m

y
Yhdet
/+\{\+/}
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AX N e
Pted bty

P
Tt

e O e Y
e N e
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Pt et bttt d b4t
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“3.42 For the scalar function U = %sinze, determine its

directional derivative along the range direction R and then
evaluateitat P = (5, /4,7/2).

Figure P3.44(b)

3.43 For the scalar function T = %e”/s cos@, determine its ~ (¢) A = —Xxy +§y?, for =10 < x,y < 10
directional derivative along the radial direction ¥ and then
evaluate it at P = (2,7/4,4).

3.44 Each of the following vector fields is displayed in
Fig. P3.44 in the form of a vector representation. Determine
V - A analytically and then compare the result with your
expectations on the basis of the displayed pattern.

(a) A= —Xcosxsiny+§¥sinxcosy, for —x <x,y<7
b
tttt bt tmt bty
B A I B A R R
B I I L N B R
e I B L S A g R

e T R e S
BRI A L N B R
IR IR A A e SN B B

Figure P3.44(c)

e S AR T (d) A=—Xcosx+¥siny,for—n<x,y<7m
B N N R
B N e E e

e L R e I P S ¥

P S B R b bk 4 A TR 4 e

B I A A rrr b n e v oy v

O R A AT A KR RHRRN R oA T

AAALEANNRNNN LA

AXAEIANI NN AT

. PR S

Figure P3.44(a) PV E RSN RN

PO A N R S S A e

S R U T

R T T g g B T I

SOu A Y e

SO

S T O

RN N AP g B T

N T T T e e

b e 4 e TR A 4 e

Figure P3.44(d)
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N A s A V%
(&) A=xx,for—10<x<10 (h) A:xsm(%)+ys1n(1—g),f0r710§x,y§10
— e eqly - - — — T e et 1] A
T = TS tow o o PR PR
P DR L LY [ A .
N T T T . o R K FAV R
T S o e x LA S
— oo o & o> 0 — o X
-l b b D I i RN I SN
— -t ITT= = A N N N Y
— — T = TS A Yo w N4
— — - = U YK & X B e Ta Wy
Figure P3.44(e) Figure P3.44(h)
2 A 0<r<10
f) A=%xy? for—10<x,y<10 i — ¢ ==
(f) xy <Xy < (i) A=fr+orcos¢, for 0< 0 <2
107¥
101¥
— =l 2= = Tttt
- Tl = Vit bt
= DD Tz - \'\ it t ot ff
DR - X A \\\t ff//
-10 L * -~ 10 VL S A N
s P S i 10 10
— - - — ol T O P
— = > S e e w S
— e o o S N
—10 P ow T
=10

Figure P3.44(f)
Figure P3.44(i)

(2) A=%xy?>+§x%y, for =10 <x,y <10

Figure P3.44(g)
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0<r<I10

. _ a2 r 0 .
() A=tr+or sm¢’f0r{0§¢§2n.

Figure P3.44(j)

3.45 For the vector field E = &xz — §yz> — 2xy, verify the
divergence theorem by computing:
(a) the total outward flux flowing through the surface of a
cube centered at the origin and with sides equal to 2 units
each and parallel to the Cartesian axes, and

(b) the integral of V - E over the cube’s volume.

“3.46  Vector field E is characterized by the following proper-
ties: (a) E points along R, (b) the magnitude of E is a function
of only the distance from the origin, (c) E vanishes at the
origin, and (d) V -E = 6, everywhere. Find an expression for E
that satisfies these properties.

3.47 For the vector field E = £#10e™" — 23z, verify the diver-
gence theorem for the cylindrical region enclosed by r = 2,
z=0,and z =4.

¥3.48 A vector field D = £/3 exists in the region between two
concentric cylindrical surfaces defined by r = 1 and r = 2, with
both cylinders extending between z = 0 and z = 5. Verify the
divergence theorem by evaluating the following:

(a) jéD-ds,
(b) [I/V‘de/.

3.49 For the vector field D = R3R2, evaluate both sides of
the divergence theorem for the region enclosed between the
spherical shells defined by R=1 and R = 2.

3.50 For the vector field E = %xy — §(x? 4 2)?), calculate

(a) jéE-dl around the triangular contour shown in Fig.
c
P3.50(a), and

(b) / (V x E) - ds over the area of the triangle.
s

3.51 Repeat Problem 3.50 for the contour shown in Fig.
P3.50(b).

3.52  Verify Stokes’s theorem for the vector field B =
(trcos ¢ +sin @) by evaluating:

(a) jAB-dl over the semicircular contour shown in

c
Fig. P3.52(a), and
(b) / (V x B) - ds over the surface of the semicircle.
s

y y
2 2
]
;) 0 2 O
(@) (b)

Figure P3.52 Contour paths for (a) Problem 3.52 and (b)
Problem 3.53.

3.53 Repeat Problem 3.52 for the contour shown in
Fig. P3.52(b).

3.54 Verify Stokes’s Theorem for the vector field A =
Rcos8 + ¢sin@ by evaluating it on the hemisphere of unit
radius.

3.55 Verify Stokes’s theorem for the vector field B =
(f cos ¢ +sin @) by evaluating:

(a) %B -df over the path comprising a quarter section of a
c
circle, as shown in Fig. P3.55, and

(b) / (V x B) - ds over the surface of the quarter section.
s

(0,3)

> X

(_39 O) L3

Figure P3.55 Problem 3.55.
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3.56 Determine if each of the following vector fields is 3.57 Find the Laplacian of the following scalar functions:

solenoidal, conservative, or both: (a) V; = 10/ sin 2¢
* . N

(a) A=%x>—§2xy (b) Vo= (2/R*)cosBsin¢

PN, RPN P

(b) B= ’fx ¥ erzzf , 3.58 Find the Laplacian of the following scalar functions:
. (¢) C= I'(SIH(P)/V +¢(COS¢)/V (a) V= 4xy2Z3
"(d) D=R/R (b) V=xy+yz+zx

(e) E=#( _1L+r>+AZ *(C)V:3/(x2+y2)

(f) F= Ry +39x)/ (x> +?) (d) V=5e"cos¢

2

+x°) —2(y* +2%) (e) V =10e Rsin
“(h) H=R(Re k)
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188

Objectives

Upon learning the material presented in this chapter, you
should be able to:

1.

Evaluate the electric field and electric potential due to any
distribution of electric charges.

. Apply Gauss’s law.

. Calculate the resistance R of any shaped object given the

electric field at every point in its volume.

. Describe the operational principles of resistive and capac-

itive sensors.

. Calculate the capacitance of two-conductor configura-

tions.
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4-1 Maxwell’s Equations Electrostatics
V-D=p,, (4.2a)
The modern theory of electromagnetism is based on a set of
four fundamental relations known as Maxwell’s equations: VXE=0. (4.2b)
Magnetostatics
V-D=p,, 4.1a
p (4-1a) V-B=0, (4.3a)
JB
VXE:_E’ (4.1b) VxH=]. (4.3b)
V-B=0, (4.1c) Maxwell’s four equations separate into two uncoupled pairs
oD with the first pair involving only the electric field and flux E
VxH=J+ ot (4.1d) and D and the second pair involving only the magnetic field

Here E and D are the electric field intensity and flux density
interrelated by D = €E where ¢ is the electrical permittivity;
H and B are magnetic field intensity and flux density inter-
related by B = uH where u is the magnetic permeability;
py is the electric charge density per unit volume; and J is
the current density per unit area. The fields and fluxes E,
D, B, H were introduced in Section 1-3, and p, and J will
be discussed in Section 4-2. Maxwell’s equations hold in
any material, including free space (vacuum). In general, all
of the above quantities may depend on spatial location and
time 7. In the interest of readability, we will not, however,
explicitly reference these dependencies (as in E(x,y,z7))
except when the context calls for it. By formulating these
equations, published in a classic treatise in 1873, James Clerk
Maxwell established the first unified theory of electricity and
magnetism. His equations are deduced from experimental
observations reported by Coulomb, Gauss, Ampere, Faraday,
and others; they not only encapsulate the connection between
the electric field and electric charge and between the magnetic
field and electric current but also capture the bilateral coupling
between electric and magnetic fields and fluxes. Together with
some auxiliary relations, Maxwell’s equations comprise the
fundamental tenets of electromagnetic theory.

» Under sfatic conditions, none of the quantities appear-
ing in Maxwell’s equations are functions of time (i.e.,
d/dt =0). This happens when all charges are perma-
nently fixed in space. If they move, they do so at a steady
rate so that py and J are constant in time. <

Under these circumstances, the time derivatives of B and D in
Egs. (4.1b) and (4.1d) vanish, and Maxwell’s equations reduce
to the following pairs.

and flux H and B.

» Electric and magnetic fields become decoupled under
static conditions. <

This allows us to study electricity and magnetism as two
distinct and separate phenomena as long as the spatial distri-
butions of charge and current flow remain constant in time.
We refer to the study of electric and magnetic phenomena
under static conditions as electrostatics and magnetostatics,
respectively. Electrostatics is the subject of the present chapter,
and we learn about magnetostatics in Chapter 5. The experi-
ence gained through studying electrostatic and magnetostatic
phenomena will prove invaluable in tackling the more involved
material in subsequent chapters that deal with time-varying
fields, charge densities, and currents.

We study electrostatics not only as a prelude to the study
of time-varying fields but also because it is an important field
in its own right. Many electronic devices and systems are
based on the principles of electrostatics. They include x-ray
machines, oscilloscopes, ink-jet electrostatic printers, lig-
uid crystal displays, copy machines, micro-electromechanical
switches and accelerometers, and many solid-state—based con-
trol devices. Electrostatic principles also guide the design of
medical diagnostic sensors, such as the electrocardiogram,
which records the heart’s pumping pattern, and the electroen-
cephalogram, which records brain activity, as well as the
development of numerous industrial applications.

4-2 Charge and Current Distributions

In electromagnetics, we encounter various forms of electric
charge distributions. When put in motion, these charge distri-
butions constitute current distributions. Charges and currents
may be distributed over a volume of space, across a surface, or
along a line.
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4-2.1 Charge Densities

At the atomic scale, the charge distribution in a material
is discrete, meaning that charge exists only where electrons
and nuclei are and nowhere else. In electromagnetics, we
usually are interested in studying phenomena at a much larger
scale, typically three or more orders of magnitude greater than
the spacing between adjacent atoms. At such a macroscopic
scale, we can disregard the discontinuous nature of the charge
distribution and treat the net charge contained in an elemental
volume A as if it were uniformly distributed within. Accord-
ingly, we define the volume charge density py as

A d
py = lim 4 _ 4

Aq _ 3
Av—0 AV  dV (C/rm),

4.4)

where Ag is the charge contained in AV. In general, p, de-
pends on spatial location (x,y,z) and ¢; thus, p, = py(x,y,2,1).
Physically, py represents the average charge per unit volume
for a volume AU centered at (x,y,z) with AU being large
enough to contain a large number of atoms, yet it is small
enough to be regarded as a point at the macroscopic scale
under consideration. The variation of p, with spatial location is
called its spatial distribution (or simply its distribution). The
total charge contained in volume  is

0= [pav 4.5)

In some cases, particularly when dealing with conductors,
electric charge may be distributed across the surface of a
material, where the quantity of interest is the surface charge
density ps, which is defined as

A
po = lim 24 _ 94

2
As—0 As o ds (C/m )’

(4.6)

where Ag is the charge present across an elemental surface
area As. Similarly, if the charge is, for all practical purposes,
confined to a line, which need not be straight, we characterize
its distribution in terms of the line charge density p,, defined
as

. Ag _dq
= 1 _— = — . 4.
pe=tim N =a  ©m™ “.7)
Example 4-1: Line Charge Distribution

Calculate the total charge Q contained in a cylindrical tube
oriented along the z axis, as shown in Fig. 4-1(a). The line
charge density is py = 2z, where z is the distance in meters
from the bottom end of the tube. The tube length is 10 cm.

Line charge py

X

(a) Line charge distribution

(b) Surface charge distribution

Figure 4-1 Charge distributions for Examples 4-1 and 4-2.

Solution: The total charge Q is

0.1 0.1 0.1 5
0= [ pedz= =107°C.
0 0

2zdz = 22|0

Example 4-2: Surface Charge Distribution

The circular disk of electric charge shown in Fig. 4-1(b)
is characterized by an azimuthally symmetric surface charge
density that increases linearly with r from zero at the center to
6 C/m? at r = 3 cm. Find the total charge present on the disk
surface.

Solution: Since p; is symmetrical with respect to the azimuth
angle ¢, it depends only on r and is given by

6r

= 377072 = 2% 10°r

Ps (C/m?),

where r is in meters. In polar coordinates, an elemental area
is ds = r dr d¢, and for the disk shown in Fig. 4-1(b), the
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limits of integration are from 0 to 27 (rad) for ¢ and from O to ,
3 x 102 m for r. Hence, Volume charge p, As
21 3x1072 YRR A
QZ/PstZ/ / (2><102r)rdrd¢ Laet—=ut Jcf e T Aq'=pou As" At
S $=0Jr=0 I
33x1072 —Al—
=27 x2x%x 10> = =1131 (mO).
3, (a)
Exercise 4-1: A square plate residing in the x—y plane Dy As = fi As
is situated in the space defined by —3 m < x <3 m and 4
—3 m <y < 3 m. Find the total charge on the plate if the [ / IR N 7
surface charge density is ps = 4y* (uC/m?). T UL L N Ag=pyu-As At
e et et e =p,u As At cos 0

Answer: Q = 0.432 (mC). (See @.)

Exercise 4-2: A thick spherical shell centered at the origin
extends between R =2 cm and R = 3 cm. If the volume
charge density is p, = 3R x 10~* (C/m?), find the total
charge contained in the shell.

Answer: Q = 0.61 (nC). (See &)

4-2.2 Current Density

Consider a tube with volume charge density p, (Fig. 4-2(a)).
The charges in the tube move with velocity u along the tube
axis. Over a period Az, the charges move a distance Al = u At.
The amount of charge that crosses the tube’s cross-sectional
surface As’ in time At is therefore
Ag' = py AV = py Al As" = pyu As' At. (4.8)

Now consider the more general case where the charges are
flowing through a surface As with normal fi not necessarily
parallel to u (Fig. 4-2(b)). In this case, the amount of charge Ag
flowing through As is

Ag = pyu-As At, (4.9)
where As = i As and the corresponding total current flowing
in the tube is

Agq

Al = — =pyu-As=]-As.

o= (4.10)

Here

J=pu (A/m?) 4.11)
is defined as the current density in ampere per square meter.
Generalizing to an arbitrary surface S, the total current flowing

(b)

Figure 4-2 Charges with velocity u moving through a cross
section As’ in (a) and As in (b).

through it is

I:/SJ-a’s (A). 4.12)

» When a current is due to the actual movement of elec-
trically charged matter, it is called a convection current,
and J is called a convection current density. <

A wind-driven charged cloud, for example, gives rise to a con-
vection current. In some cases, the charged matter constituting
the convection current consists solely of charged particles,
such as the electron beam of a scanning electron microscope
or the ion beam of a plasma propulsion system.

When a current is due to the movement of charged particles
relative to their host material, J is called a conduction current
density. In a metal wire, for example, there are equal amounts
of positive charges (in atomic nuclei) and negative charges (in
the electron shells of the atoms). None of the positive charges
and few of the negative charges can move; only those electrons
in the outermost electron shells of the atoms can be pushed
from one atom to the next if a voltage is applied across the
ends of the wire.

» This movement of electrons from atom to atom con-
stitutes a conduction current. The electrons that emerge
from the wire are not necessarily the same electrons that
entered the wire at the other end. «
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Conduction current, which is discussed in more detail in
Section 4-6, obeys Ohm’s law, whereas convection current
does not.

Concept Question 4-1: What happens to Maxwell’s
equations under static conditions?

Concept Question 4-2: How is the current density J
related to the volume charge density p,?

Concept Question 4-3: What is the difference between
convection and conduction currents?

4-3 Coulomb’s Law

One of the primary goals of this chapter is to develop dexterity
in applying the expressions for the electric field intensity E
and associated electric flux density D induced by a specified
distribution of charge. Our discussion will be limited to elec-
trostatic fields induced by stationary charge densities.

We begin by reviewing the expression for the electric
field introduced in Section 1-3.2 on the basis of the results
of Coulomb’s experiments on the electrical force between
charged bodies. Coulomb’s law, which was first introduced for
electrical charges in air and later generalized to material media,
implies that:

(1) An isolated charge ¢ induces an electric field E at every
point in space, and at any specific point P, E is given by

R q

“Rigerr V™

(4.13)

where R is a unit vector pointing from ¢ to P (Fig. 4-3),
R is the distance between them, and € is the electrical
permittivity of the medium containing the observation
point P.

(2) In the presence of an electric field E at a given point in
space that may be due to a single charge or a distribution
of charges, the force acting on a test charge ¢’ when
placed at P is

F=4E N). (4.14)

With F measured in newtons (N) and ¢’ in coulombs (C), the

unit of E is (N/C), which will be shown later in Section 4-5 to

be the same as volt per meter (V/m).

For a material with electrical permittivity €, the electric field
quantities D and E are related by

D=¢E (4.15)

Figure 4-3 Electric field lines due to a charge g.

with

£ = &&), (4.16)

where

£ =8.85x 1072~ (1/36m) x 1077 (F/m)

is the electrical permittivity of free space and & = €/g) is
called the relative permittivity (or dielectric constant) of the
material. For most materials and under a wide range of con-
ditions, € is independent of both the magnitude and direction
of E [as implied by Eq. (4.15)].

» If € is independent of the magnitude of E, then the
material is said to be linear because D and E are related
linearly, and if it is independent of the direction of E, the
material is said to be isotropic. <

Materials usually do not exhibit nonlinear permittivity behav-
ior except when the amplitude of E is very high (at levels
approaching dielectric breakdown conditions discussed later in
Section 4-7), and anisotropy is present only in certain materials
with peculiar crystalline structures. Hence, except for unique
materials under very special circumstances, the quantities D
and E are effectively redundant; for a material with known &,
knowledge of either D or E is sufficient to specify the other in
that material.

4-3.1 Electric Field Due to Multiple Point
Charges

The expression given by Eq. (4.13) for the field E due to
a single point charge can be extended to multiple charges.
We begin by considering two point charges, g; and g, with
position vectors R; and R; (measured from the origin in
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X

Figure 4-4 The electric field E at P due to two charges is equal
to the vector sum of E; and E».

Fig. 4-4). The electric field E is to be evaluated at a point P
with position vector R. At P, the electric field E; due to g
alone is given by Eq. (4.13) with R, which is the distance
between ¢; and P, replaced with |R — Ry | and the unit vector R
replaced with (R —R;)/|R — Ry|. Thus,

q1(R—Ry)
El=——— V/m). 4.17
1= i RoR,p VW (4.172)
Similarly, the electric field at P due to g, alone is
¢2(R—Ry)
Ey=—"—— " V/m). 4.17b
2= IreRoRp VM) (4.176)

» The electric field obeys the principle of linear superpo-
sition. <

Hence, the total electric field E at P due to ¢ and ¢, together
is determined as

E=E +E;
I [¢1i(R=R))  ¢@(R—Ry)
- 4.18
4re ‘R—R1|3 ‘R—RZP ( )

Generalizing the preceding result to the case of N point
charges, the electric field E at point P with position vector R
due to charges ¢1,q2,...,qn located at points with position
vectors Ry,Ry,...,Ry equals the vector sum of the electric
fields induced by all the individual charges. Thus,

1 ¥ ¢(R-R)

= — V/ .
e & R_Rp ™

(4.19)

Electric Field Due to Two
Point Charges

Example 4-3:

Two point charges with
g1=2x107C
and
g =—-4x107C

are located in free space at points with Cartesian coordinates
(1,3,—1) and (—3,1,—2), respectively. Find (a) the electric
field E at (3,1,—2) and (b) the force on a 8 x 107> C charge
located at that point. All distances are in meters.

Solution: (a) From Eq. (4.18), the electric field E with € = g
(free space) is

1 (R—Ry) (R—Ry)
— V/m).
ine | R-RP TP R-RP (V/m)
The vectors R;, Ry, and R are
R, =%+§3-12
Ry =—-X3+§y—122,
R=x3+4+y-—72.
Hence,
1 282 —-92—12 %
_ (X2-§92-2) 4(%6) 105
4me 27 216
X—§4—1722 s
=— %10 V/m).
10878y (V/m)
(b) The force on g3 is
s X—y4-22 _s
F=@pE=8x10"x—"—"x10
3 X T 08we,
X2 —§8—124 _10
=———x10 N).
2ney )

Exercise 4-3: Four charges of 10 pC each are located in
free space at points with Cartesian coordinates (—3,0,0),
(3,0,0), (0,—3,0), and (0,3,0). Find the force on a 20 uC
charge located at (0,0,4). All distances are in meters.

Answer: F =20.23 N. (See &)

Exercise 4-4: Two identical charges are located on the
x axis at x =3 and x = 7. At what point in space is the net
electric field zero?

Answer: At point (5,0,0). (See €.)
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Exercise 4-5: In a hydrogen atom, the electron and proton
are separated by an average distance of 5.3 x 107! m.
Find the magnitude of the electrical force F. between
the two particles, and compare it with the gravitational
force Fy between them.

Answer: F, =82x 108N, and F, = 3.6 x 10747 N.
(See @)

4-3.2 Electric Field Due to a Charge Distribution

We now extend the results obtained for the field due to discrete
point charges to continuous charge distributions. Consider a
volume U’ that contains a distribution of electric charge with
volume charge density py, which may vary spatially within U’
(Fig. 4-5). The differential electric field at a point P due to
a differential amount of charge dg = py dV’ contained in a
differential volume d V" is

/ pydV’

., dq
dE =R’ ,
4meR"?

— =R
4meR"™?

(4.20)

where R’ is the vector from the differential volume dV’ to
point P. Applying the principle of linear superposition, the
total electric field E is obtained by integrating the fields due
to all differential charges in U’. Thus,

1 A~/ Py dv’
E= dE = — R .
/vr 47r£/1,/ R?

(volume distribution)

(4.21a)

It is important to note that, in general, both R’ and R vary as a
function of position over the integration volume V.

Figure 4-5 Electric field due to a volume charge distribution.

If the charge is distributed across a surface S’ with surface
charge density ps, then dg = ps ds’, and if it is distributed
along a line [’ with a line charge density py, then dg = p, d!'.
Accordingly, the electric fields due to surface and line charge
distributions are

1 A~/ Ps dS/
E= m/S/R R (4.21b)
(surface distribution)
1 ~7 Pr dr
= ) R 4.21¢)

(line distribution)

Example 4-4: Electric Field of a Ring of Charge

A ring of charge of radius b is characterized by a uniform line
charge density of positive polarity py. The ring resides in free
space and is positioned in the x—y plane, as shown in Fig. 4-6.
Determine the electric field intensity E at a point P = (0,0,4)
along the axis of the ring at a distance % from its center.

Solution: We start by considering the electric field generated
by a differential ring segment with cylindrical coordinates
(b, ¢,0) in Fig. 4-6(a). The segment has length d/ = b d¢ and
contains charge dq = p; dl = pyb d¢. The distance vector R
from segment 1 to point P = (0,0,4) is

R| = —fb+2h,
from which it follows that

R, = |R|| = Vb2 +h2,

R,  —#b+2h
R VB2 +n2

The electric field at P = (0,0, /) due to the charge in segment 1
therefore is

NG
R1:

1, pedl  peb (—tb+12h)

dE, = R =
'Tame, ' RZ T Amey (b2 + 4232

do.

The field dE; has component dE;, along —f and com-
ponent dE;, along Z. From symmetry considerations, the
field dE, generated by differential segment 2 in Fig. 4-6(b),
which is located diametrically opposite to segment 1, is identi-
cal to dE; except that the & component of dE, is opposite that
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(b)

Figure 4-6 Ring of charge with line density p,. (a) The
field dE; due to infinitesimal segment 1 and (b) the fields dE;
and dE, due to segments at diametrically opposite locations
(Example 4-4).

of dE;. Hence, the T components in the sum cancel and the Z
contributions add. The sum of the two contributions is

_pibh dg
“omer (P42

dE = dE| + dE; = (4.22)

Since for every ring segment in the semicircle defined over the
azimuthal range 0 < ¢ < 7 (the right-hand half of the circular
ring) there is a corresponding segment located diametrically

opposite at (¢ + ), we can obtain the total field generated by
the ring by integrating Eq. (4.22) over a semicircle as

pebh
21y (b2 + h2)3/2 / 49
pibh h

2@ L amapr+iepn

E

i———

N>

(4.23)

where Q = 27bpy is the total charge on the ring.

Electric Field of a Circular
Disk of Charge

Example 4-5:

Find the electric field at point P with Cartesian coordinates
(0,0,1) due to a circular disk of radius @ and uniform charge
density p; residing in the x—y plane (Fig. 4-7). Also, evaluate E
due to an infinite sheet of charge density ps by letting a — oo.

7z
A

“E
=(0,0, h)

Ps dq = 2mpgr dr

dr

X

Figure 4-7 Circular disk of charge with surface charge
density ps. The electric field at P = (0,0,/4) points along the
z direction (Example 4-5).

Solution: Building on the expression obtained in Exam-
ple 4-4 for the on-axis electric field due to a circular ring of
charge, we can determine the field due to the circular disk
by treating the disk as a set of concentric rings. A ring of
radius r and width dr has an area ds = 27r dr and contains
charge dq = ps ds = 2wpsr dr. Upon using this expression in
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Eq. (4.23) and also replacing b with r, we obtain the following
expression for the field due to the ring:

h

dE=7 —F———
4mey(r2 + h?)3/?

(2mpsr dr).

The total field at P is obtained by integrating the expression
over the limits r =0to r = a:

. psh [ rdr . Ps ||
ko 280/0 GRS {1 \/a2+h2] ’
(4.24)
with the plus sign for & > 0 (P above the disk) and the minus
sign when i < O (P below the disk).
For an infinite sheet of charge with a = oo,

. Ps
E=+2 1>,
1280

(infinite sheet of charge)

(4.25)

We note that for an infinite sheet of charge E is the same at all
points above the x—y plane, and a similar statement applies for
points below the x—y plane.

Concept Question 4-4: When characterizing the elec-
trical permittivity of a material, what do the terms linear
and isotropic mean?

Concept Question 4-5: If the electric field is zero at
a given point in space, does this imply the absence of
electric charges?

Concept Question 4-6: State the principle of linear
superposition as it applies to the electric field due to a
distribution of electric charge.

Exercise 4-6: An infinite sheet with uniform surface
charge density ps is located at z = 0 (x—y plane), and
another infinite sheet with density —ps is located at
z =2 m with both in free space. Determine E everywhere.

Answer: E =0 for z < 0; E =2p/g) for 0 <z <2 m;
and E = 0 for z > 2 m. (See @.)

4-4 Gauss’s Law

In this section, we use Maxwell’s equations to confirm the
expressions for the electric field implied by Coulomb’s law,

and propose alternative techniques for evaluating electric fields
induced by electric charge. To that end, we restate Eq. (4.1a):

V-D=p,, (4.26)

(differential form of Gauss’s law)

which is referred to as the differential form of Gauss’s law.
The adjective “differential” refers to the fact that the diver-
gence operation involves spatial derivatives. As we see shortly,
Eq. (4.26) can be converted to an integral form. When solving
electromagnetic problems, we often go back and forth between
equations in differential and integral form, depending on which
of the two happens to be the more applicable or convenient
to use. To convert Eq. (4.26) into integral form, we multiply
both sides by dU and evaluate their integrals over an arbitrary

volume V:
/V-dez/pvdD:Q.
v v

Here, Q is the total charge enclosed in V. The divergence
theorem, given by Eq. (3.98), states that the volume integral of
the divergence of any vector over a volume U equals the total
outward flux of that vector through the surface S enclosing V.
Thus, for the vector D,

4.27)

/V-DdD: jéD-ds. (4.28)
v N
Comparison of Eq. (4.27) with Eq. (4.28) leads to
jéD -ds = Q. (4.29)
S

(integral form of Gauss’s law)

» The integral form of Gauss’s law is illustrated dia-
grammatically in Fig. 4-8; for each differential surface
element ds, D - ds is the electric field flux flowing outward
of U through ds, and the total flux through surface S
equals the enclosed charge Q. The surface S is called a
Gaussian surface. <

The integral form of Gauss’s law can be applied to deter-
mine D due to a single isolated point charge g by enclosing
the latter with a closed, spherical, Gaussian surface S of
arbitrary radius R centered at ¢ (Fig. 4-9). From symmetry
considerations and assuming that g is positive, the direction
of D must be radially outward along the unit vector R, and D,
which is the magnitude of D, must be the same at all points
on S. Thus, at any point on S,

D = RDy, (4.30)
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Total charge
in v

D-ds

Gaussian surface S
enclosing volume 0

Figure 4-8 The integral form of Gauss’s law states that the
outward flux of D through a surface is proportional to the
enclosed charge Q.

Gaussian surface -

Figure 4-9 Electric field D due to point charge g.

and ds = R ds. Applying Gauss’s law gives

%D-ds = jéﬁDR-ﬁ ds = jéDR ds = Dr(4nR?) = q.
S S s

(4.31)
Solving for Dy and then inserting the result in Eq. (4.30) gives
the expression for the electric field E induced by an isolated
point charge in a medium with permittivity €:

(V/m). (4.32)
This is identical with Eq. (4.13) obtained from Coulomb’s law;
after all, Maxwell’s equations incorporate Coulomb’s law. For
this simple case of an isolated point charge, it does not matter
whether Coulomb’s law or Gauss’s law is used to obtain the
expression for E. However, it does matter which approach we
follow when we deal with multiple point charges or continuous
charge distributions. Even though Coulomb’s law can be used

to find E for any specified distribution of charge, Gauss’s law
is easier to apply than Coulomb’s law, but its utility is limited
to symmetrical charge distributions.

» Gauss’s law, as given by Eq. (4.29), provides a con-
venient method for determining the flux density D when
the charge distribution possesses symmetry properties that
allow us to infer the variations of the magnitude and
direction of D as a function of spatial location. This
facilitates the integration of D over a cleverly chosen
Gaussian surface. <

Because at every point on the surface the direction of ds is
along its outward normal, only the normal component of D
at the surface contributes to the integral in Eq. (4.29). To
successfully apply Gauss’s law, the surface S should be chosen
from symmetry considerations so that, across each subsurface
of S, D is constant in magnitude and its direction is either
normal or purely tangential to the subsurface. These aspects
are illustrated in Example 4-6.

Electric Field of an Infinite
Line Charge

Example 4-6:

Use Gauss’s law to obtain an expression for E due to an
infinitely long line with uniform charge density p, that resides
along the z axis in free space.

Solution: Since the charge density along the line is uniform,
infinite in extent, and residing along the z axis, symmetry
considerations dictate that D is in the radial ¥ direction and
cannot depend on ¢ or z. Thus, D = £D,. Therefore, we
construct a finite cylindrical Gaussian surface of radius r
and height 4, which is concentric around the line of charge
(Fig. 4-10). The total charge contained within the cylinder is
Q = pyh. Since D is along T, the top and bottom surfaces of
the cylinder do not contribute to the surface integral on the
left-hand side of Eq. (4.29); that is, only the curved surface
contributes to the integral. Hence,

h 21
/ / £D, -£rdo dz = poh
z=0J¢=0

or
2whD,r = pyh,
which yields
D .D
E=— —p—~—p_PL (4.33)
& &) 2meyr

(infinite line charge)
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___—uniform line
_ charge p,
—)

- =) - 1

7
[N
1
1
I

I
: P ds
| 1 D
I |
'( -~ -~y Gaussian surface

7

———

Figure 4-10 Gaussian surface around an infinitely long line of
charge (Example 4-6).

Note that Eq. (4.33) is applicable for any infinite line of charge,
regardless of its location and direction, as long as t is properly
defined as the radial distance vector from the line charge to the
observation point (i.e., T is perpendicular to the line of charge).

Example 4-7: Two Infinite Lines of Charge

Figure 4-11 depicts the presence of two infinite lines of charge
in free space: one residing in the x—y plane parallel to the X axis
and carrying charge density py;, = 1 (nC/m), and a second one
residing in the y—z plane parallel to the y axis and carrying a
charge density py, = —2 (nC/m). Determine the electric field
at the origin.

Solution: The electric field E is the sum of two electric field
components:
E=E; +E,,

where E; and E; are the electric fields due to line charges
1 and 2, respectively. According to Eq. (4.33), the direction
of the electric field t is perpendicular to the direction of the
line charge and points away from the line of charge (if py is
positive). Hence, for the first line of charge, py, = 1 (nC/m),
f'] = 75\’, ry = 2, and

3 —y107°
L= 1P¢, _ 1y — =—$9 V/m.
2meyry 27 X 707 ¥ 1077 x 2
Similarly, for the second line of charge, py, = —2 (nC/m),
fz = —i, rp = 6, and
P —2(—2)x107?
E, = 2P B(2) —26 V/m.

727r£0r2:27rxﬁ><10*9x6

z
A
o | pg, =2 (C/m)
)
A
E .
Nttt E, =16
i - < > )
E;=-y9 2m

P, = 1 (nC/m)

Figure 4-11 Two infinite lines of charge (Example 4-7).

Hence,

E=E, +E2:(*§’9+i6) V/m.

Concept Question 4-7: Explain Gauss’s law. Under
what circumstances is it useful?

Concept Question 4-8: How should one choose a
Gaussian surface?

Exercise 4-7: Two infinite lines, each carrying a uniform
charge density py, reside in free space parallel to the z axis
at x = 1 and x = —1. Determine E at an arbitrary point
along the y axis.

Answer: E =§p.y/ [neo(y* +1)]. (See &.)

Exercise 4-8: A thin spherical shell of radius a carries
a uniform surface charge density ps. Use Gauss’s law to
determine E everywhere in free space.

0 forR < a;

. @),
Rpa?/(eR) forR>a. O )

Answer: E = {
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Exercise 4-9: A spherical volume of radius a contains a
uniform volume charge density p,. Use Gauss’s law to
determine D for (a) R < a and (b) R > a.

Answer: (a) D =Rp,R/3,
(b) D = Rpya®/(3R?). (See @).)

4-5 Electric Scalar Potential

The operation of an electric circuit usually is described in
terms of the currents flowing through its branches and the
voltages at its nodes. The voltage difference V between two
points in a circuit represents the amount of work, or potential
energy, required to move a unit charge from one to the other.

» The term “voltage” is short for “voltage potential” and
synonymous with electric potential. <

Even though when analyzing a circuit we may not consider the
electric fields present in the circuit, it is in fact the existence of
these fields that gives rise to voltage differences across circuit
elements such as resistors or capacitors. The relationship
between the electric field E and the electric potential V' is the
subject of this section.

4-5.1 Electric Potential as a Function of Electric

Field
We begin by considering the simple case of a positive charge ¢
in a uniform electric field E = —§E in the —y direction

(Fig. 4-12). The presence of the field E exerts a force F. = gE
on the charge in the —y direction. To move the charge along the
positive y direction (against the force F.), we need to provide

ext

ol
AR

> X

Figure 4-12 Work done in moving a charge g a distance dy
against the electric field E is dW = gFE dy.

an external force Fey to counteract F., which requires the
expenditure of energy. To move g without acceleration (at
constant speed), the net force acting on the charge must be
zero, which means that Fey + F. = 0, or

Foy = —F. = —¢E. (4.34)

The work done (or energy expended) in moving any object a
vector differential distance dl while exerting a force Fey, is

AW =Fey-dl= —gE-dl (). (4.35)

Work (or energy) is measured in joules (J). If the charge is
moved a distance dy along §, then

dW = —q(—JE)-§ dy = qE dy. (4.36)

The differential electric potential energy dW per unit charge
is called the differential electric potential (or differential
voltage) dV. That is,

dv = aw =—E-dl
q
The unit of V is the volt (V) with 1 V =1 J/C, and since V
is measured in volts, the electric field is expressed in volts per
meter (V/m).

The potential difference corresponding to moving a point
charge from point P; to point P, (Fig. 4-13) is obtained by
integrating Eq. (4.37) along any path between them. That is,

(J/C or V). (4.37)

P P
dVv = — E-dl, (4.38)
Py Py
or
P
Vou=V,—Vi=— E-dl, (4.39)
Py
E

E

ek

—/ -

P
! path 3

Figure 4-13 In electrostatics, the potential difference between
P, and P is the same irrespective of the path used for calculating
the line integral of the electric field between them.



200

CHAPTER 4 ELECTROSTATICS

where V| and V, are the electric potentials at points P; and P,
respectively. The result of the line integral on the right-hand
side of Eq. (4.39) is independent of the specific integration
path that connects points P; and P. This follows immediately
from the law of conservation of energy. To illustrate with an
example, consider a particle in Earth’s gravitational field. If
the particle is raised from a height #; above Earth’s surface
to height A,, the particle gains potential energy in an amount
proportional to (hy — hp). If instead we were to first raise the
particle from height £ to a height h3 greater than /,, thereby
giving it potential energy proportional to (h3 — k), and then
let it drop back to height A, by expending an energy amount
proportional to (h3 — hy), its net gain in potential energy would
again be proportional to (hy — hy).

The same principle applies to the electric potential energy W
and to the potential difference (V, — V). The voltage difference
between two nodes in an electric circuit has the same value
regardless of which path in the circuit we follow between the
nodes. Moreover, Kirchhoff’s voltage law states that the net
voltage drop around a closed loop is zero. If we go from
Py to P, by path 1 in Fig. 4-13 and then return from P, to
P by path 2, the right-hand side of Eq. (4.39) becomes a
closed contour, and the left-hand side vanishes. In fact, the line
integral of the electrostatic field E around any closed contour

C is zero:
%E -dl=0.
c

> A vector field whose line integral along any closed path
is zero is called a conservative or an irrotational field.
Hence, the electrostatic field E is conservative. <

(electrostatics) (4.40)

As we will see later in Chapter 6, if E is a time-varying
function, it is no longer conservative, and its line integral along
a closed path is not necessarily zero.

The conservative property of the electrostatic field can
be deduced from Maxwell’s second equation, Eq. (4.1b). If
d/dt =0, then

VXE=0. (4.41)

If we take the surface integral of V x E over an open surface S
and then apply Stokes’s theorem expressed by Eq. (3.107) to
convert the surface integral into a line integral, we obtain

/(VXE)‘ds: jéE-dlzo,
S C

where C is a closed contour surrounding S. Thus, Eq. (4.41) is
the differential-form equivalent of Eq. (4.40).

(4.42)

We now define what we mean by the electric potential V' at
a point in space. Before we do so, however, let us revisit our
electric-circuit analogue. Just as a node in a circuit cannot be
assigned an absolute voltage, a point in space cannot have an
absolute electric potential. The voltage of a node in a circuit is
measured relative to that of a conveniently chosen reference
point to which we have assigned a voltage of zero, which
we call ground. The same principle applies to the electric
potential V. Usually (but not always), the reference point is
chosen to be at infinity. That is, in Eq. (4.39) we assume that
Vi =0 when P is at infinity. Therefore, the electric potential V
at any point P is

V=- /PE- dl V). (4.43)

Example 4-8: Computing V from E along

Two Paths

A vector field is said to be conservative if its line integral
between two points is the same—irrespective of the path taken
between them. In a given region of space, the field E is given
by

E=%x4+§y"+27% (4.44)
(a) Confirm that E is conservative by demonstrating that
V x E = 0. (b) Compute the potential difference V,; between
points 1 and 2 in Fig. 4-14 following the direct path
between them. (c) Compute V,; by following the path ABCD
between points 1 and 2.

Solution: (a) The given electric field has components
E, =x%, Ey, = y?, and E, = z>. Applying the curl operator to
E gives

X y Z
9 9 9
VxE=| 5 dy 9z
2 y 2

(b) Voltage V5, is given by

Vor=-
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y
P5(3,2,0)
2T D
14 i 2 Path ABCD
1 7 3
B & .

14+
24 44 Py(1,-2,0)

Figure 4-14 Computing V5, along two paths (Example 4-8).

The straight-line path resides in the x—y plane, so it is described
by the linear form y = ax+b. At point 1, x; =1 and y; = —2.
Hence,

—2=a+b.
Similarly, at point 2, x, = 3 and y, = 2, so
2 =3a+b.
The two equations lead to a =2, b = —4, and
y=2x—4. (4.45)

Since path P;—P; is entirely in the x—y plane, we can set z =0
in the expression for E. Also, we can use the relation given by
Eq. (4.45) to reduce E to a single variable:

+9(2x—4)2.
(4.46)

RN A
E=%x +yy +ZZ 7z=0 and y=2x—4 =XX

In general,
dl=%Xdx+§ydy+12d:z.

In the x—y plane, dz = 0, and along the straight-line path given
by y=2x—4,

dy =2 dx. (4.47)

Hence,

dl=%dx+y2dx. (4.48)

The potential difference is then

P
E-dl
Py

Vor =—

x=3
_ f/ 52— x5 24
x=

= —/il [ +2(2x — 4)?] dx

3
=— / (92 —32x+32)dx=—14 (V). (4.49)
x=1

(c) Path ABCD in Fig. 4-14 consists of three segments.

Ato B:
E=RX+§y°+22_, _,=%1+§y",  (450a)
and
dl=73dy (4.50b)
BtoC:
o2 a2 .52 o2
E=%x"+§yy +2z2 =0, 20 = X X7, (4.51a)
and
dl =R dx (4.51b)
CtoD:
E=R7+§y2 422 _, _,=%9+§) (4.52a)
and
dl=y§dy. (4.52b)
Hence,
Py
Vo = — E-dl
Py
B@x=1, y=0 5
=- / (X1+¥y")-§dy
A@x=1, y=-2
C@x=3, y=0
/ 22-%dx
B@x=1, y=0
D@x=3, y= 2 5
/ X9+§y7)-ydy
C@x=3, y=0
0 3 2
B ¥ 3 ¥
= — | =— 4+ = + =
31, 30 3
8 27 1 8
— =t ===+ =14 \" 4.53
{+3+3 3+3} V),  (453)

which is identical with the result given by Eq. (4.49) for
the line integral along the straight-line path between points 1
and 2.
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Technology Brief 7: Resistive Sensors

. : . . About 30 electric/electronic systems and
An electrical sensor is a device capable of responding el -

: ; . ; : \ A more than 100
to an applied stimulus by generating an electrical signal ﬂ _’ \ .
whose voltage, current, or some other attribute is related " \) 7 —

to the intensity of the stimulus.

» The family of possible stimuli encompasses a wide
array of physical, chemical, and biological quantities,
including temperature, pressure, position, distance,
motion, velocity, acceleration, concentration (of a
gas or liquid), blood flow, etc. «

ABS TPM ABC ZV ESP ECT LWR PTS AAC RCU DTR CDI

System Abbrev. Sensors
The sensing process relies on measuring resistance, B:ﬁ;‘:::iccontro”edtransmission Eg? ;
capacitance, inductance, induced electromotive force e T RCU 7
(emf), oscillation frequency or time delay, among oth- Antilock braking system ABS 4
ers. Sensors are integral to the operation of just about Central locking system yAY 3
every instrument that uses electronic systems, from Dyn. beam levelling LWR 6
automobiles and airplanes to computers and cell phones §°mm°”."a'.' diesel injection col "

X . . . utomatic air condition AAC 13
(Fig. TF7-1). This Technology Brief covers resistive Active body control ABC 12
sensors. Capacitive, inductive, and emf sensors are Tire pressure monitoring TPM 11
covered separately (here and in later chapters). Electron. stability program ESP 14

Parktronic system PTS 12
Piezoresistivity Figure TF7-1 Most cars use on the order of 100 sensors.

According to Eq. (4.70), the resistance of a cylindrical
resistor or wire conductor is given by R = [/cA, where [
is the cylinder’s length, A is its cross-sectional area, and
o is the conductivity of its material. Stretching the wire
by an applied external force causes I to increase and ARQ
A to decrease. Consequently, R increases (Fig. TF7-2).
Conversely, compressing the wire causes R to decrease.

The Greek word piezein means to press, from which
the term piezoresistivity is derived. This should not be
confused with piezoelectricity, which is an emf effect. Stretching

(See EMF Sensors in Technology Brief 12.) F @_ F F s . F

The relationship between the resistance R of a Compression
piezoresistor and the applied force F can be modeled P
by the approximate linear equation Force (N)

F
R=R0<1+°‘—), F=0
Ag

where Ry is the unstressed resistance (@ F =0), Ay is the

unstressed cross-sectional area of the resistor, and « is

the piezoresistive coefficient of the resistor material. Figure TF7-2 Piezoresistance varies with applied force.
The force F is positive if it is causing the resistor to

stretch and negative if it is compressing it.
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Film
\

l Flat l

F=0 Stretched

z

Figure TE7-3 Piezoresistor films.

An elastic resistive sensor is well suited for measuring
the deformation z of a surface (Fig. TF7-3), which can be
related to the pressure applied to the surface; and if z is
recorded as a function of time, it is possible to derive
the velocity and acceleration of the surface’s motion.
To realize high longitudinal piezoresistive sensitivity (the
ratio of the normalized change in resistance, AR/Ry, to
the corresponding change in length, Al/ly, caused by
the applied force), the piezoresistor is often designed
as a serpentine-shaped wire (Fig. TF7-4(a)) bonded on
a flexible plastic substrate and glued onto the surface
whose deformation is to be monitored. Copper and nickel
alloys are commonly used for making the sensor wires,
although in some applications silicon is used instead
(Fig. TF7-4(b)) because it has a very high piezoresistive
sensitivity.

Ohmic

contacts

Silicon
piezoresistor

Metal wire

(a) Serpentine wire (b) Silicon piezoresistor

Figure TF7-4 Metal and silicon piezoresistors.

» By connecting the piezoresistor to a Wheatstone
bridge circuit (Fig. TF7-5) where the other three
resistors are all identical in value and equal to Ry
(the resistance of the piezoresistor when no external
force is present), the voltage output becomes directly
proportional to the normalized resistance change:

AR/R(). |

R() + AR
Flexible
resistor

Vo (AR
Vour = —  —
out 4(RO)

Figure TF7-5 Wheatstone bridge circuit with piezoresistor.
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4-5.2 Electric Potential Due to Point Charges

The electric field due to a point charge ¢ located at the origin
is given by Eq. (4.32) as

5 4

E=R—— V/m).
4meR? (V/m)

(4.54)
The field is radially directed and decays quadratically with the
distance R from the observer to the charge.

As was stated earlier, the choice of integration path between
the end points in Eq. (4.43) is arbitrary. Hence, we can
conveniently choose the path to be along the radial direction R,
in which case dl = R dR and

ks g N q
=— R ‘RdR = V).
v L ( 47r8R2) 4meR V)

If the charge ¢ is at a location other than the origin, say at
position vector Ry, then V at observation position vector R
becomes

(4.55)

-7
4me|R—Ry|

where |R — R;| is the distance between the observation point
and the location of the charge g. The principle of superposition
applied previously to the electric field E also applies to
the electric potential V. Hence, for N discrete point charges

V), (4.56)

q1.92, --.,qn residing at position vectors Ry, Ry, ...,Ry, the
electric potential is
1 N
= ) Z (V). (4.57)
1

4-5.3 Electric Potential Due to Continuous
Distributions

To obtain expressions for the electric potential V due to
continuous charge distributions over a volume V', across a
surface S’, or along a line I, we (1) replace g; in Eq. (4.57)
with p, dV’, ps ds’, and p, dl’, respectively; (2) convert the
summation into an integration; and (3) define R = |[R — R;| as
the distance between the integration point and the observation
point. These steps lead to the following expressions:

ﬁ s ’; Y 40’ (volume distribution),  (4.58a)
L [b ds' (surface distribution) (4.58b)
4mwe Jg R ’
1 pf dr (line distri q
ine distribution). (4.58¢)

471?8 R

4-5.4 Electric Field as a Function of Electric
Potential

In Section 4-5.1, we expressed V in terms of a line inte-
gral over E. Now we explore the inverse relationship by
reexamining Eq. (4.37):

dV = —E-dl (4.59)
For a scalar function V, Eq. (3.73) gives
dV =VV-dl, (4.60)

where VV is the gradient of V. Comparison of Eq. (4.59) with
Eq. (4.60) leads to

E=_VV. (4.61)

» This differential relationship between V and E allows
us to determine E for any charge distribution by first
calculating V and then taking the negative gradient of V
to find E. «

The expressions for V, given by Eqs. (4.57) to (4.58¢), involve
scalar sums and scalar integrals, and as such are usually
much easier to evaluate than the vector sums and integrals
in the expressions for E derived in Section 4-3 on the basis
of Coulomb’s law. Thus, even though the electric potential
approach for finding E is a two-step process, it is conceptually
and computationally simpler to apply than the direct method
based on Coulomb’s law.

Example 4-9: Electric Field of an Electric Dipole

An electric dipole consists of two point charges of equal
magnitude but opposite polarity separated by a distance d
(Fig. 4-15(a)). Determine V and E at any point P given that
P is at a distance R >> d from the dipole center and the dipole
resides in free space.

Solution: To simplify the derivation, we align the dipole
along the z axis and center it at the origin (Fig. 4-15(a)). For the
two charges shown in Fig. 4-15(a), application of Eq. (4.57)

gives
:L i+;q __1 Ry — R,
4rey \ Ry Ry 4rey RiR> '
Since d < R, the lines labeled R; and R, in Fig. 4-15(a)

are approximately parallel to each other, in which case the
following approximations apply:

Ry —R| ~dcos0,

RiR, ~ R>.
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P=(R,0,0)

—q dcos 0

(a) Electric dipole

N

~————— e S
—R—
(b) Electric-field pattern

Figure 4-15 Electric dipole with dipole moment p = gd
(Example 4-9).

Hence,
gdcos@

" 4megR?
To generalize this result to an arbitrarily oriented dipole, note
that the numerator of Eq. (4.62) can be expressed as the dot
product of gd (where d is the distance vector from —q to +¢)
and the unit vector R pointing from the center of the dipole
toward the observation point P. That is,

(4.62)

gdcos® =qgd-R=p-R, (4.63)

where p = gd is called the dipole moment. Using Eq. (4.63) in
Eq. (4.62) then gives

‘R
V= 47‘:80R2 (electric dipole). (4.64)
In spherical coordinates, Eq. (4.61) is given by
L JdV A1V . 1 9V
E=-VV=—(R=—5+0—- — —— — |, (4.65
< R Ok 36 T Rsine a¢> (4.65)

where we have used the expression for VV in spherical
coordinates given in Appendix C. Upon taking the derivatives
of the expression for V given by Eq. (4.62) with respect to R
and 0 and then substituting the results in Eq. (4.65), we obtain

__qd
 4mweyR3

(R2cos6 +0sin6) (V/m). (4.66)

We stress that the expressions for V and E given by Eqs. (4.64)
and (4.66) apply only when R > d. To compute V and E
at points in the vicinity of the two dipole charges, it is
necessary to perform all calculations without resorting to the
far-distance approximations that led to Eq. (4.62). Such an
exact calculation for E leads to the field pattern shown in
Fig. 4-15(b).

4-5.5 Poisson’s Equation

With D = ¢E, the differential form of Gauss’s law given by
Eq. (4.26) may be cast as

V.E= %. (4.67)

Inserting Eq. (4.61) in Eq. (4.67) gives

Py

V. (VV) = (4.68)

Given Eq. (3.110) for the Laplacian of a scalar function V,

v 9*v 9%V

VIV =V (VW)= =5+ =5+ =, 4.69
(Vv) ox? * 0y? * d7> (4.69)

Eq. (4.68) can be cast in the abbreviated form
ViV =— % (Poisson’s equation). 4.70)

This is known as Poisson’s equation. For a volume U’ con-
taining a volume charge density distribution py, the solution
for V derived previously and expressed by Eq. (4.58a) as

! P o

e 4.71)

satisfies Eq. (4.70). If the medium under consideration con-
tains no charges, Eq. (4.70) reduces to

V2V =0 (Laplace’s equation), “4.72)
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and it is then referred to as Laplace’s equation. Poisson’s and
Laplace’s equations are useful for determining the electrostatic
potential V in regions with boundaries on which V is known,
such as the region between the plates of a capacitor with a
specified voltage difference across it.

Concept Question 4-9: What is a conservative field?

Concept Question 4-10: Why is the electric potential
at a point in space always defined relative to the potential
at some reference point?

Concept Question 4-11:  Explain why Eq. (4.40) is a
mathematical statement of Kirchhoff’s voltage law.

Concept Question 4-12:  Why is it usually easier to
compute V for a given charge distribution and then find
E using E = —VV than to compute E directly by applying
Coulomb’s law?

Concept Question 4-13: What is an electric dipole?

Exercise 4-10: Determine the electric potential at the
origin due to four 20 uC charges residing in free space
at the corners of a 2 m x 2 m square centered about the
origin in the x—y plane.

Answer: V =+/2x 107 /(mg) (V). (See &.)

Exercise 4-11: A spherical shell of radius a has a uniform
surface charge density ps. Determine (a) the electric
potential and (b) the electric field with both at the center
of the shell.

Answer: (a) V = psa/e (V), (b) E = 0. (See ©.)

4-6 Conductors

The electromagnetic constitutive parameters of a material
medium are its electrical permittivity €, magnetic permeabil-
ity u, and conductivity . A material is said to be homoge-
neous if its constitutive parameters do not vary from point to
point, and isotropic if they are independent of direction. Most
materials are isotropic, but some crystals are not. Throughout
this book, all materials are assumed to be homogeneous
and isotropic. This section is concerned with ¢, Section 4-7
examines &, and discussion of  is deferred to Chapter 5.

» The conductivity of a material is a measure of how
easily electrons can travel through the material under the
influence of an externally applied electric field. <«

Materials are classified as conductors (metals) or dielectrics
(insulators) according to the magnitudes of their conductiv-
ities. A conductor has a large number of loosely attached
electrons in the outermost shells of its atoms. In the absence
of an external electric field, these free electrons move in
random directions and with varying speeds. Their random
motion produces zero average current through the conductor.
Upon applying an external electric field, however, the electrons
migrate from one atom to the next in the direction opposite
that of the external field. Their movement gives rise to a
conduction current density

J=0oE (A/m?) (Ohm’slaw), 4.73)

where o is the material’s conductivity with units of siemen per
meter (S/m).

In yet other materials, called dielectrics, the electrons are
tightly bound to the atoms—so much so that it is very difficult
to detach them under the influence of an electric field. Con-
sequently, no significant conduction current can flow through
them.

» A perfect dielectric is a material with ¢ = 0. In
contrast, a perfect conductor is a material with ¢ = oo,
Some materials, called superconductors, exhibit such a
behavior. <

The conductivity ¢ of most metals is in the range from 10°
to 107 S/m when compared with 10~'° to 10~!7 S/m for good
insulators (Table 4-1 on p. 210). A class of materials called
semiconductors allow for conduction currents even though
their conductivities are much smaller than those of metals.
The conductivity of pure germanium, for example, is 2.2 S/m.
Tabulated values of ¢ at room temperature (20 °C) are given
in Appendix B for some common materials, and a subset is
reproduced in Table 4-1.

» The conductivity of a material depends on several fac-
tors, including temperature and the presence of impurities.
In general, o of metals increases with decreasing temper-
ature. Most superconductors operate in the neighborhood
of absolute zero. <
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Technology Brief 8:
Supercapacitors as Batteries

As recent additions to the language of electronics, the
names supercapacitor, ultracapacitor, and nanoca-
pacitor suggest that they represent devices that are
somehow different from or superior to traditional capac-
itors. Are these just fancy names attached to traditional
capacitors by manufacturers, or are we talking about a
really different type of capacitor?

» The three aforementioned names refer to vari-
ations on an energy storage device (Fig. TF8-1)
known by the technical name electrochemical
double-layer capacitor (EDLC), in which energy
storage is realized by a hybrid process that incorpo-
rates features from both the traditional electrostatic
capacitor and the electrochemical voltaic battery. <

For the purposes of this Technology Brief, we refer
to this relatively new device as a supercapacitor. The
battery is far superior to the traditional capacitor with
regard to energy storage, but a capacitor can be charged
and discharged much more rapidly than a battery. As a
hybrid technology, the supercapacitor offers features that
are intermediate between those of the battery and the
traditional capacitor. The supercapacitor is now used to
support a wide range of applications, from motor startups
in large engines (trucks, locomotives, submarines, etc.)
to flash lights in digital cameras, and its use is rapidly

\\

=
—
=

A\

Figure TF8-1 Examples of supercapacitors. (Courtesy of
Vladimir Zhupanenko/Shutterstock.)

extending into consumer electronics (cell phones, MP3
players, laptop computers) and electric cars (Fig. TF8-2).

Capacitor Energy Storage Limitations

Energy density W’ is often measured in watts-hours
per kg (Wh/kg), with 1 Wh = 3.6 x 103 joules. Thus, the
energy capacity of a device is normalized to its mass.
For batteries, W’ extends between about 30 Wh/kg for a
lead-acid battery to as high as 150 Wh/kg for a lithium-
ion battery. In contrast, W’ rarely exceeds 0.02 Wh/kg
for a traditional capacitor. Let us examine what limits
the value of W’ for the capacitor by considering a small
parallel-plate capacitor with plate area A and separation
between plates d. For simplicity, we assign the capacitor
a voltage rating of 1 V (maximum anticipated voltage
across the capacitor). Our goal is to maximize the energy
density W’. For a parallel-plate capacitor C = €A/d, where
e is the permittivity of the insulating material. Using
Eqg. (4.121) leads to

oW1

,  EAV?
T m 2m " 2md

(J/kg),

where m is the mass of the conducting plates and the
insulating material contained in the capacitor. To keep
the analysis simple, we assume that the plates can be
made so thin as to ignore their masses relative to the
mass of the insulating material. If the material’s density

Figure TF8-2 Examples of systems that use supercapacitors.
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is p (kg/m3), then m = pAd and

,  &V?
= 2ol (J/kg).

To maximize W', we need to select d to be the smallest
possible, but we also have to be aware of the constraint
associated with dielectric breakdown. To avoid sparking
between the capacitor's two plates, the electric field
strength should not exceed Eq4s, which is the dielectric
strength of the insulating material. Among the various
types of materials commonly used in capacitors, mica
has one of the highest values of E4,, nearly 2 x 103 V/m.
Breakdown voltage V4, is related to E4s by Vi, = Eq4sd,
so given that the capacitor is to have a voltage rating
of 1V, let us choose W, to be 2 V, thereby allowing
a 50% safety margin. With Vi, =2 V and Egs =2 x 10®
V/m, it follows that d should not be smaller than 10~8 m,
or 10 nm. For mica, € ~ 6g and p = 3 x 10° kg/m?>.
Ignoring for the moment the practical issues associated
with building a capacitor with a spacing of only 10 nm
between conductors, the expression for energy density
leads to W’ ~ 90 J/kg. Converting W’ to Wh/kg (by
dividing by 3.6 x 103 J/Wh) gives

W/ (max) =2.5x10"2  (Wh/kg),

for a traditional capacitor at a voltage rating of 1 V.

» The energy storage capacity of a traditional ca-
pacitor is about four orders of magnitude smaller
than the energy density capability of a lithium-ion
battery. «

Energy Storage Comparison

The table in the upper part of Fig. TF8-3 displays typical
values or ranges of values for each of five attributes com-
monly used to characterize the performance of energy
storage devices. In addition to the energy density W',
they include the power density P/, the charge and
discharge rates, and the number of charge/discharge
cycles that the device can withstand before deteriorating
in performance. For most energy storage devices, the
discharge rate usually is shorter than the charge rate, but
for the purpose of the present discussion, we treat them
as equal. As a first-order approximation, the discharge
rate is related to P’ and W’ by

W/

T=—.

» Supercapacitors are capable of storing 100 to
1000 times more energy than a traditional capacitor
but 10 times less than a battery (Fig. TF8-3). On
the other hand, supercapacitors can discharge their
stored energy in a matter of seconds when com-
pared with hours for a battery. «

Moreover, the supercapacitor’s cycle life is on the or-
der of 1 million when compared with only 1000 for a
rechargeable battery. Because of these features, the
supercapacitor has greatly expanded the scope and use
of capacitors in electronic circuits and systems.

Future Developments

The upper right-hand corner of the plot in Fig. TF8-3 rep-
resents the ideal energy storage device with W’ ~ 100—
1000 Wh/kg and P’ ~ 10°-10* W/kg. The corresponding
discharge rate is T =~ 10—100 ms. Current research
aims to extend the capabilities of batteries and super-
capacitors in the direction of this prized domain of the
energy-power space.
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Energy Storage Devices

Feature Traditional Capacitor ~ Supercapacitor Battery
Energy density W’ (Wh/kg) ~ 1072 1to 10 5to 150
Power density P’ (W/kg) 1,000 to 10,000 1,000 to 5,000 10 to 500
Charge and discharge rate T 1073 sec ~1lsectol min ~1to5 hrs
Cycle life N, oo ~ 108 ~10°
MU Future

£ Fuel cells developments

= 100 -

=

5 7

Batteries

N 104

2 Supercapacitors

2 1

O

o

5

5 0.1 = o 0

> Traditional

= capacitors

0.01 T T 1
10 100 1000 10,000

Power density P’ (W/kg)

Figure TF8-3 Comparison of energy storage devices.
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Table 4-1 Conductivity of some common materials at 20 °C.

Material Conductivity, o (S/m) |
Conductors
Silver 6.2 x 107
Copper 5.8 x 107
Gold 4.1x107
Aluminum 3.5 %107
Iron 107
Mercury 109
Carbon 3% 10*
Semiconductors
Pure germanium 22
Pure silicon 44 %1074
Insulators
Glass 10-12
Paraffin 10~
Mica 10-1
Fused quartz 10-17

Concept Question 4-14: What are the electromagnetic
constitutive parameters of a material?

Concept Question 4-15: What classifies a material as
a conductor, a semiconductor, or a dielectric? What is a
superconductor?

Concept Question 4-16: What is the conductivity of a
perfect dielectric?

4-6.1 Drift Velocity

The drift velocity u. of electrons in a conducting material is
related to the externally applied electric field E through

u. = — U E (m/s), (4.74a)
where [l is a material property call the electron mobility with
units of (m?/V-s). In a semiconductor, current flow is due to
the movement of both electrons and holes, and since holes are
positive-charge carriers, the kole drift velocity uy, is in the same
direction as E,
(m/s),

u, = E (4.74b)

where Uy, is the hole mobility. The mobility accounts for the
effective mass of a charged particle and the average distance

over which the applied electric field can accelerate it before
it is stopped by colliding with an atom and then starts accel-
erating all over again. From Eq. (4.11), the current density in
a medium containing a volume density p, of charges moving
with velocity u is J = pyu. In the most general case, the current
density consists of a component J. due to electrons and a
component J, due to holes. Thus, the total conduction current
density is

(A/m?),

J - Je + Jh - pveue + thuh (475)

where pye = —Nce and py, = Npe with N, and N, being the
number of free electrons and the number of free holes per unit
volume and e = 1.6 x 10~'? C is the absolute charge of a single
hole or electron. Use of Egs. (4.74a) and (4.74b) gives

J= <_pve.ue + thﬂh)E =oE, (476)

where the quantity inside the parentheses is defined as the
conductivity of the material, . Thus,

O = —Pyele + Pvnlin = (Nelle + Noptn)e  (S/m),  (4.77a)

(semiconductor)

and its unit is siemens per meter (S/m). For a good conductor,
Nnly < Nelle, and Eq. (4.77a) reduces to

O = —Pyelle = Nellce (S/m). (4.77b)

(good conductor)

» In view of Eq. (4.76), in a perfect dielectric with 6 =0,
J = 0 regardless of E. Similarly, in a perfect conductor
with 0 =, E =J/0 = 0 regardless of J. <

That is,

J=0,
E=0.

Perfect dielectric:

Perfect conductor:

Because o is on the order of 10° S/m for most metals, such as
silver, copper, gold, and aluminum (Table 4-1), it is common
practice to treat them as perfect conductors and to set E =0
inside them.

A perfect conductor is an equipotential medium, meaning
that the electric potential is the same at every point in the
conductor. This property follows from the fact that V;;, which
is the voltage difference between two points in the conductor,
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Module 4.1 Fields Due to Charges For any group of point charges, this module calculates and displays the electric field
E and potential V across a 2-D grid. The user can specify the locations, magnitudes and polarities of the charges.

Module 4.1 Fields due to Charges
v(nm] Instructions Input
\ S
N\ == == charge = -1.76 e
- — —_ |‘ il C
— - = - " place charge
\ O i " change charge value
N N - " remove charge
" move charge
- ) NN @ show voltage and
. YN NN electric field at cursor:
- ~ =/ P VAN v= 004884E-1 Volts
I\ - ¢ 1t ~n~"7 LT T E= 455233E3 vim X
o {0 R N T T TR SRR MR VRN Plots
VR B A T T T T " U "R VR T TR T T S R . more
O 2 T T S S S S S S AR " Potential fied . "
¥ Equipotential lines: A
P A A T T T T T T T T T T T T T T P Electric field N
A T T T T T T T Y W T T Y TR TR lines
1
A R T R T TR TR
0 1 2 3 4 5 6 7 8 9 10 1 12 1'3)( (:m)

equals the line integral of E between them, as indicated by
Eq. (4.39). Since E = 0 everywhere in the perfect conductor,
the voltage difference V,; = 0. The fact that the conductor is
an equipotential medium, however, does not necessarily imply
that the potential difference between the conductor and some
other conductor is zero. Each conductor is an equipotential
medium, but the presence of different distributions of charges
on their two surfaces can generate a potential difference
between them.

Conduction Current in a
Copper Wire

Example 4-10:

A 2-mm diameter copper wire with conductivity of
5.8 x 107 S/m and electron mobility of 0.0032 (m?/V-s)
is subjected to an electric field of 20 (mV/m). Find (a) the
volume charge density of the free electrons, (b) the current

density, (c) the current flowing in the wire, (d) the electron
drift velocity, and (e) the volume density of the free electrons.

Solution: (a)

o

5.8 x 107
e

0.0032

Pye = — = —1.81 x 10! (C/m?).

(b)

J=0E=58x10"x20x107%=1.16 x 10° (A/m?).
(c)

1=JA

d> 4x10°°
.y <”T> —1.16 x 10° (“%) —3.64A.

(d)
e = — e E = —0.0032 x 20 x 1073 = —6.4 x 107> m/s.
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The minus sign indicates that u. is in the opposite direction
of E.

(e)

Pve 1.81 x 1010

T Tex10-1 = 1.13 x 10% electrons/m°.

Ne=—

Exercise 4-12: Determine the density of free electrons in
aluminum given that its conductivity is 3.5 x 107 (S/m)
and its electron mobility is 0.0015 (m?/V -s).

Answer: N, = 1.46 x 10% electrons/m>. (See &.)

Exercise 4-13: The current flowing through a 100-m long
conducting wire of uniform cross section has a density of
3 x 10° (A/m?). Find the voltage drop along the length
of the wire if the wire material has a conductivity of
2 x 107 (S/m).

Answer: V =1.5V. (See @.)

4-6.2 Resistance

To demonstrate the utility of the point form of Ohm’s law,
we apply it to derive an expression for the resistance R of a
conductor of length [ and uniform cross section A, as shown
in Fig. 4-16. The conductor axis is along the x direction and
extends between points x; and x, with [ = x, —x1. A voltage V
applied across the conductor terminals establishes an electric
field E = XE,; the direction of E is from the point with
higher potential (point 1 in Fig. 4-16) to the point with lower

L.
il l X2
Il--:. . . E 2 1
!
A
1=

Figure 4-16 Linear resistor of cross section A and length [
connected to a dc voltage source V.

potential (point 2). The relation between V and E| is obtained
by applying Eq. (4.39):

X1 X1
V:Vl—ng—/ E~dl:—/ RE,Rdl=Ed (V).
X2 X2

(4.78)
Using Eq. (4.73), the current flowing through the cross
section A at x; is

I= /AJ-ds = /A oE-ds=0EA (A). 4.79)

From R =V /I, the ratio of Eq. (4.78) to Eq. (4.79) gives

l

R=—
CA

(Q). (4.80)

We now generalize our result for R to any resistor of
arbitrary shape by noting that the voltage V across the resistor
is equal to the line integral of E over a path [/ between two
specified points and the current / is equal to the flux of J
through the surface S of the resistor. Thus,

~ [E-al —/E-dl

R=—=

1 /J-ds /O'E-ds
S S

The reciprocal of R is called the conductance G, and the unit
of G is (Q!) or siemens (S). For the linear resistor,

(4.81)

1 CA
G=—=——

2= (S). (4.82)

Example 4-11: Conductance of Coaxial Cable

The radii of the inner and outer conductors of a coaxial cable
of length [ are a and b, respectively (Fig. 4-17). The insulation
material has conductivity o. Obtain an expression for G/,
which is the conductance per unit length of the insulation layer.

Solution: Let 7 be the total current flowing radially (along )
from the inner conductor to the outer conductor through the
insulation material. At any radial distance r from the axis of
the center conductor, the area through which the current flows
is A =2mrl. Hence,

1
=fF—=F 4.83
J=f A ' 2rrl’ (4.83)
and from J = oE,
1
E=¢ (4.84)

2rorl’
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Figure 4-17 Coaxial cable of Example 4-11.

In a resistor, the current flows from higher electric potential
to lower potential. Hence, if J is in the t direction, the inner
conductor must be at a potential higher than that at the outer
conductor. Accordingly, the voltage difference between the
conductors is

ra a [ t-tdr 1 b
Vip=— | E-dl=— ———mn(2).
a /b /b 2nol  r 2nol n<a)

(4.85)

The conductance per unit length is then

, G 1 1 2no

I =R Vgl ey M

(4.86)

4-6.3 Joule’s Law

We now consider the power dissipated in a conducting medium
in the presence of an electrostatic field E. The medium
contains free electrons and holes with volume charge densi-
ties pye and pyh, respectively. The electron and hole charge
contained in an elemental volume AV is g. = pye AV and
qn = Pvn AV, respectively. The electric forces acting on g.
and gy, are F. = ¢.E = p\cE AV and F,, = ¢4E = p\wE AD.
The work (energy) expended by the electric field in moving g,
a differential distance Al. and moving gy a distance Al}, is

AW =F.-Ale +Fy, - Aly. (4.87)

Power P is measured in watts (W) and is defined as the time
rate of change of energy. The power corresponding to AW is

AW Al Al

AP==""" =F, — +F)-—
At ¢ At+ hAr
=Fc. - u.+F,-u,

= (pwE-uc+puE-uy) AU =E-JAD, (4.88)

where u. = Al./Ar and u, = Al,/Ar are the electron and
hole drift velocities, respectively. Equation (4.75) was used

in the last step of the derivation leading to Eq. (4.88). For a
volume D, the total dissipated power is

P= / E-JdU (W) (Joule’slaw), (4.89)
v
and in view of Eq. (4.73),
P:/G|E|2dv (W). (4.90)
v

Equation (4.89) is a mathematical statement of Joule’s law.
For the resistor example considered earlier, |[E| = E, and its
volume is U = [A. Separating the volume integral in Eq. (4.90)
into a product of a surface integral over A and a line integral
over [, we have

P:/G|E|2d1):/0'Exds /Exdl
v A l

= (CEA)(EL) =1V (W),

4.91)

where use was made of Eq. (4.78) for the voltage V and
Eq. (4.79) for the current /. With V = IR, we obtain the familiar
expression

P=I’R (W) (4.92)
Concept Question 4-17: What is the fundamental dif-
ference between an insulator, a semiconductor, and a
conductor?

Concept Question 4-18: Show that the power dissi-
pated in the coaxial cable of Fig. 4-17 is

_ PIn(b/a)
2ol

Exercise 4-14: A 50-m long copper wire has a circular
cross section with radius r = 2 cm. Given that the con-
ductivity of copper is 5.8 x 107 S/m, determine (a) the
resistance R of the wire and (b) the power dissipated in
the wire if the voltage across its length is 1.5 mV.

Answer: () R=6.9 x 1074 Q, (b) P=3.3 mW. (See &.)

Exercise 4-15: Repeat part (b) of Exercise 4-14 by apply-
ing Eq. (4.90). (See ©.)

4-7 Dielectrics

The fundamental difference between a conductor and a di-
electric is that electrons in the outermost atomic shells of
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(a) External Eeyx¢ =0

Nucleus

Center of electron cloud

(b) External Ecx¢ # 0 (c) Electric dipole

Figure 4-18 1In the absence of an external electric field E, the
center of the electron cloud is co-located with the center of the
nucleus, but when a field is applied, the two centers are separated
by a distance d.

a conductor are only weakly tied to atoms and hence can
freely migrate through the material, whereas in a dielectric
they are strongly bound to the atom. In the absence of an
electric field, the electrons in nmomrpolar molecules form a
symmetrical cloud around the nucleus, with the center of the
cloud coinciding with the nucleus (Fig. 4-18(a)). The electric
field generated by the positively charged nucleus attracts and
holds the electron cloud around it, and the mutual repulsion of
the electron clouds of adjacent atoms shapes its form. When
a conductor is subjected to an externally applied electric field,
the most loosely bound electrons in each atom can jump from
one atom to the next, thereby setting up an electric current.
In a dielectric, however, an externally applied electric field E
cannot effect mass migration of charges since none are able to
move freely. Instead, E will polarize the atoms or molecules
in the material by moving the center of the electron cloud
away from the nucleus (Fig. 4-18(b)). The polarized atom or
molecule may be represented by an electric dipole consisting
of charges +g¢ in the nucleus and —¢ at the center of the
electron cloud (Fig. 4-18(c)). Each such dipole sets up a small
electric field pointing from the positively charged nucleus
to the center of the equally but negatively charged electron
cloud. This induced electric field, called a polarization field,
generally is weaker than and opposite in direction to E.
Consequently, the net electric field present in the dielectric
material is smaller than E. At the microscopic level, each

Positive surface charge Polarized molecule

Negative surface charge

Figure 4-19 A dielectric medium polarized by an external
electric field E.

dipole exhibits a dipole moment similar to that described in
Example 4-9. Within a block of dielectric material subject to
a uniform external field, the dipoles align themselves linearly,
as shown in Fig. 4-19. Along the upper and lower edges of the
material, the dipole arrangement exhibits positive and negative
surface charge densities, respectively.

It is important to stress that this description applies to
only nonpolar molecules that do not have permanent dipole
moments. Nonpolar molecules become polarized only when
an external electric field is applied; when the field is removed,
the molecules return to their original unpolarized state.

In polar materials such as water, the molecules possess built-
in permanent dipole moments that are randomly oriented in
the absence of an applied electric field, and owing to their
random orientations, the dipoles of polar materials produce
no net macroscopic dipole moment (at the macroscopic scale,
each point in the material represents a small volume containing
thousands of molecules). Under the influence of an applied
field, the permanent dipoles tend to align themselves along the
direction of the electric field in a manner similar to that shown
in Fig. 4-19 for nonpolar materials.

4-7.1 Polarization Field

In free space D = &E, the presence of microscopic dipoles in
a dielectric material alters that relationship to

D= gE+P, (4.93)
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where P, called the electric polarization field, accounts for
the polarization properties of the material. The polarization
field is produced by the electric field E and depends on the
material properties. A dielectric medium is said to be linear
if the magnitude of the induced polarization field P is directly
proportional to the magnitude of E, and isofropic if P and E are
in the same direction. Some crystals allow more polarization
to take place along certain directions, such as the crystal
axes, than along others. In such anisotropic dielectrics, E
and P may have different directions. A medium is said to be
homogeneous if its constitutive parameters (€, U, and o) are
constant throughout the medium. Our present treatment will be
limited to media that are linear, isotropic, and homogeneous.
For such media, P is directly proportional to E and is expressed
as

P =¢x.E, (4.94)

where Y. is called the electric susceptibility of the material.
Inserting Eq. (4.94) into Eq. (4.93), we have

D =gE+ gx.E=¢&(l+ x.)E =¢E, (4.95)
which defines the permittivity € of the material as
e=gy(1+4x). (4.96)

It is often convenient to characterize the permittivity of a
material relative to that of free space, &y; this is accommodated
by the relative permittivity & = €/&. Values of & are listed in
Table 4-2 for a few common materials, and a longer list is
given in Appendix B. In free space & = 1, and for most con-
ductors, & = 1. The dielectric constant of air is approximately
1.0006 at sea level and decreases toward unity with increasing
altitude. Except in some special circumstances, such as when
calculating electromagnetic wave refraction (bending) through
the atmosphere over long distances, air can be treated as if it
were free space.

Table 4-2 Relative permittivity (dielectric constan

4-7.2 Dielectric Breakdown

The preceding dielectric—polarization model presumes that the
magnitude of E does not exceed a certain critical value, which
is known as the dielectric strength E4 of the material. Beyond
this, electrons will detach from the molecules and accelerate
through the material in the form of a conduction current. When
this happens, sparking can occur, and the dielectric material
can sustain permanent damage due to electron collisions with
the molecular structure. This abrupt change in behavior is
called dielectric breakdown.

» The dielectric strength Ey;s is the largest magnitude of E
that the material can sustain without breakdown. <«

Dielectric breakdown can occur in gases, liquids, and solids.
The dielectric strength E4 depends on the material composi-
tion, as well as other factors such as temperature and humidity.
For air, E4 is roughly 3 (MV/m); for glass, 25 to 40 (MV/m);
and for mica, 200 (M V/m) (see Table 4-2).

A charged thundercloud at electric potential V relative to the
ground induces an electric field E = V/d in the air beneath it,
where d is the height of the cloud base above the ground. If
V is sufficiently large so that E exceeds the dielectric strength
of air, ionization occurs and a lightning discharge follows. The
breakdown voltage V,, of a parallel-plate capacitor is discussed
in Example 4-12.

Example 4-12: Dielectric Breakdown

In a parallel-plate capacitor with a separation d between the
conducting plates, the electric field E in the dielectric material

t) and dielectric strength of common materials.

& Dielectric Strength, Eg; (MV/m) |

| Material Relative Permittivity,
Air (at sea level) 1.0006
Petroleum oil 2.1
Polystyrene 2.6
Glass 4.5-10
Quartz 3.8-5
Bakelite 5
Mica 5.4-6

3
12
20

2540
30
20

200

Note: € = g€y and &) = 8.854 x 10~12 F/m.
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separating the two plates is related to the voltage V between
the two plates by
E=—.
d
The breakdown voltage Vi, corresponds to the value of V at
which E = Eqs, where Eqg is the dielectric strength of the
material contained between the plates. That is,

Vbr - Edsd~

If V exceeds V,, the electric charges will “spark™ their way
between the two plates.

A thin capacitor filled with quartz operates at 60 V. If
d = 0.01 mm, what is the breakdown voltage, and how does
it compare with the operating voltage?

Solution: From Table 4-2, Eq; = 30 x 10® V/m for quartz.
Hence, the breakdown voltage is

Vir = Eqsd =30 x 10°x 1077 =300 V,

which is much higher than the operating voltage of 60 V.
Therefore, the capacitor should experience no issues with
dielectric breakdown.

Concept Question 4-19:  What is a polar material? A
nonpolar material?

Concept Question 4-20: Do D and E always point in
the same direction? If not, when do they not?

Concept Question 4-21:
breakdown occurs?

What happens when dielectric

4-8 FElectric Boundary Conditions

» A vector field is said to be spatially continuous if it
does not exhibit abrupt changes in either magnitude or
direction as a function of position. <«

Even though the electric field may be continuous in adjoin-
ing dissimilar media, it may well be discontinuous at the
boundary between them. Boundary conditions specify how the
components of fields tangential and normal to an interface
between two media relate across the interface Here we derive
a general set of boundary conditions for E, D, and J that is
applicable at the interface between any two dissimilar media—
be they two dielectrics or a conductor and a dielectric. Of
course, any of the dielectrics may be free space. Even though
these boundary conditions are derived assuming electrostatic
conditions, they remain valid for time-varying electric fields
as well. Figure 4-20 shows an interface between medium 1
with permittivity € and medium 2 with permittivity &. In
the general case, the interface may contain a surface charge
density ps (unrelated to the dielectric polarization charge
density).

To derive the boundary conditions for the tangential com-
ponents of E and D, we consider the closed rectangular loop
abcda shown in Fig. 4-20 and apply the conservative property
of the electric field expressed by Eq. (4.40), which states that
the line integral of the electrostatic field around a closed path
is always zero. By letting Ah — 0, the contributions to the line
integral by segments bc and da vanish. Hence,

b N d N
%E-dl:/ E, -, dl+/ E, -8, dl =0, (4.97)
C a c

Figure 4-20 Interface between two dielectric media.



4-8 ELECTRIC BOUNDARY CONDITIONS

217

where 2, and £, are unit vectors along segments ab and cd and
E; and E, are the electric fields in media 1 and 2. Next, we
decompose E; and E; into components tangential and normal
to the boundary (Fig. 4-20),

Ei =E;+Ep, (4.98a)
E; = Ey +Ep,. (4.98b)

Noting that ? 1= 722, it follows that
(B —E;) -2, =0. (4.99)

In other words, the component of E;| along 2 equals that of E,
along £;, for all £; tangential to the boundary. Hence,

Elt = E2t

(V/m). (4.100)

» Thus, the tangential component of the electric field
is continuous across the boundary between any two
media. <

Upon decomposing D; and D, into tangential and normal
components (in the manner of Eq. (4.98)) and noting that
Dy, = ¢ E| and D, = &E;, the boundary condition on the
tangential component of the electric flux density is

Dy _ Dy

. 4.101
& G ( )

Next, we apply Gauss’s law, as expressed by Eq. (4.29),
to determine boundary conditions on the normal components
of E and D. According to Gauss’s law, the total outward flux
of D through the three surfaces of the small cylinder shown in
Fig. 4-20 must equal the total charge enclosed in the cylinder.
By letting the cylinder’s height Ak — 0, the contribution to the
total flux through the side surface goes to zero. Also, even if
each of the two media happens to contain free charge densities,
the only charge remaining in the collapsed cylinder is that
distributed on the boundary. Thus, Q = ps As, and

7£D~ds: D, -fp ds+ D, iy ds
S top

bottom

= ps As, (4.102)
where n; and N, are the outward normal unit vectors of
the bottom and top surfaces, respectively. It is important to
remember that the normal unit vector at the surface of any

medium is always defined to be in the outward direction away
Jfrom that medium. Since i = —hy, Eq. (4.102) simplifies to

i (D —Dy)=p,  (C/md). (4.103)

If Dy, and D5, denote as the normal components of D; and D,
along fi;, we have

Din—Dwm=p,  (C/m?). (4.104)

» The normal component of D changes abruptly at a
charged boundary between two different media in an
amount equal to the surface charge density. If no charge
exists at the boundary, then D, is continuous across the
boundary. «

The corresponding boundary condition for E is

i, (g E| — &Ey) = p;, (4.105a)
or equivalently
&1E1, — &E> = pPs. (4.105b)
In summary, (1) the conservative property of E,
VXE=0 <> jéE-dl:O, (4.106)

led to the result that E has a continuous tangential component
across a boundary, and (2) the divergence property of D,

V-D=p, <> %D-ds:Q, (4.107)
N

led to the result that the normal component of D changes by ps
across the boundary. A summary of the conditions that apply
at the boundary between different types of media is given in
Table 4-3.
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Table 4-3 Boundary conditions for the electric fields.

Field Component Any Two Media I\./Iediur'n 1 Medium 2
Dielectric € Conductor

Tangential E E;  =Ey Eii=Ex=0

Tangential D Dy /g1 =Dy /& D =Dy=0

Normal E &1E1n —&FEy = ps Bilm :Ps/€1 E), =0

Normal D Dy — Doy = ps Din=ps D, =0

Notes: (1) ps is the surface charge density at the boundary; (2) normal components of

E1, Dy, E,, and D; are along fip, which is the outward normal unit vector of medium 2.

Example 4-13: Application of Boundary

Conditions

The x—y plane is a charge-free boundary separating two dielec-
tric media with permittivities € and &, as shown in Fig. 4-21.
If the electric field in medium 1 is

E\x+3E1y+12Ey,

and E; = X, find (a) the electric field E; in medium 2 and
(b) the angles 6; and 6,.

z
________ E
Elzn : !
X €1
L x—y plane
A d Elt
E, 6,
EZz &
Ey

Figure 4-21 Application of boundary conditions at the inter-
face between two dielectric media (Example 4-13).

Solution: (a) Let Ey = XE>, + §E>, + 2E>.. Our task is to
find the components of E, in terms of the given components

of E;. The normal to the boundary is Z. Hence, the x and y
components of the fields are tangential to the boundary and
the z components are normal to the boundary. At a charge-
free interface, the tangential components of E and the normal
components of D are continuous. Consequently,

Erc =Ey, Eyy = Eyy,

and

DZZ = Dlz or €2E21 = €1E11~

Hence,

€
E) = RE|,+§E1, +2 g—lEIZ. (4.108)
2

(b) The tangential components of E; and E; are

Ey=/E%, +E12y and Ex = /E3, +E22y.

The angles 6, and 6, are then given by

/2 2
Ey E1x+E1y

tan = — = +————,
Eq; Eq;
2 o 2 2 o 2
En ERHEL \EL+E}
tan6, = — = = ,
Ep, Ey, (&1/&)E1;

and the two angles are related by

tan 6, 8
tan 6, n €] '

(4.109)
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Technology Brief 9:
Capacitive Sensors

To sense is to respond to a stimulus. (See Technology
Brief 7 on resistive sensors.) A capacitor can function
as a sensor if the stimulus changes the capacitor's
geometry—usually the spacing between its conductive
elements—or the effective dieleciric properties of the
insulating material situated between them. Capacitive
sensors are used in a multitude of applications. A few
examples follow.

Fluid Gauge

The two metal electrodes in (Fig. TF9-1(a)), usually rods
or plates, form a capacitor whose capacitance is directly
proportional to the permittivity of the material between
them. If the fluid section is of height ks and the height
of the empty space above it is (h — k), then the overall
capacitance is equivalent to two capacitors in parallel, or

h h—h
C=Ci+C=gw Ef+£aw (dif),
where w is the electrode plate width, d is the spacing
between electrodes, and & and g, are the permittivities of
the fluid and air, respectively. Rearranging the expression
as a linear equation yields

C = khs+ Cy,

where the constant coefficient is k = (& — &)w/d and
Co = e,wh/d is the capacitance of the tank when totally
empty. Using the linear equation, the fluid height can
be determined by measuring C with a bridge circuit
(Fig. TF9-1(b)).

» The output voltage V., assumes a functional
form that depends on the source voltage v,, the
capacitance Cy of the empty tank, and the unknown
fluid height 7;. <«

Humidity Sensor

Thin-film metal electrodes shaped in an interdigitized
pattern (to enhance the ratio A/d) are fabricated on a sili-
con substrate (Fig. TF9-2). The spacing between digits is
typically on the order of 0.2 um. The effective permittivity
of the material separating the electrodes varies with the
relative humidity of the surrounding environment. Hence,
the capacitor becomes a humidity sensor.

To capacitive bridge circuit

C

Air — I/ I h— hg

w
Fluid —

hy
Tank — | ‘
\_ J/
=
(a) Fluid tank
Cp (empty tank)

R

Dgt@ +
& /\ C Vout

(b) Bridge circuit with 150 kHz ac source

Figure TF9-1 Fluid gauge and associated bridge circuit with
Cy being the capacitance that an empty tank would have and C
the capacitance of the tank under test.

Pressure Sensor

A flexible metal diaphragm separates an oil-filled cham-
ber with reference pressure Ry from a second chamber
exposed to the gas or fluid whose pressure P is to be
measured by the sensor (Fig. TF9-3(a)). The membrane
is sandwiched—but electrically isolated—between two
conductive parallel surfaces, forming two capacitors in
series Fig. TF9-3(b). When P > P,, the membrane bends
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Electrodes

AP
o MY

Figure TF9-2 Interdigital capacitor used as a humidity sensor.

Silicon substrate

in the direction of the lower plate. Consequently, d,
increases and d, decreases, and in turn, C; decreases
and G, increases (Fig. TF9-3(c)). The converse happens
when P < P,. With the use of a capacitance bridge
circuit, such as the one in Fig. TF9-1(b), the sensor
can be calibrated to measure the pressure P with good
precision.

Noncontact Sensors

Precision positioning is a critical ingredient in semi-
conductor device fabrication, as well as in the operation
and control of many mechanical systems. Noncontact
capacitive sensors are used to sense the position of
silicon wafers during the deposition, etching, and cutting
processes, without coming in direct contact with the
wafers.

» Noncontact sensors are also used to sense and
control robot arms in equipment manufacturing and
to position hard disc drives, photocopier rollers, print-
ing presses, and other similar systems. «

The concentric plate capacitor in Fig. TF9-4 consists of
two metal plates sharing the same plane but electrically
isolated from each other by an insulating material. When
connected to a voltage source, charges of opposite
polarity form on the two plates, resulting in the creation
of electric field lines between them. The same principle
applies to the adjacent plate’s capacitor in Fig. TF9-5. In
both cases, the capacitance is determined by the shapes
and sizes of the conductive elements and by the effective
permittivity of the dielectric medium containing the elec-
tric field lines between them. Often, the capacitor surface
is covered by a thin film of nonconductive material, the

Fluid
Conducting
plate
1
Flexible T C
metallic P d :
membrane
2
Oil
Py dy G
Conducting,— 3
plate
(a) Pressure sensor
To bridge circuit
Plate 11 P \
d G
Membrane 2 2. ¢ -
d2 G,
Plate 33 I
P= PO (& 1= C2
() C1=C
To bridge circuit
Plate [N S \
d lP i
Membrane e .2 2 ¢ o =
2
Plate ) 330
P> Py C1<G
(© Ci1<G

Figure TF9-3 Pressure sensor responds to deflection of
metallic membrane.
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Conductive plates ) )
Electric field lines

Insulator

Figure TF9-4 Concentric-plate capacitor.

External object

(a) Adjacent-plates (b) Perturbation
capacitor field

Figure TF9-5 (a) Adjacent-plates capacitor; (b) perturbation
field.

purpose of which is to keep the plate surfaces clean and
dust free.

» The introduction of an external object into the
proximity of the capacitor (Fig. TF9-5(b)) changes
the effective permittivity of the medium, perturbs the
electric field lines, and modifies the charge distribu-
tion on the plates. «

This, in turn, changes the value of the capacitance as it
would be measured by a capacitance meter or bridge
circuit. Hence, the capacitor becomes a proximity
sensor, and its sensitivity depends, in part, on how
different the permittivity of the external object is from that
of the unperturbed medium and on whether it is or is not
made of a conductive material.

Fingerprint Imager

An interesting extension of noncontact capacitive sen-
sors is the development of a fingerprint imager consisting
of a two-dimensional array of capacitive sensor cells
constructed to record an electrical representation of a
fingerprint (Fig. TF9-6). Each sensor cell is composed of
an adjacent-plates capacitor connected to a capacitance
measurement circuit (Fig. TF9-7). The entire surface of
the imager is covered by a thin layer of nonconductive
oxide. When the finger is placed on the oxide surface,
it perturbs the field lines of the individual sensor cells to
varying degrees, depending on the distance between the
ridges and valleys of the finger’s surface from the sensor
cells.

» Given that the dimensions of an individual sensor
are on the order of 65 um on the side, the imager
is capable of recording a fingerprint image at a
resolution corresponding to 400 dots per inch or
better. «
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Ridge
Microcapacitor Plates

Figure TF9-6 Elements of a fingerprint matching system. (Courtesy of IEEE Spectrum.)

T “'55”/
Cr Si oxide
o) {>o sensor cell
2 .
?B iy

2 metal plates

= cl Cout

Figure TF9-7 Fingerprint representation.
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Exercise 4-16: Find E; in Fig. 4-21 if

E, = %2 — §3 + 23 (V/m),
€ = 2¢g,
& = 8¢,

and the boundary is charge-free.

Answer: E; = %2 — §3 +212 (V/m). (See @.)

Exercise 4-17: Repeat Exercise 4.16 for a boundary with
surface charge density p, = 3.54 x 107! (C/m?).

Answer: E; = %2 — $3 + 214 (V/m). (See ®.)

4-8.1 Dielectric-Conductor Boundary

Consider the case when medium 1 is a dielectric and medium 2
is a perfect conductor. In a perfect conductor, because electric
fields and fluxes vanish, it follows that E; = D, = 0, which
implies that components of E, and D, tangential and normal
to the interface are zero. Consequently, from Eq. (4.100) and
Eq. (4.104), the fields in the dielectric medium at the boundary
with the conductor satisfy

These two boundary conditions can be combined into

D, =¢E; :ﬁps, (4.111)

(at conductor surface)

where fi is a unit vector directed normally outward from the
conducting surface.

» The electric field lines point directly away from the
conductor surface when pj is positive and directly toward
the conductor surface when p; is negative. <

Figure 4-22 shows an infinitely long conducting slab placed
in a uniform electric field E;. The media above and below the
slab have permittivity €. Because E; points away from the
upper surface, it induces a positive charge density ps = € [E;|
on the upper slab surface. On the bottom surface, E| points
toward the surface; therefore, the induced charge density is
—ps. The presence of these surface charges induces an electric
field E; in the conductor, resulting in a total field E = E| + E;.
To satisfy the condition that E must be everywhere zero in the
conductor, E; must equal —E;.

If we place a metallic sphere in an electrostatic field
(Fig. 4-23), positive and negative charges accumulate on the
upper and lower hemispheres, respectively. The presence of
the sphere causes the field lines to bend to satisfy the condition

Ey =D =0, (4.110a)
expressed by Eq. (4.111); that is, E is always normal to a
D1y = & Emn = ps. (4.110b)  conductor boundary.
E, E, - E, -
Ps = €1£]
! T Ry
+ + + |+ + + + + |+ + + + + |+ o+ o+
1
A A A
Iy Iy Iy
Conducting slab — Ep, : E; Ei, : E; Ep, : Ei
Iy Iy Iy
1 1 1
' ' i

T

T

/

1

€]

Figure 4-22 When a conducting slab is placed in an external electric field E{, charges that accumulate on the conductor surfaces induce
an internal electric field E; = —E;. Consequently, the total field inside the conductor is zero.
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Module 4.2 Charges in Adjacent Dielectrics In two adjoining half-planes with selectable permittivities, the user can
place point charges anywhere in space and select their magnitudes and polarities. The module then displays E, V, and the
equipotential contours of V.

Module 4.2 Charges in Adjacent Dielectrics
v(nm] = 4 Instructions Input
& s
En
charge= 5 e
K L]
L * place charge
e " change charge value
" remove charge
" move charge
™ " show voltage and
4 A | \ NN electric field at cursor:
A S w3 T P T T WA T . VR v= 0 Voits
PRV 2 SN R A A Y L B R A T T \11\1’1\136 E= 0 vim
i 2
S A 2 A A A N R T T R L S U U A N O
O A A A T T T T T T T Y RISES
P A A A A A T T T T T R T ¢ Ir_ﬂore
KL - v i « lines
S A O B B A R R A U O S N RN N
v Equipotential lines: A
e A A A A T T T T T T T ¥ Electric field ™ less
A A A A A A T T T T T 22
-5
A A A A T TR
-6
A x(nm)
4-8.2 Conductor—Conductor Boundary
We now examine the general case of the boundary between
two media—neither of which is a perfect dielectric or a perfect
conductor (Fig. 4-24). Medium 1 has permittivity € and
conductivity o7, medium 2 has & and o3, and the interface
between them holds a surface charge density ps. For the
electric fields, Egs. (4.100) and (4.105b) give
E; =Ey, & En— &Ex = ps. (4.112)
Since we are dealing with conducting media, the electric fields
give rise to current densities J; = 61 E; and J, = o, E,. Hence,
Jie  Ja Jin Jon
Figure 4-23 Metal sphere placed in an external electric 6 o ! o 2 o Ps- @.113)
field Ey.

The tangential current components Ji; and J,; represent cur-
rents flowing in the two media in a direction parallel to the
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Jln Jl
Medium 1 a
€1, 01
Jit 1
. Jot
Medium 2 J
€, 02 nl /I,

Figure 4-24 Boundary between two conducting media.

boundary; hence, there is no transfer of charge between them.
This is not the case for the normal components. If Jy,, # Jo,,
then a different amount of charge arrives at the boundary than
leaves it. Hence, ps cannot remain constant in time, which
violates the condition of electrostatics requiring all fields
and charges to remain constant. Consequently, the normal
component of J has to be continuous across the boundary
between two different media under electrostatic conditions.
Upon setting J1, = Jo, in Eq. (4.113), we have

&g €
Jin <_] . —2) =ps (electrostatics).
o1 02

(4.114)

Concept Question 4-22: What are the boundary con-
ditions for the electric field at a conductor—dielectric
boundary?

Concept Question 4-23:
Under electrostatic conditions, we require Ji, = Jo,
at the boundary between two conductors. Why?

4-9 Capacitance

When separated by an insulating (dielectric) medium, any two
conducting bodies, regardless of their shapes and sizes, form
a capacitor. If a dc voltage source is connected across them
(Fig. 4-25) the surfaces of the conductors connected to the
positive and negative source terminals accumulate charges +Q
and —Q, respectively.

) /‘ Surface S
~t/ + + o+ ,+/—

Tr +Q —
o Conductor 1 e
1+ |+ + &
+
V= E

Conductor2
S

Figure 4-25 A dc voltage source connected to a capacitor
composed of two conducting bodies.

» When a conductor has excess charge, it distributes the
charge on its surface in such a manner as to maintain
a zero electric field everywhere within the conductor,
thereby ensuring that the electric potential is the same at
every point in the conductor. <

The capacitance of a two-conductor configuration is defined

as
c=2
Vv
where V is the potential (voltage) difference between the
conductors. Capacitance is measured in farads (F), which is
equivalent to coulombs per volt (C/V).

The presence of free charges on the conductors’ surfaces
gives rise to an electric field E (Fig. 4-25) with field lines
originating on the positive charges and terminating on the
negative ones. Since the tangential component of E always
vanishes at a conductor’s surface, E is always perpendicular
to the conducting surfaces. The normal component of E at any
point on the surface of either conductor is given by

(C/V or F), 4.115)

E,—hE= ’2, (4.116)

(at conductor surface)

where ps is the surface charge density at that point, f is
the outward normal unit vector at the same location, and &
is the permittivity of the dielectric medium separating the
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Module 4.3 Charges above a Conducting Plane When electric charges are placed in a dielectric medium adjoining
a conducting plane, some of the conductor’s electric charges move to its surface boundary, thereby satisfying the boundary
conditions outlined in Table 4-3. This module displays E and V everywhere and p, along the dielectric—conductor boundary.

Module 4.3

Charges above a Conducting Plane

ly(nm
] View Image Charges

bV A\ v - = = S
s1 0 1 /4 7 - -
4_1;/, - o AN\S
\ V2 P
T A -~ v o/ 7 1N
2_@ - s /4 3 VN
~ P A T T
"] bieldctric © SRR T
ek e T TR T VR VO ¢ VA TR R A

Conductor

Instructions Input
B e\ charge= 5 e

/i~ N O\

]

4
" place charge
" change charge value
" remove charge
" move charge
& show voltage, electric field,
and charge density at cursor:

v= -573400E-1 Volts
E= 490222E2 vim ¥
p= OEO cim?

Plots

more
Potential field » lines

EUEY

Equipotential lines: [

<

Electric field - less
lines

<l

Charge density

conductors. The charge Q is equal to the integral of ps over
surface S (Fig. 4-25):

Q:/psds:/sﬁ-Eds:/eE-ds,
s S N

where use was made of Eq. (4.116). The voltage V is related
to E by Eq. (4.39):

4.117)

Py
V=Vy=— E-dl,
P

(4.118)

where points P; and P, are any two arbitrary points on
conductors 1 and 2, respectively. Substituting Eqgs. (4.117) and

(4.118) into Eq. (4.115) gives

/eE-ds

c=55_—_ (P, (4.119)
— [E-dl
/, d

where [ is the integration path from conductor 2 to conductor 1.
To avoid making sign errors when applying Eq. (4.119), it is
important to remember that surface S is the +Q surface and
Py is on S. [Alternatively, if you compute C and it comes out
negative, just change its sign.] Because E appears in both the
numerator and denominator of Eq. (4.119), the value of C
obtained for any specific capacitor configuration is always
independent of E’s magnitude. In fact, C depends only on the
capacitor geometry (sizes, shapes and relative positions of the
two conductors) and the permittivity of the insulating material.
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Module 4.4 Charges near a Conducting Sphere This module is similar to Module 4.3, except that now the conducting

body is a sphere of selectable size.

+ 4+ +
j—++ 4y

Module 4.4 Charges near a Conducting Sphere
pinm View Image Charges r= 2 Instructions Input
" r charge = -2.64 e
117 " K N :
* place charge
A " change charge value
e " remove charge
" move charge
. ol

show voltage, electric field,
and charge density at cursor:

Volts
vim
ci/m?

h= m <
" "
(=1 =1 =]

Plots

more
Potential field » lines

< 7

Equipotential lines: A

-

Electric field ~ less
lines

<]

Charge density

1 3 3 1 5§ & 7 & & 1 111 1
x(nm)
If the material between the conductors is not a perfect i
P Example 4-14: Capacitance of Parallel-Plate

dielectric (i.e., if it has a small conductivity o), then current
can flow through the material between the conductors, and the
material exhibits a resistance R. The general expression for R
for a resistor of arbitrary shape is given by Eq. (4.81):

—/Em
R= 21—

/O'E-ds
s

For a medium with uniform ¢ and &, the product of
Eqgs. (4.119) and (4.120) gives

Q). (4.120)

rRC=%. 4.121)
(o}

This simple relation allows us to find R if C is known, and vice
versa.

Capacitor

Obtain an expression for the capacitance C of a parallel-plate
capacitor comprised of two parallel plates each of surface
area A and separated by a distance d. The capacitor is filled
with a dielectric material with permittivity €.

Solution: In Fig. 4-26, we place the lower plate of the capac-
itor in the x—y plane and the upper plate in the plane z = d.
Because of the applied voltage difference V, charges +Q and
—Q accumulate on the top and bottom capacitor plates. If the
plate dimensions are much larger than the separation d, then
these charges distribute themselves quasi-uniformly across
the plates, giving rise to a quasi-uniform field between them
pointing in the —Z direction. In addition, a fringing field will
exist near the capacitor edges, but its effects may be ignored
because the bulk of the electric field exists between the plates.
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Conducting plate

\

\ . Fringing
v | field lines
—17z

| +

Dielectric &

Conducting plate

Figure 4-26 A dc voltage source connected to a parallel-plate capacitor (Example 4-14).

The charge density on the upper plate is p; = Q/A. Hence, in
the dielectric medium

E = —2E,
and from Eq. (4.116), the magnitude of E at the conductor—

dielectric boundary is E = ps/€ = Q/€A. From Eq. (4.118),
the voltage difference is

Example 4-15: Capacitance per Unit Length

of Coaxial Line

Obtain an expression for the capacitance of the coaxial line
shown in Fig. 4-27.

Solution: For a given voltage V across the capacitor, charges
+Q and —Q accumulate on the surfaces of the outer and inner

V=_— / dE.dl - _ / d<_iE).i dz=Ed, (4.122) conductors, respectively. We assume that these charges are
0 0 uniformly distributed along the length and circumference of
. . the conductors with surface charge density p! = Q/2mbl on
and the capacitance is the outer conductor and p! = —Q/27al on the inner one.
Ignoring fringing fields near the ends of the coaxial line, we
0 0O ¢€A can construct a cylindrical Gaussian surface in the dielectric in
C= VoFEd-4d° (4.123)  between the conductors with the radius r such that a < r < b.
Symmetry implies that the E-field is identical at all points on
this surface, which is directed radially inward. From Gauss’s
where use was made of the relation E = Q/€A. law, it follows that the field magnitude equals the absolute
= P
ﬂ_ +H:3+l+ +1E +l+ +1E +l4_-::

Inner conductor

Dielectric material ¢

"~ Outer conductor

Figure 4-27 Coaxial capacitor filled with insulating material of permittivity € (Example 4-15).
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value of the total charge enclosed, divided by the surface area.
That is,
. 0

E=-r .
2merl
The potential difference V between the outer and inner con-
ductors is

B b o b . 0 R
V——/HEdl——/a <—r2ﬂ£r1)-(rdr)

(4.124)

0 b
=—In(-). 4.125
2mel \a (4125)
The capacitance C is then given by
(0] 2mel
C===——, 4.126
V. In(b/a) ( )

and the capacitance per unit length of the coaxial line is

, C 2re

O

(4.127)

Concept Question 4-24: How is the capacitance of a
two-conductor structure related to the resistance of the
insulating material between the conductors?

Concept Question 4-25:
when may they be ignored?

What are fringing fields and

4-10 Electrostatic Potential Energy

A source connected to a capacitor expends energy in charging
up the capacitor. If the capacitor plates are made of a good
conductor with effectively zero resistance, and if the dielectric
separating the two plates has negligible conductivity, then no
real current can flow through the dielectric, and no ohmic
losses occur anywhere in the capacitor. Where then does the
energy expended in charging up the capacitor go? The energy
ends up getting stored in the dielectric medium in the form of
electrostatic potential energy. The amount of stored energy W,
isrelatedto Q, C,and V.

Suppose we were to charge up a capacitor by ramping up
the voltage across it from v = 0 to v = V. During the process,
charge +¢ accumulates on one conductor and —g on the other.
In effect, a charge g has been transferred from one of the
conductors to the other. The voltage v across the capacitor is
related to g by

v= (4.128)

1
o

From the definition of v, the amount of work dW, required
to transfer an additional incremental charge dg from one
conductor to the other is

AW, =vdg= L dq.

c (4.129)

If we transfer a total charge Q between the conductors of an
initially uncharged capacitor, then the total amount of work
performed is

. (4.130)

Using C = Q/V, where V is the final voltage, W, also can be
expressed as

W, =1lcv: ). (4.131)

The capacitance of the parallel-plate capacitor discussed in
Example 4-14 is given by Eq. (4.123) as C = €A/d, where A is
the surface area of each of its plates and d is the separation
between them. Also, the voltage V across the capacitor is
related to the magnitude of the electric field E in the dielectric
by V = Ed. Using these two expressions in Eq. (4.131) gives

We=3 7 (Ed)? = 3 eE*(Ad) = § €%V,

; (4.132)

where U = Ad is the volume of the capacitor. This expression
affirms the assertion made at the beginning of this section,
namely that the energy expended in charging up the capacitor
is being stored in the electric field present in the dielectric
material in between the two conductors.

The electrostatic energy density w, is defined as the electro-
static potential energy W, per unit volume:

J/m3). (4.133)

We
We = E

1
= ¢E?
2

Even though this expression was derived for a parallel-plate
capacitor, it is equally valid for any dielectric medium contain-
ing an electric field E, including a vacuum. Furthermore, for
any volume D, the total electrostatic potential energy stored in

itis
W, = ! / eEZdv (). (4.134)

2 Jv

Returning to the parallel-plate capacitor, the oppositely
charged plates are attracted to each other by an electrical
Jorce F.. In terms of the coordinate system of Fig. 4-28, the
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z Conducting plate
A
/ N
1 . . Fringing
v | field lines
—1v
z=d
+ A l F A _ _
V= Js Dielectric &

Conducting plate

Figure 4-28 A dc voltage source connected to a parallel-plate capacitor.

electrical force acting on the upper plate is along —2Z (due to
attraction by the lower plate). Hence, it is given by

F.=-71F, (force on upper plate). (4.135)

Our plan is to compute F. from energy considerations. We
start by converting the spacing d into a variable z and using
C=¢€A/zinEq. (4.131):

(4.136)

If V is maintained at a constant level, W, decreases when
increasing the separation z between the plates. If an external,
upward-directed force F = —F, is applied to counter the
electrostatic force F, and used to move the upper plate upwards

by a distance dz, the expended mechanical work is
dwW =F-zdz. (4.137)

The work dW is equal to the loss in electrostatic energy stored
in the capacitor. That is,

dW = —dWw,.. (4.138)
Also, F. = —F, which leads to
dW.=F.-2dz=—-2F.-2dz= —F, dz. (4.139)
From Eq. (4.136),
AV?
dWe = —1 & —- dz. (4.140)
z

Equating Egs. (4.139) and (4.140) and replacing z with d leads
to
. AV?

Fo=je—r. (4.141a)

and
R V2
Fo=-21eA = (N).

(parallel-plate capacitor)

(4.141b)

This is the electrostatic force exerted on the upper plate. The
force on the lower plate is identical in magnitude and opposite
in direction.

The relationship given by Eq. (4.139) pertains to a capacitor
with dl = 2 dz. We can generalize the result for dl along any
direction as

F. =—-VW.. (4.142)

Example 4-16: Force on Sliding Dielectric

The two plates of the parallel-plate capacitor shown in
Fig. 4-29 are each of length ¢ and width w, and the separation
between them is d. The capacitor contains a dielectric block of
dimensions ¢ x w x d and permittivity €. The block can slide
in and out of the capacitor cavity along its length dimension.
Compute the force F, acting on the dielectric block when it
is partially outside of the cavity and the voltage across the
capacitoris V.

Solution: From Eq. (4.122), the electric field inside the
capacitor cavity 18
p=L
d
This is true in both the section containing the dielectric block

and the section filled with air. The total electrostatic energy of
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Dielectric
&

Figure 4-29 Parallel-plate capacitor with slidable dielectric block.

the capacitor consists of two components: one for the volume
containing the dielectric block of permittivity € and volume
V1 = xwd, and another for the volume containing air with &
and volume V, = (¢ — x)wd. Hence,

W, = % 8E2'U] +% SQEZ'UZ

V\? V2
1 1

2
% (4.143)

=1 — wlex+ gt —x)].

Since € > &, the electrostatic energy is maximum when x = /¢
(dielectric block fully inside the cavity). Sliding the dielec-
tric block out of the capacitor requires exerting an external
mechanical force F to oppose the electrostatic force F., whose
tendency is to oppose reduction in W.. Thus, the direction of
F. is to pull the block back into the capacitor.

The magnitude of F, can be obtained from

F— aw,
dx
d [1V?
V2
= 5 7 W<8 — 80). (4144)

Concept Question 4-26: To bring a charge g from
infinity to a given point in space, a certain amount of
work W is expended. Where does the energy correspond-
ing to W go?

Concept Question 4-27: When a voltage source is con-
nected across a capacitor, what is the direction of the
electrical force acting on its two conducting surfaces?

Exercise 4-18: The radii of the inner and outer conductors
of a coaxial cable are 2 cm and 5 cm, respectively, and
the insulating material between them has a relative per-
mittivity of 4. The charge density on the outer conductor
is py = 10~* (C/m). Use the expression for E derived in
Example 4-15 to calculate the total energy stored in a
20 cm length of the cable.

Answer: W, =4.1]J. (See &)

4-11 Image Method

Consider a point charge Q at a distance d above a horizontally
infinite, perfectly conducting plate (Fig. 4-30(a)). We want to
determine V and E at any point in the space above the plate,
as well as the surface charge distribution on the plate. Three
different methods for finding E have been introduced in this
chapter The first method, based on Coulomb’s law, requires
knowledge of the magnitudes and locations of all the charges.
In the present case, the charge Q induces an unknown and
nonuniform distribution of charge on the plate. Hence, we
cannot utilize Coulomb’s method. The second method, based
on Gauss’s law, is equally difficult to use because it is not
clear how to construct a Gaussian surface across which E is
only tangential or only normal. The third method is based
on evaluating the electric field using E = —VV after solving
Poisson’s or Laplace’s equation for V subject to the available
boundary conditions, but it is mathematically involved.

Alternatively, the problem at hand can be solved using
image theory.
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V=20 [

N —

(a) Charge Q above grounded plane

lines
\z? \‘\\ e
Frdl v {VZO
[ P
e

(b) Equivalent configuration

Figure 4-30 By image theory, a charge Q above a grounded, perfectly conducting plane is equivalent to Q and its image —Q with the

grounded plane removed.

> Any given charge configuration above an infinite,
perfectly conducting plane is electrically equivalent to the
combination of the given charge configuration and its im-
age configuration with the conducting plane removed. <«

The image-method equivalent of the charge Q above a
conducting plane is shown in the right-hand section of
Fig. 4-30. It consists of the charge Q itself and an image
charge —Q at a distance 2d from Q with nothing else between
them. The electric field due to the two isolated charges can now
be easily found at any point (x,y,z) by applying Coulomb’s
method, as demonstrated by Example 4-17. By symmetry, the
combination of the two charges always produces a potential
V = 0 at every point in the plane previously occupied by the
conducting surface. If the charge resides in the presence of
more than one grounded plane, it is necessary to establish its
images relative to each of the planes and then to establish
images of each of those images against the remaining planes.

o0

V=0
iy

(2

(a) Charge distributions above grounded plane

The process is continued until the condition V = 0 is satisfied
everywhere on all grounded planes. The image method applies
not only to point charges but also to distributions of charge,
such as the line and volume distributions depicted in Fig. 4-31.
Once E has been determined, the charge induced on the plate

can be found from
ps = (h-E)g, (4.145)

where fi is the normal unit vector to the plate (Fig. 4-30(a)).

Example 4-17: Image Method for Charge

above Conducting Plane

Use image theory to determine E at an arbitrary point
P = (x,y,z) in the region z > 0 due to a charge Q in free space
at a distance d above a grounded conducting plate residing in
the z = 0 plane.

____________ 7

(b) Equivalent distributions

Figure 4-31 Charge distributions above a conducting plane and their image-method equivalents.
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Solution: In Fig. 4-32, charge Q is at (0,0,d), and its
image —Q is at (0,0, —d). From Eq. (4.19), the electric field at
point P(x,y,z) due to the two charges is given by the following
equation.

P=(xy2)

_Q = (03 0’ _d)

Figure 4-32 Application of the image method for finding E at
point P (Example 4-17).

1 (QRI N —QR2>

Concept Question 4-28: What is the fundamental
premise of the image method?

Concept Question 4-29: Given a charge distribution,
what are the various approaches described in this chapter
for computing the electric field E at a given point in space?

Exercise 4-19: Use the result of Example 4-17 to find the
surface charge density ps on the surface of the conducting
plane.

Answer: p, = —Qd/[27(x* +y? +d?)3/?]. (See €.)

Chapter 4 Summary

Tdre \ B R
Y Ry +2(z—d) R+ Iy+a(z+d)
arey |2 +y2+ (z—d)?P2 [2+y2+(z+d)H3/2
forz > 0.
Concepts

e Maxwell’s equations are the fundamental tenets of
electromagnetic theory.

e Under static conditions, Maxwell’s equations separate
into two uncoupled pairs with one pair pertaining to
electrostatics and the other to magnetostatics.

e Coulomb’s law provides an explicit expression for the
electric field due to a specified charge distribution.

e Gauss’s law states that the total electric field flux
through a closed surface is equal to the net charge
enclosed by the surface.

e The electrostatic field E at a point is related to the
electric potential V at that point by E = —VV with V
often being referenced to zero at infinity.

e Because most metals have conductivities on the order
of 10° (S/m), they are treated in practice as perfect
conductors. By the same token, insulators with conduc-

tivities smaller than 10710 (S/m) often are treated as
perfect dielectrics.

e Boundary conditions at the interface between two mate-
rials specify the relations between the normal and
tangential components of D, E, and J in one of the
materials to the corresponding components in the other.

e The capacitance of a two-conductor body and resis-
tance of the medium between them can be computed
from knowledge of the electric field in that medium.

e The electrostatic energy density stored in a dielectric
medium is we = %&‘E2 (J/m3).

e When a charge configuration exists above an infinite,
perfectly conducting plane, the induced field E is the
same as that due to the configuration itself and its image
with the conducting plane removed.
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Mathematical and Physical Models

Maxwell’s Equations for Electrostatics

Name Differential Form Integral Form
Gauss’s law V-D=p, %D-ds= 0]
S
Kirchhoff’s law VXE=0 %E -dl=0
c
Electric Field
Current density J=puu Point charge E=R ﬁ
Poisson’s equation VvV = —% ' I Y g(R—R)
Many point charges =— ) m i
Laplace’s equation ~ V2V =0 4re & [R—Ry|
1 ., Py dV’
—/E-dl Volume distribution E= —/ R p /21)
Resistance R=—F~1— Ame Jor R
oE-ds /
1 N d
s Surface distribution E= = / ' pSRIZS
Boundary conditions  Table 4-3 S
1 A dlr’
| /S eE-ds Line distribution E= /l R pfe a
Capacitance C=Eaee
- /1 E-dl Infinite sheet of charge E =12 123
2g
€
RC relation RC = — D D
c Infinite line of charge E=—=%— =¢ pe
; 1.2 & &) 2meyr
Energy density We = 7EE
d N A
Dipole E= 4;20R3 (R2cos 6 +Osin 0)

Relation to V/ E=-VV
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Important Terms

boundary conditions
capacitance C
charge density
conductance G
conduction current
conductivity o
conductor
conservative field

electric field intensity E

electric flux density D

electric potential V'

electric susceptibility y.
electron drift velocity u.
electron mobility e
electrostatic energy density we
electrostatic potential energy Wk

Provide definitions or explain the meaning of the following terms:

Joule’s law

Kirchhoff’s voltage law
Laplace’s equation
linear material

Ohm’s law

perfect conductor
perfect dielectric
permittivity €

constitutive parameters electrostatics Poisson’s equation
convection current equipotential polarization vector P
Coulomb’s law Gaussian surface relative permittivity &
current density J Gauss’s law semiconductor
dielectric breakdown voltage V4, hole drift velocity uy static condition
dielectric material hole mobility uy superconductor

dielectric strength Egq
dipole moment p
electric dipole

PROBLEMS

Sections 4-2: Charge and Current Distributions

4.1 Find the total charge contained in a cylindrical volume
definedby r <2mand 0 <z <3 mif p, =30rz (mC/m3).

“4.2 A cube 2 m on a side is located in the first octant in
a Cartesian coordinate system, with one of its corners at the
origin. Find the total charge contained in the cube if the charge
density is given by p, = xy?e~%* (mC/m?).

“4.3 Find the total charge contained in a round-top cone
defined by R <2 m and 0 < 0 < m/4, given that
py = 30R?cos? 6 (mC/m?).

4.4 If the line charge density is given by p; = 12y? (mC/m),
find the total charge distributed on the y axis from y = —5 to
y=>5.
4.5 Find the total charge on a circular disk defined by r < a
and z =0 if:

(a) ps=pspcosd (C/mz)

(b) ps = pyosin® ¢ (C/m?)

(¢) ps=pse " (C/m?)

(d) ps = pyoe " sin? ¢ (C/m?)

where py is a constant.

4.6 If J = §6xz (A/m?), find the current I flowing through a
square with corners at (0,0,0), (2,0,0), (2,0,2), and (0,0,2).

*
Answer(s) available in Appendix E.

homogeneous material
image method
isotropic material

volume, surface, and line
charge densities

*4.7 If J=R5/R (A/m?), find I through the surface R = 5 m.

4.8 A circular beam of charge of radius a consists of elec-
trons moving with a constant speed u along the +z direction.
The beam’s axis is coincident with the z axis and the electron
charge density is given by

py = —cr’ (c/m3)

where c is a constant and 7 is the radial distance from the axis
of the beam.
>k(a) Determine the charge density per unit length.

(b) Determine the current crossing the z-plane.

4.9 An electron beam shaped like a circular cylinder of
radius ry carries a charge density given by

py = ( —Po > (C/m)

1472

where pg is a positive constant and the beam’s axis is coinci-
dent with the z-axis.

(a) Determine the total charge contained in length L of the
beam.

(b) If the electrons are moving in the -+z-direction with
uniform speed u, determine the magnitude and direction
of the current crossing the z-plane.

4.10 A line of charge of uniform density p, occupies a
semicircle of radius b as shown in Fig. P4.10. Use the material
presented in Example 4-4 to determine the electric field at the
origin.
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Figure P4.10 Problem 4.10.

Section 4-3: Coulomb’s Law

411 A square with sides of 2 m has a charge of 40 uC at
each of its four corners. Determine the electric field at a point
5 m above the center of the square.

*4.12 Charge ¢q; = 6 uC is located at (1 cm,1cm,0) and
charge ¢ is located at (0,0,4 cm). What should ¢, be so that
E at (0, 2 cm, 0) has no y component?

4.13 Three point charges, each with ¢ = 3 nC, are located at
the corners of a triangle in the x—y plane, with one corner at
the origin, another at (2 ¢cm,0,0), and the third at (0,2 cm,0).
Find the force acting on the charge located at the origin.

4.14 A line of charge with uniform density p;, = 8 (UC/m)
exists in air along the z-axis between z = 0 and z = 5 cm. Find
E at (0,10 cm,0).

4.15 Electric charge is distributed along an arc located in the
x-y plane and defined by r =2 cmand 0 < ¢ < /4. If p;, =
5 (uC/m), find E at (0,0,7) and then evaluate it at:

*(a) the origin,
(b) z=5cm, and
(¢) z=—-5cm.

4.16 A line of charge with uniform density p; extends
between z = —L/2 and z = L/2 along the z-axis. Apply
Coulomb’s law to obtain an expression for the electric field
at any point P(r,¢,0) on the x—y plane. Show that your result
reduces to the expression given by (4.33) as the length L is
extended to infinity.

*4.17 Repeat Example 4-5 for the circular disk of charge of
radius a, but in the present case, assume the surface charge
density to vary with r as

Ps = Psorz (C/mz)

where pyo is a constant.

4.18 Multiple charges at different locations are said to be in
equilibrium if the force acting on any one of them is identical

in magnitude and direction to the force acting on any of the
others. Suppose we have two negative charges, one located
at the origin and carrying charge —9e, and the other located
on the positive x-axis at a distance d from the first one and
carrying charge —36e. Determine the location, polarity and
magnitude of a third charge whose placement would bring the
entire system into equilibrium.

4.19 Three infinite lines of charge, all parallel to the z-axis,
are located at the three corners of the kite-shaped arrangement
shown in Fig. P4.19. If the two right triangles are symmetrical
and of equal corresponding sides, show that the electric field is
zero at the origin.

y
8 2p¢
7 ~
’ ~
’ >
’ ~
’ ~
’ >
’ ~
d N
pre> %6 Y
\ 4
. 4
. 4
\ 4
\ 4
A 4
\ 4
A 4
A 4
\ 4
N

Figure P4.19 Kite-shaped arrangment of line charges for
Problem 4.19.

“4.20 Three infinite lines of charge, p;, =3 nC/m), p;, = -3
(nC/m), and p;; = 3 (nC/m), are all parallel to the z-axis. If they
pass through the respective points (0, —b), (0,0), and (0,b) in
the x—y plane, find the electric field at (a,0,0). Evaluate your
result fora=2cmand b =1 cm.

4.21 Given the electric flux density

D=%2(x+y)+§3x—2y)  (C/m?)

determine

(a) py by applying Eq. (4.26).

(b) The total charge Q enclosed in a cube 2 m on a side,
located in the first octant with three of its sides coincident
with the x-, y-, and z-axes and one of its corners at the
origin.

(c) The total charge Q in the cube, obtained by applying
Eq. (4.29).
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4.22 A horizontal strip lying in the x—y plane is of width d
in the y-direction and infinitely long in the x-direction. If the
strip is in air and has a uniform charge distribution pg, use
Coulomb’s law to obtain an explicit expression for the electric
field at a point P located at a distance /& above the centerline
of the strip. Extend your result to the special case where d is
infinite and compare it with Eq. (4.25).

“4.23 Repeat Problem 4.21 for D = %1323 (C/m?).

4.24 Charge Q; is uniformly distributed over a thin spherical
shell of radius a, and charge Q, is uniformly distributed over a
second spherical shell of radius b, with b > a. Apply Gauss’s
law to find E in the regions R < a, a <R < b,and R > b.

“4.25 The electric flux density inside a dielectric sphere of
radius a centered at the origin is given by

D=RpyR  (C/m?)

where py is a constant. Find the total charge inside the sphere.

“4.26 An infinitely long cylindrical shell extending between
r=1m and r =2 m contains a uniform charge density pyo.
Apply Gauss’s law to find D in all regions.

4.27 1In a certain region of space, the charge density is given
in cylindrical coordinates by the function:

py=50re™" (C/m®)

Apply Gauss’s law to find D.

4.28 If the charge density increases linearly with distance
from the origin such that p, = 0 at the origin and p, = 40 C/m?
at R = 2 m, find the corresponding variation of D.

4.29 A spherical shell with outer radius b surrounds a charge-
free cavity of radius a < b (Fig. P4.29). If the shell contains a
charge density given by

. Pvo

F’ a<R<D,

pv=
where pyg is a positive constant, determine D in all regions.
Section 4-5: Electric Potential

“430 A square in the x—y plane in free space has a point
charge of +Q at corner (a/2,a/2), the same at corner
(a/2,—a/2), and a point charge of —Q at each of the other
two corners.

(a) Find the electric potential at any point P along the x-axis.

(b) Evaluate V atx=a/2.

Figure P4.29 Problem 4.29.

4.31 The circular disk of radius a shown in Fig. 4-7 has
uniform charge density ps across its surface.

(a) Obtain an expression for the electric potential V at a point
P = (0,0,z) on the z-axis.

(b) Use your result to find E and then evaluate it for z = A.
Compare your final expression with (4.24), which was
obtained on the basis of Coulomb’s law.

4.32 Show that the electric potential difference V;, between
two points in air at radial distances r; and r, from an
infinite line of charge with density p, along the z axis is

V12 = (pg/ZTCS()) ln(rz/rl )

4.33 A circular ring of charge of radius a lies in the x—y plane
and is centered at the origin. Assume also that the ring is in air
and carries a uniform density py.

(a) Show that the electrical potential at (0,0,z) is given by

V = pua/2en(a® + ).

>k(b) Find the corresponding electric field E.

“4.34  Find the electric potential V at a location a distance b
from the origin in the x—y plane due to a line charge with charge
density p, and of length /. The line charge is coincident with
the z-axis and extends from z = —[/2to z =1/2.

4.35 For the electric dipole shown in Fig. 4-13,d = 1 cm and
|[E|=8 (mV/m)atR=1mand 6 =0°. Find E at R =2 m and
0 =90°.
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4.36 For each of the distributions of the electric potential V
shown in Fig. P4.36, sketch the corresponding distribution of
E (in all cases, the vertical axis is in volts and the horizontal
axis is in meters).

@ Y
30 +
8 11 13 16
— X
30 +
\%
(b)
4_
3 6 9 12 15
b— X
4
15
+ X

4

Figure P4.36 Electric potential distributions of Problem 4.36.

*4.37 As shown in Fig. P4.37, two infinite lines of charge,
both parallel to the z-axis, lie in the x—z plane, one with
density p, and located at x = a and the other with density —p,
and located at x = —a. Obtain an expression for the electric
potential V (x,y) at a point P = (x,y) relative to the potential at
the origin.

3
’QP = ()C, y)
,’¢ \\
" /’ \ !
r’/ ‘\r
= \\
—pr . \ P
@ & X
(-a,0) (a,0)

Figure P4.37 Problem 4.37.

4.38 Given the electric field

L 18
E:Rﬁ (V/m)

find the electric potential of point A with respect to point B
where A is at +2 m and B at —4 m, both on the z-axis.

4.39 The x—y plane contains a uniform sheet of charge with
ps; = 0.2 (nC/m?). A second sheet with p,, = —0.2 (nC/m?)
occupies the plane z = 6 m. Find Vyp, Vpc, and Vy¢ for
A(0,0,6 m), B(0,0,0), and C(0,—2 m,2 m).

“4.40  An infinitely long line of charge with uniform density
p; = 18 (nC/m) lies in the x—y plane parallel to the y-axis
at x = 2 m. Find the potential V45 at point A(3 m,0,4 m)
in Cartesian coordinates with respect to point B(0,0,0) by
applying the result of Problem 4.32.

Section 4-6: Conductors

4.41 A cylindrical bar of silicon has a radius of 4 mm and
a length of 8 cm. If a voltage of 5 V is applied between the
ends of the bar and p. = 0.13 (m?/V-s), u, = 0.05 (m?*/V-s),
N. = 1.5 x 101 electrons/m?, and N, = N., find the following:

(a) the conductivity of silicon,
(b) the current / flowing in the bar,

* (¢) the drift velocities u. and uy,
(d) the resistance of the bar, and
(e) the power dissipated in the bar.

4.42 Repeat Problem 4.41 for a bar of germanium with y, =
0.4 (m*/V-s), pp = 0.2 (m?*/V-s), and N, = N, = 4.8 x 10"
electrons or holes/m?>.

4.43 A coaxial resistor of length / consists of two concen-
tric cylinders. The inner cylinder has radius @ and is made
of a material with conductivity o, and the outer cylinder,
extending between r = a and r = b, is made of a material with
conductivity o;. If the two ends of the resistor are capped with
conducting plates, show that the resistance between the two
ends is R = I /[r(01a® + 03 (b* — a?))].
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4.44 A 100 m long conductor of uniform cross-section has
a voltage drop of 4 V between its ends. If the density of the
current flowing through it is 1.4 x 10® (A/m?), identify the
material of the conductor.

*4.45 Apply the result of Problem 4.44 to find the resistance
of a 20-cm-long hollow cylinder (Fig. P4.45) made of carbon
with ¢ = 3 x 10* (S/m).

7N

Carbon

Figure P4.45 Cross-section of hollow cylinder of
Problem 4.45.

4.46 A cylinder-shaped carbon resistor is 8 cm in length and
its circular cross section has a diameter d = 1 mm.

(a) Determine the resistance R.

(b) To reduce its resistance by 40%, the carbon resistor is
coated with a layer of copper of thickness ¢. Use the result
of Problem 4.43 to determine 7.

4.47 A 4 x 1073-mm-thick square sheet of aluminum has 5
cm x 5 cm faces. Find the following:

(a) The resistance between opposite edges on a square face.

(b) The resistance between the two square faces. (See Appen-
dix B for the electrical constants of materials.)

Section 4-8: Boundary Conditions

“4.48  With reference to Fig. 4-19, find E if
E,=%3-§2+22 (V/m),

€ = 2g&, & = 18¢g, and the boundary has a surface charge
density ps = 3.54 x 10~ (C/m?). What angle does E; make
with the z-axis?

4.49 An infinitely long conducting cylinder of radius a has
a surface charge density ps. The cylinder is surrounded by a
dielectric medium with & = 4 and contains no free charges.
The tangential component of the electric field in the region
r > ais given by E; = —J)cos ¢/r*. Since a static conductor
cannot have any tangential field, this must be cancelled by
an externally applied electric field. Find the surface charge
density on the conductor.

“4.50 IfE=R300 (V/m) at the surface of a 5-cm conducting
sphere centered at the origin, what is the total charge Q on the
sphere’s surface?

4.51 Figure P4.51 shows three planar dielectric slabs of
equal thickness but with different dielectric constants. If Eg
in air makes an angle of 45° with respect to the z-axis, find the
angle of E in each of the other layers.

z

A Eo

L35
&o (air)
&1 = 380
&) = 580
&3 = 76()
&o (air)

Figure P4.51 Dielectric slabs in Problem 4.51.

Sections 4-9 and 4-10: Capacitance and Electrical Energy

4.52 Dielectric breakdown occurs in a material whenever
the magnitude of the field E exceeds the dielectric strength
anywhere in that material. In the coaxial capacitor of Exam-
ple 4-15,

“(a) Atwhat value of r is |E| maximum?

(b) What is the breakdown voltage if a =1 cm, b =2 cm,
and the dielectric material is mica with & = 6?

4.53 Determine the force of attraction in a parallel-plate
capacitor withA =5 cm?, d =2 cm, and & = 4 if the voltage
across itis 50 V.

4.54  An electron with charge Q. = —1.6 x 107!° C and mass
me = 9.1 x 10731 kg is injected at a point adjacent to the
negatively charged plate in the region between the plates of
an air-filled parallel-plate capacitor with separation of 1 cm
and rectangular plates each 10 cm? in area (Fig. P4.54). If the
voltage across the capacitor is 10V, find the following:

(a) The force acting on the electron.
(b) The acceleration of the electron.

(c) The time it takes the electron to reach the positively
charged plate, assuming that it starts from rest.
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1 cm

a1l
—'|'I+
V0=10V

Figure P4.54 Electron between charged plates of
Problem 4.54.

4.55 Figure P4.55(a) depicts a capacitor consisting of two
parallel, conducting plates separated by a distance d. The space
between the plates contains two adjacent dielectrics, one with
permittivity &; and surface area A; and another with & and A;.
The objective of this problem is to show that the capacitance C
of the configuration shown in Fig. P4.55(a) is equivalent to
two capacitances in parallel, as illustrated in Fig. P4.55(b),
with

C=C+C (4.146)
where
A
c =84 (4.147)
d
A
G = % (4.148)

To this end, proceed as follows:

(a) Find the electric fields E; and E, in the two dielectric
layers.

(b) Calculate the energy stored in each section and use the
result to calculate C; and C;.

(¢) Use the total energy stored in the capacitor to obtain an
expression for C. Show that (4.146) is indeed a valid
result.

>:<4.56 In a dielectric medium with & = 4, the electric field is
given by
E=%0*+22)+ 9> —2(y+z)  (V/m)

Calculate the electrostatic energy stored in the region —1 m <
x<1Im, 0<y<2m,and0<z<3m.

L~
4 4, +
— =y
1 -
d €1 &y
1
(a)
|
=
Ci== C,=—= =V
|
(b)

Figure P4.55 (a) Capacitor with parallel dielectric section,
and (b) equivalent circuit.

4.57 Use the result of Problem 4.56 to determine the capaci-
tance for each of the following configurations:

*(a) Conducting plates are on top and bottom faces of the
rectangular structure in Fig. P4.57(a).

(b) Conducting plates are on front and back faces of the
structure in Fig. P4.57(a).

(c) Conducting plates are on top and bottom faces of the
cylindrical structure in Fig. P4.57(b).

4.58 The capacitor shown in Fig. P4.58 consists of two
parallel dielectric layers. Use energy considerations to show
that the equivalent capacitance of the overall capacitor, C,
is equal to the series combination of the capacitances of the
individual layers, C| and C,, namely

G
= 4.149
Ci+G ( )
where
Ci=¢ i G =€ i
1= 1d1, 2= 2d2

(a) Let V| and V; be the electric potentials across the upper
and lower dielectrics, respectively. What are the cor-
responding electric fields E; and E,? By applying the
appropriate boundary condition at the interface between
the two dielectrics, obtain explicit expressions for E7 and
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: : Figure P4.58 (a) Capacitor with parallel dielectric layers, and
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: : the conducting plates are placed on the right and left faces of
1 1 the structure.
1 1
1 1
1 1
: _=q=° F=dx. \: 4.60 A coaxial capacitor consists of two concentric, con-

. 'E" ) ducting, cylindrical surfaces, one of radius a and another

—————————

&1 = 86‘0; &) = 460; &3 = 28()
(b)

Figure P4.57 Dielectric sections for Problems 4.57 and 4.59.

E> in terms of €|, &, V, and the indicated dimensions of
the capacitor.

(b) Calculate the energy stored in each of the dielectric layers
and then use the sum to obtain an expression for C.
(¢) Show that C is given by Eq. (4.149).

4.59 Use the expressions given in Problem 4.58 to determine
the capacitance for the configurations in Fig. P4.57(a) when

of radius b, as shown in Fig. P4.60. The insulating layer
separating the two conducting surfaces is divided equally into
two semi-cylindrical sections, one filled with dielectric & and
the other filled with dielectric &.

(a) Develop an expression for C in terms of the length / and
the given quantities.

>k(b) Evaluate C fora =2 mm, b =6 mm, &, =2, &, =4,
and/ =4 cm.

4.61 Conducting wires above a conducting plane carry cur-
rents /1 and I, in the directions shown in Fig. P4.62. Keeping
in mind that the direction of a current is defined in terms of the
movement of positive charges, what are the directions of the
image currents corresponding to 7 and I5?
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-
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B e e
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Figure P4.60 Problem 4.60.

L,
111 )
(a) (b)

Figure P4.61 Currents above a conducting plane
(Problem 4.61).

Section 4-12: Image Method

4.62 With reference to Fig. P4.62, charge Q is located at a
distance d above a grounded half-plane located in the x—y plane
and at a distance d from another grounded half-plane in the x—z
plane. Use the image method to

(a) Establish the magnitudes, polarities, and locations of the
images of charge Q with respect to each of the two ground
planes (as if each is infinite in extent).

(b) Find the electric potential and electric field at an arbitrary
point P = (0,y,z2).

*P=(0,y,2)

d "'?Q:(Oadsd)

N

y

Figure P4.62 Charge Q next to two perpendicular,
grounded, conducting half-planes.

“4.63 Use the image method to find the capacitance per unit
length of an infinitely long conducting cylinder of radius a
situated at a distance d from a parallel conducting plane, as
shown in Fig. P4.63.

Q

J
|

Figure P4.63 Conducting cylinder above a conducting plane
(Problem 4.63).



Mmromn_n m rinmnrir on

10110100010001000110010

Chapter Contents Objectives
Overview, 244 Upon learning the material presented in this chapter, you
5-1 Magnetic Forces and Torques, 244 should be able to:

5-2 The Biot-Savart Law, 252

5-3 Maxewell’s Magnetostatic Equations, 258
5-4 Vector Magnetic Potential, 262

TB10  Electromagnets, 263 current loop.
5-5 Magnetic Properties of Materials, 267 2
5-6 Magnetic Boundary Conditions, 270

5-7 Inductance, 272

1. Calculate the magnetic force on a current-carrying wire
placed in a magnetic field and the torque exerted on a

. Apply the Biot—Savart law to calculate the magnetic field
due to current distribution.

5-8 Magnetic Energy, 277 3. Apply Ampere’s law to configurations with appropriate
TB11 Inductive Sensors, 278 symmetry.
Chapter 5 Summary, 280 . . o . .
Problems, 281 4. Explain magnetic hysteresis in ferromagnetic materials.

5. Calculate the inductance of a solenoid, a coaxial trans-
mission line, or other configurations.

6. Relate the magnetic energy stored in a region to the
magnetic field distribution in that region.

243



244

CHAPTER 5 MAGNETOSTATICS

Overview

This chapter on magnetostatics parallels the preceding one
on electrostatics. Stationary charges produce static electric
fields, and steady (i.e., non—time-varying) currents produce
static magnetic fields. When d/dt = 0, the magnetic fields in
a medium with magnetic permeability y are governed by the
second pair of Maxwell’s equations (Egs. (4.3a,b)):

V-B=0, (5.1a)

VxH=], (5.1b)

where J is the current density. The magnetic flux density B
and the magnetic field intensity H are related by

B =uH. (5.2)
When examining electric fields in a dielectric medium in
Chapter 4, we noted that the relation D = €E is valid only when
the medium is linear and isotropic. These properties, which
hold true for most materials, allow us to treat the permittivity €
as a constant, scalar quantity that is independent of both the
magnitude and the direction of E. A similar statement applies
to the relation given by Eq. (5.2). With the exception of
ferromagnetic materials, for which the relationship between
B and H is nonlinear, most materials are characterized by
constant permeabilities.

» Furthermore, i = Uy for most dielectrics and metals
(excluding ferromagnetic materials). <«

The objectives of this chapter are to develop an understanding
of the relationship between steady currents and the magnetic
flux B and field H due to various types of current distributions
and in various types of media and to introduce a number of
related quantities, such as the magnetic vector potential A,
the magnetic energy density wy,, and the inductance of a con-
ducting structure, L. The parallelism that exists between these
magnetostatic quantities and their electrostatic counterparts is
elucidated in Table 5-1.

5-1 Magnetic Forces and Torques

The electric field E at a point in space has been defined as
the electric force F. per unit charge acting on a charged test
particle placed at that point. We now define the magnetic
flux density B at a point in space in terms of the magnetic
force Fp, that acts on a charged test particle moving with

Fn=quBsin 6

(a)

(b)

Figure 5-1 The direction of the magnetic force exerted on a
charged particle moving in a magnetic field is (a) perpendicular
to both B and u and (b) depends on the charge polarity (positive
or negative).

velocity u through that point. Experiments revealed that a
particle of charge ¢ moving with velocity u in a magnetic field
experiences a magnetic force Fy, given by

Fn,=quxB  (N). (5.3)

Accordingly, the strength of B is measured in newtons/
(C-m/s), which is also called the tesla (T). For a positively
charged particle, the direction of Fy; is that of the cross product
u X B, which is perpendicular to the plane containing u and B
and governed by the right-hand rule. If g is negative, the
direction of Fy, is reversed (Fig. 5-1). The magnitude of F,
is given by

Fn = quBsin 0, 5.4

where 0 is the angle between u and B.

» We note that F;, is maximum when u is perpendicular
to B (6 = 90°) and zero when u is parallel to B (8 = 0 or
180°). «
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Table 5-1 Attributes of electrostatics and magnetostatics.

Attribute Electrostatics Magnetostatics
Sources Stationary charges py  Steady currents J
Fields and Fluxes EandD Hand B
Constitutive parameter(s) gand o u
Governing equations

o Differential form V-D=p, V:-B=0
VXE =0 VxH=]

o Integral form

%D-ds:Q %B-ds:o
S S
jéE-dlzo jAH-dl:I
c c

Potential Scalar V, with Vector A, with
E=-VV B=VxA
Energy density We = %.&‘E2 Wm = % uH?
Force on charge g F. =qE Fn=quxB
Circuit element(s) C and R IL

If a charged particle resides in the presence of both an
electric field E and a magnetic field B, then the total electro-
magnetic force acting on it is

F=F.+F,=q¢E+quxB=gE+uxB). (5.5)

The force expressed by Eq. (5.5) also is known as the Lorentz
force. Electric and magnetic forces exhibit a number of impor-
tant differences:

1. Whereas the electric force is always in the direction of the
electric field, the magnetic force is always perpendicular
to the magnetic field.

2. Whereas the electric force acts on a charged particle
whether or not it is moving, the magnetic force acts on
it only when it is in motion.

3. Whereas the electric force expends energy in displacing a
charged particle, the magnetic force does no work when
a particle is displaced.

This last statement requires further elaboration. Because the
magnetic force Fy, is always perpendicular to u, Fy,-u = 0.

Hence, the work performed when a particle is displaced by a

differential distance dl = u dt is

AW =Fp-dl = (Fyy -u) dt =0,

(5.6)

» Since no work is done, a magnetic field cannot change
the kinetic energy of a charged particle; the magnetic field
can change the direction of motion of a charged particle,
but not its speed. <«

Exercise 5-1: An electron moving in the positive
x direction perpendicular to a magnetic field is deflected
in the negative z direction. What is the direction of the
magnetic field?

Answer: Positive y direction. (See €.)

Exercise 5-2: A proton moving with a speed of
2 x 10 m/s through a magnetic field with magnetic flux
density of 2.5 T experiences a magnetic force of magni-
tude 4 x 10713 N. What is the angle between the magnetic
field and the proton’s velocity?
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Answer: 6 = 30° or 150°. (See €.)

Exercise 5-3: A charged particle with velocity u is mov-
ing in a medium with uniform fields E = XE and B = §B.
What should u be so that the particle experiences no net
force?

Answer: u = ZE/B. (u may also have an arbitrary
y component uy.) (See €.)

5-1.1 Magnetic Force on a Current-Carrying
Conductor

A current flowing through a conducting wire consists of
charged particles drifting through the material of the wire.
Consequently, when a current-carrying wire is placed in a
magnetic field, it experiences a force equal to the sum of the
magnetic forces acting on the charged particles moving within
it. Consider, for example, the arrangement shown in Fig. 5-2
in which a vertical wire oriented along the z direction is placed
in a magnetic field B (produced by a magnet) oriented along
the —X direction (into the page). With no current flowing in
the wire, F,, = 0 and the wire maintains its vertical orientation
(Fig. 5-2(a)), but when a current is introduced in the wire, the
wire deflects to the left (—¥ direction) if the current direction
is upward (+Z direction) and to the right (+§¥ direction) if the
current direction is downward (—2 direction). The directions
of these deflections are in accordance with the cross product
given by Eq. (5.3).

To quantify the relationship between Fy, and the current /
flowing in a wire, let us consider a small segment of the
wire of cross-sectional area A and differential length dl with
the direction of dl denoting the direction of the current.
Without loss of generality, we assume that the charge carriers
constituting the current / are exclusively electrons, which is
always a valid assumption for a good conductor. If the wire
contains a free-electron charge density pye = —N.e, where
N, is the number of moving electrons per unit volume, then
the total amount of moving charge contained in an elemental
volume of the wire is

dQ = pyeA dl = —N.eA dl, (5.7)

and the corresponding magnetic force acting on dQ in the
presence of a magnetic field B is

dFy =dQu. x B = —N.eA dl u, x B, (5.82)

where u. is the drift velocity of the electrons. Since the
direction of a current is defined as the direction of flow of
positive charges, the electron drift velocity u. is parallel to dl,

® ® 0 OW
® ® @ @

©

Figure 5-2 When a slightly flexible vertical wire is placed in a
magnetic field directed into the page (as denoted by the crosses),
it is (a) not deflected when the current through it is zero, (b)
deflected to the left when I is upward, and (c) deflected to the
right when [ is downward.

but opposite in direction. Thus, d/ v, = —dl u. and Eq. (5.8a)
becomes

dF,, = NeeAu d1 x B. (5.8b)

From Egs. (4.11) and (4.12), the current / flowing through a
cross-sectional area A due to electrons with density pye = —Nee
and moving with velocity —u is

I = pye(—ute)A = (—Nee)(—ue)A = NeeAue.
Hence, Eq. (5.8b) may be written in the compact form
dF,=1dlxB N). 5.9

For a closed circuit of contour C carrying a current /, the total
magnetic force is

szl%dle (N). (5.10)
C
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Module 5.1 Electron Motion in Static Fields This module demonstrates the Lorentz force on an electron moving under
the influence of an electric field alone, a magnetic field alone, or both acting simultaneously.

(
A

b
\
\

Module 5.1
" Electron Motion in Static Fields

Input v

¥y =00[m] ¥g=00[m]

|«' r| |( r|

U, g=10x10%m/s uy0:1.0x105m1’s

\
\) K 2K ]
! Electron

mass = 9.10938188x10-31 [Kg]

d charge=-1.60217646 x 1019 [C]
l E,=017[Vim] E,=10[Vim]
‘r’ | 1 } | | 4 [ |
l Ho=4.0[A/m] @ closed boundary
’ " open boundary
4 Timestep
AL=10x107 ]

Maximum recommended time step

e At=2863x 102 [s]
C ) s |
<_J 44 Apimation speed Lo

t=3.848 x 109 [s]

Kinetic Energy = 2.262 x 10720 [J]

|uft)|=2228 x10% [mis]

x=0017711m y=-0.087234 m

—= E|octric Force w @ 4\1‘/
——3 Magnetic Force W= = . .

If the closed wire shown in Fig. 5-3(a) resides in a uniform
external magnetic field B, then B can be taken outside the
integral in Eq. (5.10), in which case

le(jédl> xB=0.
c

» This result, which is a consequence of the fact that the
vector sum of the infinitesimal vectors dl over a closed
path equals zero, states that the total magnetic force on
any closed current loop in a uniform magnetic field is
zero. <

(5.11)

This does not mean that the force at every point along the wire
is zero, but rather that the vector sum of all forces exerted on
all parts of the closed wire adds up to zero.

In the study of magnetostatics, all currents flow through
closed paths. To understand why, consider the curved wire in
Fig. 5-3(b) carrying a current / from point a to point b. In doing
S0, negative charges accumulate at a, and positive ones at b.
The time-varying nature of these charges violates the static
assumptions underlying Egs. (5.1a,b).

If we are interested in the magnetic force exerted on a wire
segment [ (Fig. 5-3(b)) residing in a uniform magnetic field
(while realizing that it is part of a closed current loop), we can
integrate Eq. (5.9) to obtain

szl</dl>xB:IZxB,
¢

where £ is the vector directed from a to b (Fig. 5-3(b)). The
integral of dl from a to b has the same value irrespective of the
path taken between a and b. For a closed loop, points a@ and b

(5.12)
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(b)

Figure 5-3 In a uniform magnetic field, (a) the net force
on a closed current loop is zero because the integral of the
displacement vector dl over a closed contour is zero and (b) the
force on a line segment is proportional to the vector between the
end point (Fp, = I€ X B).

become the same point, in which case £ =0 and F, = 0.

Force on a Semicircular
Conductor

Example 5-1:

The semicircular conductor shown in Fig. 5-4 lies in the

y
A A A A Bﬂ
f — e
dayr
K
— r > X
1

Figure 5-4 Semicircular conductor in a uniform field (Exam-
ple 5-1).

x—y plane and carries a current /. The closed circuit is exposed
to a uniform magnetic field B = §Bj. Determine (a) the
magnetic force F; on the straight section of the wire and (b)
the force F; on the curved section.

Solution: (a) To evaluate F, consider that the straight section
of the circuit is of length 2r and its current flows along the +x
direction. Application of Eq. (5.12) with £ = X2r gives

F, = f((ZIr) X yBo = 22]}”30 (N).

The Z direction in Fig. 5-4 is out of the page.

(b) To evaluate F;, consider a segment of differential length d1
on the curved part of the circle. The direction of dl is chosen
to coincide with the direction of the current. Since dl and B
are both in the x—y plane, their cross product dl x B points
in the negative z direction, and the magnitude of dl X B is
proportional to sin @, where ¢ is the angle between dl and B.
Moreover, the magnitude of dl is dl = r d¢. Hence,

V3
F,=I1] dixB
$=0

T
—y / rBysing do — —2IrBy  (N).
6=0

The —2 direction of the force acting on the curved part of the
conductor is into the page. We note that F, = —F, implying
that no net force acts on the closed loop, although opposing
forces act on its two sections.

Concept Question 5-1:  What are the major differences
between the electric force F, and the magnetic force Fy,?
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Concept Question 5-2: The ends of a 10-cm long wire
carrying a constant current / are anchored at two points
on the x axis, namely x = 0 and x = 6 cm. If the wire lies
in the x—y plane in a magnetic field B = §Bj, which of
the following arrangements produces a greater magnetic
force on the wire: (a) wire is V-shaped with corners at
(0,0), (3,4), and (6,0) or (b) wire is an open rectangle
with corners at (0,0), (0,2), (6,2), and (6,0)?

Exercise 5-4: A horizontal wire with a mass per unit
length of 0.2 kg/m carries a current of 4 A in the
+x direction. If the wire is placed in a uniform magnetic
flux density B, what should the direction and minimum
magnitude of B be in order to magnetically lift the wire
vertically upward? (Hint: The acceleration due to gravity
is g = —29.8 m/s?.)

Answer: B =$0.49 T. (See @.)

5-1.2 Magnetic Torque on a Current-Carrying
Loop

When a force is applied on a rigid body that can pivot about a
fixed axis, the body will, in general, react by rotating about that
axis. The angular acceleration depends on the cross product of
the applied force vector F and the distance vector d, which
is measured from a point on the rotation axis (such that d
is perpendicular to the axis) fo the point of application of F
(Fig. 5-5). The length of d is called the moment arm, and the
cross product

T=dxF

(N-m)

(5.13)

Figure 5-5 The force F acting on a circular disk that can pivot
along the z axis generates a torque T = d x F that causes the disk
to rotate.

is called the forque. The unit for T is the same as that for work
or energy, even though torque does not represent either. The
force F applied on the disk shown in Fig. 5-5 lies in the x—y
plane and makes an angle 6 with d. Hence,

T =12rFsin0, (5.14)

where |d| = r, which is the radius of the disk, and F = |F|.
From Eq. (5.14), we observe that a torque along the positive
z direction corresponds to a tendency for the cylinder to
rotate counterclockwise and, conversely, a torque along the
—z direction corresponds to clockwise rotation.

» These directions are governed by the following right-
hand rule: When the thumb of the right hand points along
the direction of the torque, the four fingers indicate the
direction that the torque tries to rotate the body. <

We now consider the magnetic torque exerted on a conduct-
ing loop under the influence of magnetic forces. We begin with
the simple case where the magnetic field B is in the plane of
the loop, and then we extend the analysis to the more general
case where B makes an angle 6 with the surface normal of the
loop.

Magnetic Field in the Plane of the Loop

The rectangular conducting loop shown in Fig. 5-6(a) is
constructed from rigid wire and carries a current /. The loop
lies in the x—y plane and is allowed to pivot about the axis
shown. Under the influence of an externally generated uniform
magnetic field B = By, arms 1 and 3 of the loop are subjected
to forces F; and F3 given by

F| = I(—§b) x ({By) = 2IbB, (5.152)

and

F; = I(§D) x (XBy) = —ZIbB,. (5.15b)
These results are based on the application of Eq. (5.12). We
note that the magnetic forces acting on arms 1 and 3 are in
opposite directions, and no magnetic force is exerted on either
arm 2 or 4 because B is parallel to the direction of the current
flowing in those arms.

A bottom view of the loop, depicted in Fig. 5-6(b), reveals
that forces F; and F3 produce a torque about the origin O,
causing the loop to rotate in a clockwise direction. The mo-
ment arm is a/2 for both forces, but d; and d3 are in opposite
directions, resulting in a total magnetic torque of

T=d; xF +d3xF;3
a . . a .
= <7x E) X (Z1bBy) + (x E) X (—2IbBy)

= f’[abBo = f’IAB(), (516)
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Figure 5-6 Rectangular loop pivoted along the y axis: (a) front
view and (b) bottom view. The combination of forces F| and F3
on the loop generates a torque that tends to rotate the loop in a
clockwise direction as shown in (b).

where A = ab is the area of the loop. The right-hand rule tells
us that the sense of rotation is clockwise. The result given by
Eq. (5.16) is valid only when the magnetic field B is parallel to
the plane of the loop. As soon as the loop starts to rotate, the
torque T decreases, and at the end of one quarter of a complete
rotation, the torque becomes zero, as discussed next.

Magnetic Field Perpendicular to the Axis of a Rectangular
Loop

For the situation represented by Fig. 5-7, where B = XB,, the
field is still perpendicular to the loop’s axis of rotation, but
because its direction may be at any angle 6 with respect to
the loop’s surface normal fi, we may now have nonzero forces
on all four arms of the rectangular loop. However, forces F,

Pivot axis

F m (magnetic
! moment)

(b)

Figure 5-7 Rectangular loop in a uniform magnetic field with
flux density B whose direction is perpendicular to the rotation
axis of the loop but makes an angle 6 with the loop’s surface
normal fi.

and F, are equal in magnitude and opposite in direction and
are along the rotation axis; hence, the net torque contributed
by their combination is zero. The directions of the currents in
arms 1 and 3 are always perpendicular to B regardless of the
magnitude of 6. Hence, F| and F3 have the same expressions
given previously by Egs. (5.15a,b), and for 0 < 6 < 7/2, their
moment arms are of magnitude (a/2)sin@, as illustrated in
Fig. 5-7(b). Consequently, the magnitude of the net torque
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Module 5.2 Magnetic Fields Due to Line Sources You can place z-directed linear currents anywhere in the display
plane (x—y plane), select their magnitudes and directions, and then observe the spatial pattern of the induced magnetic flux

B(x,y).
Module 5.2 Magnetic Fields due to Line Sources
v(nm] Instructions Input
I R T U U U S T B R A S N T !
T T T Y W U T R Y e S U T T line source = 5.0 A
- = = w w N N N A YT AR L K W]
107 e L O O O T T L A S I 4 & place line source
N P U U U S vy, s " change current value
" remove line source
Sl e = NANANNNDNN S — e .
g " move line source
/oF 4 R N N NN N RS s = e e e " show magnetic field
e AR RO L SN N N N e e at cursor:
MIERE. 0 EERERERE. . Rl 5o Alm
VA NS = 7 N = e =N N NN NN
N i AN ANAN .- I SR L N NN
4_\ N s = S s NS = NN
AR T . S S S S L R R SR T Y
NSNS S o vrrorrrr 2N
T L R I e e S B I B B B |
g4
R e i P e S S S R L D D B B |
0 1 2 3 4 [} é 7 g 9 10 11 1‘2 13.‘
x(nm)

exerted by the magnetic field about the axis of rotation is the
same as that given by Eq. (5.16), but modified by sin 6:
T =1ABysin6. (5.17)

According to Eq. (5.17), the torque is maximum when the
magnetic field is parallel to the plane of the loop (6 =90°)
and zero when the field is perpendicular to the plane of the loop
(6 =0). If the loop consists of N turns with each contributing
a torque given by Eq. (5.17), then the total torque is
T = NIABysin 6. (5.18)

The quantity NIA is called the magnetic moment m of the loop.
Now, consider the vector

m=nNIA=fm (A-m?), (5.19)

where 1i is the surface normal of the loop and governed by the
following right-hand rule: When the four fingers of the right
hand advance in the direction of the current I, the direction of
the thumb specifies the direction of . In terms of m, the torque
vector T can be written as

T=mxB (N-m). (5.20)

Even though the derivation leading to Eq. (5.20) was obtained
for B perpendicular to the axis of rotation of a rectangular loop,
the expression is valid for any orientation of B and for a loop
of any shape.

Concept Question 5-3: How is the direction of the
magnetic moment of a loop defined?
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Concept Question 5-4: If one of two wires of equal
length is formed into a closed square loop and the other
into a closed circular loop, and if both wires are carrying
equal currents and both loops have their planes parallel
to a uniform magnetic field, which loop would experience
the greater torque?

Exercise 5-5: A square coil of 100 turns and 0.5-m long
sides is in a region with a uniform magnetic flux density
of 0.2 T. If the maximum magnetic torque exerted on the
coil is 4 x 1072 (N-m), what is the current flowing in the
coil?

Answer: I =8 mA. (See &).)

5-2 The Biot—Savart Law

In the preceding section, we elected to use the magnetic flux
density B to denote the presence of a magnetic field in a given
region of space. We now work with the magnetic field intensity
H instead. We do this in part to remind the reader that for most
materials the flux and field are linearly related by B = uH;
therefore, knowledge of one implies knowledge of the other
(assuming that u is known).

Through his experiments on the deflection of compass
needles by current-carrying wires, Hans Oersted established
that currents induce magnetic fields that form closed loops
around the wires (see Section 1-3.3). Building upon Oersted’s
results, Jean Biot and Félix Savart arrived at an expression
that relates the magnetic field H at any point in space to the
current / that generates H. The Biot—Savart law states that the
differential magnetic field dH generated by a steady current /
flowing through a differential length vector dl is

I dlxR
H=— A/m),
4w R? (A/m)

(5.21)

where R = RR is the distance vector between dl and the
observation point P, as shown in Fig. 5-8. The SI unit for H
is ampere-m/m”> = (A/m). It is important to remember that
Eq. (5.21) assumes that dl is along the direction of the current /
and the unit vector R points from the current element to the
observation point.

According to Eq. (5.21), dH varies as R~2, which is similar
to the distance dependence of the electric field induced by an
electric charge. However, unlike the electric field vector E,
whose direction is along the distance vector R joining the
charge to the observation point, the magnetic field H is
orthogonal to the plane containing the direction of the current
element dl and the distance vector R. At point P in Fig. 5-8,

(dH out of the page)
Foun

P@ JH
(dH into the page)

Figure 5-8 Magnetic field dH generated by a current element
I d1. The direction of the field induced at point P is opposite to
that induced at point P’.

the direction of dH is out of the page, whereas at point P’ the
direction of dH is into the page.

To determine the total magnetic field H due to a conductor
of finite size, we need to sum up the contributions due to all the
current elements making up the conductor. Hence, the Biot—
Savart law becomes

I [dIxR

where [ is the line path along which 7 exists.

5-2.1 Magnetic Field Due to Surface and Volume
Current Distributions

The Biot—Savart law also may be expressed in terms of
distributed current sources (Fig. 5-9) such as the volume
current density J, measured in (A/mz), or the surface current
density J, measured in (A/m). The surface current density J
applies to currents that flow on the surface of a conductor in
the form of a sheet of effectively zero thickness. When current
sources are specified in terms of J over a surface S or in terms
of J over a volume U, we can use the equivalence given by

Idl <> Jids <> JdU (5.23)
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S

(a) Volume current density J in A/m?2

I

s,

/

(b) Surface current density Jg in A/m

Figure 5-9 (a) The total current crossing the cross section S of
the cylinder is I = [¢J - ds. (b) The total current flowing across
the surface of the conductor is I = [ J; dl.

to express the Biot—Savart law as

1 rJsxR
= — ds, 5.24
4w J¢ R? s ( 2)
(surface current)
1 rJxR
=— [ ——dv. 5.24b
4r Ju R? v ( )

(volume current)

Example 5-2: Magnetic Field of a Linear

Conductor

A free-standing linear conductor of length [ carries a current /
along the z axis as shown in Fig. 5-10. Determine the magnetic
flux density B at a point P located at a distance r in the
x—y plane. The wire is, of course, part of a closed-loop circuit,
but our current interest is only in the conducting wire.

Z
I dy »
(a) / 1 p ,1\/ R
P
07 |
dH into
at do  the page
Z

(b) ,

Figure 5-10 Linear conductor of length / carrying a current /.
(a) The field dH at point P due to incremental current element
dl. (b) Limiting angles 6; and 6, each measured between
vector I dl and the vector connecting the end of the conductor
associated with that angle to point P (Example 5-2).

Solution: From Fig. 5-10, the direction of [ is along +2.
Hence, the differential length vector is dl = Z dz, and
dlx R = dz (2 x R) = ¢sin® dz, where ¢ is the azimuth
direction and 6 is the angle between dl and R. Application
of Eq. (5.22) gives

I [=/2dlxR . I [Y25sin6
/ X2 / MY dz (525

Tanleap R Tanlap R

Both R and 6 are dependent on the integration variable z, but
the radial distance r is not. For convenience, we convert the
integration variable from z to 6 by using the transformations

R =rcscH, (5.26a)
z= —rcoth, (5.26b)
dz=rcsc>0 d6. (5.26¢)
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Upon inserting Egs. (5.26a) and (5.26¢) into Eq. (5.25), we
have

H—(ﬁi/ez sin @ rcsc2 0 d6
TN 4An Je r2csc2 6

~ I (% 1
=0 H/el sinf do =¢ m(cosel —cos6), (5.27)
where 6; and 6, are the limiting angles at z = —//2 and

z=1/2, respectively. From the right triangle in Fig. 5-10(b), it
follows that

1/2
cosf) = ———, 5.28a
1 (2 ( )
cos 6 cos 0 mUL (5.28b)

h = — | = . .

NGEUPE
Hence,
N Uol!

B=uyH=¢p —— T). 5.29
S & veyrvenn A

For an infinitely long wire with [ > r, Eq. (5.29) reduces to

- ol
B=6 % . (infinitely long wire) (5.30)
r

» This is a very important and useful expression to keep
in mind. It states that in the neighborhood of a linear
conductor carrying a current /, the induced magnetic field
forms concentric circles around the wire (Fig. 5-11), and
its intensity is directly proportional to / and inversely
proportional to the distance r. <

Example 5-3: Magnetic Field of a Circular Loop

A circular loop of radius a carries a steady current /. Determine
the magnetic field H at a point on the axis of the loop.

Solution: Let us place the loop in the x—y plane (Fig. 5-12).
Our task is to obtain an expression for H at point P(0,0,z).

We start by noting that any element dl on the circular loop
is perpendicular to the distance vector R and that all elements
around the loop are at the same distance R from P with
R =+a%+72. From Eq. (5.21), the magnitude of dH due to
current element dl is

1
47R?

. I
dH = xR = — al

Magnetic field — B
— B

Al

Figure 5-11 Magnetic field surrounding a long, linear current-
carrying conductor.

X

Figure 5-12 Circular loop carrying a current I (Example 5-3).

and the direction of dH is perpendicular to the plane containing
R and dl. dH is in the r—z plane (Fig. 5-12); therefore, it has
components dH, and dH,. If we consider element dl’ located
diametrically opposite to dl, we observe that the z components
of the magnetic fields due to dl and dl' add because they are
in the same direction, but their » components cancel because
they are in opposite directions. Hence, the non-vanishing
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Module 5.3 Magnetic Field of a Current Loop Examine how the field along the loop axis changes with loop parameters.

Magnetic Field of a
Current Loop

Module 5.3

z-axis location = 0,05 [m]

L/
T . T
-0.2 -0.1 0.0 0.1 0.2
Loop Current I=1.0[A]

e F
' v

0.0 5.0 10.0

Loop Radius a = 0.05 [m]

()
| [ ' ' Vo ' ] 1 ]
0.01 0.05 0.1

=A

@ Show Labels on Graph

(*) Total H Field ) Integrand dH

H(0,0,2) =3.535534 [A/m]
H,,.=H(0,0,0)=10.0 [A/m]

max
R=0.070711 [m]
6 =45.0°

| Instructions

component of the magnetic field is along z only. That is,

dH=2%2dH,=2dHcos0

Icos O
=2 ———-dl. 5.32
Y@+ 2) 632
For a fixed point P(0,0,z) on the axis of the loop, all quantities
in Eq. (5.32) are constant, except for d/. Hence, integrating
Eq. (5.32) over a circle of radius a gives

Icos O
H=12 dl
“an(@+22) (a®>+22) 74
Icos O
=72 ——5—— (2ma). 5.33
‘ 47m(a®+7%) (2a) 633
Upon using the relation cos @ = a/(a* 4 z%)'/?, we obtain
R 1a?

At the center of the loop (z = 0), Eq. (5.34) reduces to

I
H=%—

o (at z=0),

(5.35)

and at points very far away from the loop such that 7> > a2,
Eq. (5.34) simplifies to

(at |z| > a). (5.36)

5-2.2 Magnetic Field of a Magnetic Dipole

In view of the definition given by Eq. (5.19) for the magnetic
moment m of a current loop, a single-turn loop situated in
the x—y plane (Fig. 5-12) has magnetic moment m = Zm with
m = Ia®. Consequently, Eq. (5.36) may be expressed as

.m
=12
2m|z)3

(at |z] > a). (5.37)

This expression applies to a point P far away from the loop
and on its axis. Had we solved for H at any distant point
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P=(R,0,¢) in a spherical coordinate system with R the
distance between the center of the loop and point P, we would
have obtained the expression

H:#(ﬁZcos@—i—ésin@) (forR>>a).  (5.38)

> A current loop with dimensions much smaller than the
distance between the loop and the observation point is
called a magnetic dipole. This is because the pattern of
its magnetic field lines is similar to that of a permanent
magnet as well as to the pattern of the electric field lines
of the electric dipole (Fig. 5-13). «

Concept Question 5-5: Two infinitely long parallel
wires carry currents of equal magnitude. What is the
resultant magnetic field due to the two wires at a point
midway between the wires—compared with the magnetic
field due to one of them alone—if the currents are (a) in
the same direction and (b) in opposite directions?

Concept Question 5-6: Devise a right-hand rule for the
direction of the magnetic field due to a linear current-
carrying conductor.

Concept Question 5-7: What is a magnetic dipole?
Describe its magnetic field distribution.

Exercise 5-6: A semi-infinite linear conductor extends
between z = 0 and z = o along the z axis. If the current /
in the conductor flows along the positive z direction, find
H at a point in the x—y plane at a radial distance r from the
conductor.

Answer: H = 43# (A/m). (See @)

Exercise 5-7: A wire carrying a current of 4 A is formed
into a circular loop. If the magnetic field at the center of
the loop is 20 A/m, what is the radius of the loop if the
loop has (a) only one turn and (b) 10 turns?

Answer: (a)a =10 cm, (b) a = 1 m. (See €.)

Exercise 5-8: A wire is formed into a square loop and
placed in the x—y plane with its center at the origin and
each of its sides parallel to either the x or y axes. Each
side is 40 cm in length, and the wire carries a current of
5 A whose direction is clockwise when the loop is viewed
from above. Calculate the magnetic field at the center of
the loop.

Answer: H= -2 = —211.25 A/m. (See &).)

4]
V2l

E \ / H
H \
\\ / N
$
(a) Electric dipole (b) Magnetic dipole (c) Bar magnet

Figure 5-13 Patterns of (a) the electric field of an electric dipole, (b) the magnetic field of a magnetic dipole, and (c) the magnetic field
of a bar magnet. Far away from the sources, the field patterns are similar in all three cases.
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Module 5.4 Magnetic Force between Two Parallel Conductors Observe the direction and magnitude of the force

exerted on parallel current-carrying wires.

Magnetic Force Between
Two Parallel Conductors

Module 5.4

Distance d=0.5[m]

1)
' \T’ i

oo o
0.0 0.5 1.0

Current §j =1.0[A]
1 F » T
S R
-10.0 0.0 10.0 ‘I
Current b =1.0[A] |
[
\““""l"r"'l““\ |
-10.0 0.0 10.0 £l
|
Wire Length [ =0.5 [m] |
\
1 ' ' ' ' -,-‘ ' ' ' ' | |
0.0 0.5 1.0 |
Magnetic Induction -IV.

By=-04x10%8[T]
By =04x1068[T]
Total Magnetic Force on Wires
F1=02%10%5§[N]
Fy=-02x106§[N]
Magnetic Force per Unit Length
F'y=04%106§[N/m]
F'y =-0.4 x 1076 § [N/m]

| Instructions

OB1 @ B2

I, I,
o 2 2z
e ﬁ
Fy
T y
B, =
/ i i - -

Wires attract each other with equal force

5-2.3 Magnetic Force Between Two Parallel

Conductors

In Section 5-1.1, we examined the magnetic force F, that
acts on a current-carrying conductor when placed in an exter-
nal magnetic field. The current in the conductor, however,
also generates its own magnetic field. Hence, if two current-
carrying conductors are placed in each other’s vicinity, each
will exert a magnetic force on the other. Let us consider
two very long (or effectively infinitely long), straight, free-
standing, parallel wires separated by a distance d and carrying
currents /; and I, in the z direction (Fig. 5-14) aty = —d /2 and
y =d/2, respectively. We denote by B the magnetic field due
to current /1, defined at the location of the wire carrying current
I, and, conversely, by B, the field due to I, at the location of the
wire carrying current /. From Eq. (5.30), with I =1;, r=d,
and(f) = —X at the location of I», the field B is

i
B, = —& K01t

53
2nd (5.39)

The force F; exerted on a length [ of wire I, due to its presence
in field B; may be obtained by applying Eq. (5.12):

MHoly . Holihl

Fr =5hIlZx B =hlzx (—X =— , (540
» =hlix B, 2ZX(X)2ﬁd My (5.40)
and the corresponding force per unit length is
F, . Molily
Fi=—=— . 541
27 7 Y 2ma G4D

A similar analysis performed for the force per unit length
exerted on the wire carrying /; leads to

" Mol I
! 2rnd

(5.42)

» Thus, two parallel wires carrying currents in the same
direction attract each other with equal force. If the currents
are in opposite directions, the wires would repel one
another with equal force. <«
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Figure 5-14 Magnetic forces on parallel current-carrying
conductors.

Exercise 5-9: Suppose that the conductor carrying I, in
Fig. 5-14 is rotated so that it is parallel to the x axis. What
would F; be in that case?

Answer: F, = 0. (See @).)

5-3 Maxwell’s Magnetostatic Equations

Thus far, we have introduced the Biot—Savart law for finding
the magnetic flux density B and field H due to any distribution
of electric currents in free space, and we examined how
magnetic fields can exert magnetic forces on moving charged
particles and current-carrying conductors. We now examine
two additional important properties of magnetostatic fields.

5-3.1 Gauss’s Law for Magnetism

In Chapter 4, we learned that the net outward flux of the elec-
tric flux density D through a closed surface equals the enclosed
net charge Q. We referred to this property as Gauss’s law (for
electricity) and expressed it mathematically in differential and
integral forms as

V-D=p, <> %D‘ds:Q. (5.43)
S

Conversion from differential to integral form was accom-
plished by applying the divergence theorem to a volume U

that is enclosed by a surface S and contains a total charge
Q0 = [, pv dV (Section 4-4).

The magnetostatic counterpart of Eq. (5.43), often called
Gauss’s law for magnetism, is

V-B=0 <> jéB-ds:o. (5.44)
S

The differential form is one of Maxwell’s four equations, and
the integral form is obtained with the help of the divergence
theorem. Note that the right-hand side of Gauss’s law for mag-
netism is zero, reflecting the fact that the magnetic equivalence
of an electric point charge does not exist in nature.

» The hypothetical magnetic analogue to an electric
point charge is called a magnetic monopole. Magnetic
monopoles, however, always occur in pairs (that is, as
dipoles). «

No matter how many times a permanent magnet is subdivided,
each new piece will always have a north and a south pole, even
if the process were to be continued down to the atomic level.
Consequently, there is no magnetic equivalence to an electric
charge ¢ or charge density py.

Formally, the name “Gauss’s law” refers to the electric case,
even when no specific reference to electricity is indicated. The
property described by Eq. (5.44) has been called “the law of
nonexistence of isolated monopoles,” “the law of conservation
of magnetic flux,” and “Gauss’s law for magnetism,” among
others. We prefer the last of the three cited names because
it reminds us of the parallelism, as well as the differences,
between the electric and magnetic laws of nature.

The difference between Gauss’s law for electricity and its
magnetic counterpart can be elucidated in terms of field lines.
Electric field lines originate from positive electric charges and
terminate on negative ones. Hence, for the electric field lines
of the electric dipole shown in Fig. 5-15(a), the electric flux
through a closed surface surrounding one of the charges is
nonzero. In contrast, magnetic field lines always form contin-
uous closed loops. As we saw in Section 5-2, the magnetic
field lines due to currents do not begin or end at any point; this
is true for the linear conductor of Fig. 5-11 and the circular
loop of Fig. 5-12, as well as for any current distribution. It is
also true for a bar magnet (Fig. 5-15(b)). Because the magnetic
field lines form closed loops, the net magnetic flux through any
closed surface surrounding the south pole of the magnet (or
through any other closed surface) is always zero, regardless of
its shape.
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[«
N

Closed imaginary/_
-~

surface

(a) Electric dipole (b) Bar magnet
Figure 5-15 Whereas (a) the net electric flux through a closed
surface surrounding a charge is not zero, and (b) the net magnetic
flux through a closed surface surrounding one of the poles of a
magnet is zero.

5-3.2 Ampere’s Law

In Chapter 4 we learned that the electrostatic field is conser-
vative, meaning that its line integral along a closed contour
always vanishes. This property of the electrostatic field was
expressed in differential and integral forms as

VXE—=0 <> 7/>E-de=o. (5.45)
C

Conversion of the differential to integral form was accom-
plished by applying Stokes’s theorem to a surface S with
contour C.

The magnetostatic counterpart of Eq. (5.45), known as
Ampere’s law, is

VxH=] <> jéH-dE:I, (5.46)
C

where [ is the total current passing through S. The differential
form again is one of Maxwell’s equations, and the integral
form is obtained by integrating both sides of Eq. (5.46) over
an open surface S,

/S.(VXH)-ds:/;J-ds,

and then invoking Stokes’s theorem with I = [ J - ds.

(5.47)

H H
. .C ”
H
(b)

(a)

(©

Figure 5-16 Ampere’s law states that the line integral of H
around a closed contour C is equal to the current traversing the
surface bounded by the contour. This is true for contours (a) and
(b), but the line integral of H is zero for the contour in (c)
because the current I (denoted by the symbol (®) is not enclosed
by the contour C.

» The sign convention for the direction of the contour
path C in Ampere’s law is taken so that / and H satisfy
the right-hand rule defined earlier in connection with the
Biot—Savart law. That is, if the direction of [ is aligned
with the direction of the thumb of the right hand, then the
direction of the contour C should be chosen along that of
the other four fingers. <

In words, Ampere’s circuital law states that the line integral
of H around a closed path is equal to the current traversing
the surface bounded by that path. To apply Ampere’s law, the
current must flow through a closed path. By way of illustration,
for both configurations shown in Figs. 5-16(a) and (b), the
line integral of H is equal to the current /, even though the
paths have very different shapes and the magnitude of H is not
uniform along the path of the configuration in part (b). By the
same token, because path (c) in Fig. 5-16 does not enclose the
current /, the line integral of H along it vanishes, even though
H is not zero along the path.

When we examined Gauss’s law in Section 4-4, we discov-
ered that in practice its usefulness for calculating the electric
flux density D is limited to charge distributions that possess a
certain degree of symmetry and that the calculation procedure
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is subject to the proper choice of a Gaussian surface enclosing
the charges. A similar restriction applies to Ampere’s law: its
usefulness is limited to symmetric current distributions that
allow the choice of convenient Amperian contours around
them, as illustrated by Examples 5-4 to 5-6.

Example 5-4: Magnetic Field of a Long Wire

A long (practically infinite) straight wire of radius a carries
a steady current / that is uniformly distributed over its cross
section. Determine the magnetic field H a distance r from the
wire axis for (a) r < a (inside the wire) and (b) r > a (outside
the wire).

Solution: (a) We choose I to be along the +z direction
(Fig. 5-17(a)). To determine H; = H at a distance r =r; < a,
we choose the Amperian contour C; to be a circular path of
radius r = ry (Fig. 5-17(b)). In this case, Ampere’s law takes
the form

H,-dl, =1,

G

where [} is the fraction of the total current / flowing
through Cj. From symmetry, H; must be constant in magni-
tude and parallel to the contour at any point along the path.
Furthermore, to satisfy the right-hand rule and given that / is
along the z direction, H; must be in the +¢ direction. Hence,
H, = ¢H,, dl; = ¢r, d¢, and the left-hand side of Eq. (5.48)
becomes

(5.48)

. 27 A
o Hl‘dll :A H1(¢~(]))r1 d¢:27rr1H1.
1

The current /; flowing through the area enclosed by Cj is equal
to the total current / multiplied by the ratio of the area enclosed
by C to the total cross-sectional area of the wire:

2 2
I = <”_r12),: ()’
Ta a
Equating both sides of Eq. (5.48) and then solving for H;

yields

rl
2ma?
(b) For r = r, > a, we cAhoose path (;2, which encloses all the
current /. Hence, Hy, =0 H,, dly =¢ry d¢, and

H, =¢H, = ¢ I (forr <a). (5.49a)

H2 'd12 = 27”'2]‘12 =1,
G

which yields

A ~ 1
H2 = ¢H2 = (]) % (fOI‘ r > a). (549b)

Contour C,
forr, >a \

/7
L Contour Cy
forr; <a

s
2ra

H(a) =

Qlbcooooo
A
~

(©

Figure 5-17 Infinitely long wire of radius a carrying a uniform
current / along the +z direction: (a) general configuration
showing contours C; and C;; (b) cross-sectional view; and (c)
a plot of H versus r (Example 5-4).

Ignoring the subscript 2, we observe that Eq. (5.49b) provides
the same expression for B = tigH as Eq. (5.30), which was
derived on the basis of the Biot—Savart law.

The variation of the magnitude of H as a function of r is
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plotted in Fig. 5-17(c); H increases linearly between r = 0 and
r=a (inside the conductor), and then decreases as 1/r for
r > a (outside the conductor).

Exercise 5-10: A current / flows in the inner conductor
of a long coaxial cable and returns through the outer
conductor. What is the magnetic field in the region outside
the coaxial cable and why?

Answer: H = 0 outside the coaxial cable because the net
current enclosed by an Amperian contour enclosing the
cable is zero.

Exercise 5-11: The metal niobium becomes a supercon-
ductor with zero electrical resistance when it is cooled to
below 9 K, but its superconductive behavior ceases when
the magnetic flux density at its surface exceeds 0.12 T.
Determine the maximum current that a 0.1-mm diameter
niobium wire can carry and remain superconductive.

Answer: [ =30 A. (See &.)

Example 5-5: Magnetic Field inside a

Toroidal Coil

A toroidal coil (also called a torus or toroid) is a doughnut-
shaped structure (called the core) wrapped in closely spaced
turns of wire (Fig. 5-18). For clarity, we show the turns in the
figure as spaced far apart, but in practice, they are wound in
a closely spaced arrangement to form approximately circular
loops. The toroid is used to magnetically couple multiple
circuits and to measure the magnetic properties of materials, as
illustrated later in Fig. 5-31. For a toroid with N turns carrying
a current /, determine the magnetic field H in each of the
following three regions: r < a, a <r < b, and r > b with all in
the azimuthal symmetry plane of the toroid.

Solution: From symmetry, it is clear that H is uniform in
the azimuthal direction. If we construct a circular Amperian
contour with center at the origin and radius r < a, there will
be no current flowing through the surface of the contour.
Therefore,

H=0 forr < a.

Similarly, for an Amperian contour with radius r > b, the net
current flowing through its surface is zero because an equal
number of current coils cross the surface in both directions;
hence,

H=0 forr > b (region exterior to the toroidal coil).

Ampérian contour

Figure 5-18 Toroidal coil with inner radius a and outer
radius b. The wire loops usually are much more closely spaced
than shown in the figure (Example 5-5).

For the region inside the core, we construct a path of radius r
(Fig. 5-18). For each loop, we know from Example 5-3 that
the field H at the center of the loop points along the axis
of the loop, which in this case is the ¢ direction, and in
view of the direction of the current / shown in Fig. 5-18, the
right-hand rule tells us that H must be in the —¢ direction.
Hence, H = fJ)H . The total current crossing the surface
of the contour with radius r is NI and its direction is into
the page. According to the right-hand rule associated with
Ampere’s law, the current is positive if it crosses the surface
of the contour in the direction of the four fingers of the right
hand when the thumb is pointing along the direction of the
contour C. Hence, the current through the surface spanned by
the contour is —N/. Application of Ampere’s law then gives

2 R
%H-dl:/ (—bH) -br do
C 0
= 2nrH
— NI

Hence, H = NI/(2nr) and

(fora < r < b). (5.50)
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» The magnetic field induced by a current-carrying coil
wound around a toroid is confined entirely to the toroid
volume:

0 forr < a,
H= —AZNTIr fora <r<b,
0 for r > b.

Example 5-6: Magnetic Field of an Infinite

Current Sheet

The x—y plane contains an infinite current sheet with surface
current density Js = XJs (Fig. 5-19). Find the magnetic field H
everywhere in space.

Solution: From symmetry considerations and the right-hand
rule, for z > 0 and z < 0 H must be in the directions shown in
the figure. That is,

H— —yH forz >0,
o VH forz < 0.

To evaluate the line integral in Ampere’s law, we choose a
rectangular Amperian path around the sheet with dimensions
[ and w (Fig. 5-19). Recalling that J; represents current per
unit length along the y direction, the total current crossing
the surface of the rectangular loop is I = Ji/. Hence, applying
Ampere’s law over the loop in a counterclockwise direction,
while noting that H is perpendicular to the paths of length w,
we have

jéH-dlzzHl:Jsl,
C

z

Ampeérian H—

contour | / |

§o + o o o o ; oi——by
X ] w
L______>__I_;_
—»H
Js (out of the page)

Figure 5-19 A thin current sheet in the x—y plane carrying a
surface current density Js = XJs (Example 5-6).

from which we obtain the result

J,
-y Es forz > 0,
H-= ; (5.51)
¥ Eb forz <O0.

Concept Question 5-8: What are the fundamental dif-
ferences between electric and magnetic fields?

Concept Question 5-9: If the line integral of H over a
closed contour is zero, does it follow that H = 0 at every
point on the contour? If not, what then does it imply?

Concept Question 5-10: Compare the utility of apply-
ing the Biot—Savart law versus applying Ampere’s law
for computing the magnetic field due to current-carrying
conductors.

Concept Question 5-11: What is a toroid? What is the
magnetic field outside the toroid?

5-4 Vector Magnetic Potential

In our treatment of electrostatic fields in Chapter 4, we defined
the electrostatic potential V as the line integral of the electric
field E and found that V and E are related by E = —VV.
This relationship proved useful not only in relating electric
field distributions in circuit elements (such as resistors and
capacitors) to the voltages across them but also to determine
E for a given charge distribution by first computing V using
Eq. (4.48). We now explore a similar approach in connection
with the magnetic flux density B.

According to Eq. (5.44), V-B = 0. We wish to define B in
terms of a magnetic potential with the constraint that such a
definition guarantees that the divergence of B is always zero.
This can be realized by taking advantage of the vector identity
given by Eq. (3.106b), which states that, for any vector A,

V(VxA)=0. (5.52)
Hence, by introducing the vector magnetic potential A such
that

B=VxA (Wb/m?), (5.53)

we are guaranteed that V-B = 0. The SI unit for B is the
tesla (T). An equivalent unit is webers per square meter
(Wb/m?). Consequently, the SI unit for A is (Wb/m).
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Technology Brief 10: Electromagnets

William Sturgeon developed the first practical electro-
magnet in the 1820s. Today, the principle of the electro-
magnet is used in motors, relay switches in read/write
heads for hard disks and tape drives, loud speakers,
magnetic levitation, and many other applications.

Basic Principle

Electromagnets can be constructed in various shapes,
including the linear solenoid and horseshoe geome-
tries depicted in Fig. TF10-1. In both cases, when an
electric current flows through the insulated wire coiled
around the central core, it induces a magnetic field with
lines resembling those generated by a bar magnet. The
strength of the magnetic field is proportional to the cur-
rent, the number of turns, and the magnetic permeability
of the core material. By using a ferromagnetic core,
the field strength can be increased by several orders of
magnitude, depending on the purity of the iron material.
When subjected to a magnetic field, ferromagnetic mate-
rials, such as iron or nickel, get magnetized and act like
magnets themselves.

1|+

O
2%

Insulated wire

(a) Solenoid

Iron core

Magnetic Relays

A magnetic relay is a switch or circuit breaker that can
be activated into the “ON” and “OFF” positions magneti-
cally. One example is the low-power reed relay used in
telephone equipment, which consists of two flat nickel—
iron blades separated by a small gap (Fig. TF10-2). The
blades are shaped in such a way that, in the absence of
an external force, they remain apart and unconnected
(OFF position). Electrical contact between the blades

Glass envelope\

=
|

Electronic circuit

Figure TF10-2 Micro-reed relay (size exaggerated for illus-
tration purposes).

+ | =

II
\\H\\\\\I
VLLLRLLRL
A /
B

Iron core

((=))

Magnetic field

(b) Horseshoe electromagnet

Figure TF10-1 Solenoid and horseshoe magnets.
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(ON position) is realized by applying a magnetic field
along their length. The field, induced by a current flowing
in the wire coiled around the glass envelope, causes
the two blades to assume opposite magnetic polarities,
thereby forcing them to attract together and close out the

gap.

The Doorbell

In a doorbell circuit (Fig. TF10-3), the doorbell button
is a switch; pushing and holding it down serves to
connect the circuit to the household ac source through
an appropriate step-down transformer. The current
from the source flows through the electromagnet, via a
contact arm with only one end anchored in place (and
the other moveable), and onward to the switch. The
magnetic field generated by the current flowing in the
windings of the electromagnet pulls the unanchored end
of the contact arm (which has an iron bar on it) closer
in—in the direction of the electromagnet—thereby losing
connection with the metal contact and severing current
flow in the circuit. With no magnetic field to pull on the
contact arm, it snaps back into its earlier position, re-
establishing the current in the circuit. This back-and-forth
cycle is repeated many times per second, so long as the
doorbell button continues to be pushed down, and with
every cycle, the clapper arm attached to the contact arm
hits the metal bell and generates a ringing sound.

The Loudspeaker

By using a combination of a stationary, permanent mag-
net and a moveable electromagnet, the electromagnet/
speaker-cone of the loudspeaker (Fig. TF10-4) can be
made to move back and forth in response to the electrical

Permanent
magnet

NG Cone

Audio
signal

Electrical
signal

—————-

Figure TF10-4 The basic structure of a speaker.
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Magnetic field

Contact arm
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Clapper [ 1 [ 1
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Bell

0
J

ac source

Metal contact

Button

l Transformer

Figure TF10-3 Basic elements of a doorbell.
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(a) (b)

(©)

Figure TF10-5 (a) A maglev train, (b) electrodynamic suspension of an SCMaglev train, and (c) electrodynamic maglev propulsion via

propulsion coils.

signal exciting the electromagnet. The vibrating move-
ment of the cone generates sound waves with the same
distribution of frequencies as contained in the spectrum
of the electrical signal.

Magnetic Levitation

» Magnetically levitated trains (Fig. TF10-5(a)),
called maglevs for short, can achieve speeds as
high as 500 km/hr, primarily because there is no
friction between the train and the track. «

The train basically floats at a height of 1 or more
centimeters above the track, which is made possible by
magnetic levitation (Fig. TF10-5(b)). The train carries
superconducting electromagnets that induce currents in
coils built into the guide rails alongside the train. The
magnetic interaction between the train’s superconducting
electromagnets and the guide-rail coils serves not only to
levitate the train but also to propel it along the track.
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5-4.1 Vector Poisson’s Equation

With B = uH, the differential form of Ampere’s law given by
Eq. (5.46) can be written as

VxB=ul. (5.54)
If we substitute Eq. (5.53) into Eq. (5.54), we obtain
Vx(VxA)=ul. (5.55)

For any vector A, the Laplacian of A obeys the vector identity
given by Eq. (3.113), that is,

VZA=V(V-A)-Vx (VxA), (5.56)
where, by definition, V2A in Cartesian coordinates is
2 2 2
VA = <%+;—y2+§—zz)A
=&V2A, +§V2A, +2V?4,. (5.57)
Combining Eq. (5.55) with Eq. (5.56) gives
V(V-A)—V?A =pulJ. (5.58)

This equation contains a term involving V-A. It turns out
that we have a fair amount of latitude in specifying a value
or a mathematical form for V- A without conflicting with the
requirement represented by Eq. (5.53). The simplest among
these allowed restrictions on A is
V-A=0. (5.59)
Using this choice in Eq. (5.58) leads to the vector Poisson’s
equation
VZA = —pul. (5.60)
Using the definition for V?A given by Eq. (5.57), the vector

Poisson’s equation can be decomposed into three scalar Pois-
son’s equations:

VA, = —udy, (5.61a)
VA, = —ply, (5.61b)
VA, = —puJ.. (5.61c)

In electrostatics, Poisson’s equation for the scalar potential V
is given by Eq. (4.70) as

Viy = -2, (5.62)

and its solution for a volume charge distribution p, occupying

a volume V' was given by Eq. (4.71) as

L rpy
Prav’,

= e | (5.63)

Poisson’s equations for Ay, Ay, and A; are mathematically
identical in form to Eq. (5.62). Hence, for a current density J
with x component J; distributed over a volume U, the solution
for Eq. (5.61a) is

ooy

= — —dV
x 4 v/ R

Similar solutions can be written for A, in terms of J, and for
A in terms of J,. The three solutions can be combined into a
vector equation:

(Wb/m). (5.64)

A=B ldv’

=i | % (Wb/m).

(5.65)

In view of Eq. (5.23), if the current distribution is specified
over a surface §’, then J dU’ should be replaced with J ds’ and
V'’ should be replaced with S'; similarly, for a line distribution,
J dV' should be replaced with I d1’, and the integration should
be performed over the associated path /.

» The vector magnetic potential provides a third approach
for computing the magnetic field due to current-carrying
conductors in addition to the methods suggested by the
Biot—Savart and Ampere laws. <

For a specified current distribution, Eq. (5.65) can be used to
find A, and then Eq. (5.53) can be used to find B. Except for
simple current distributions with symmetrical geometries that
lend themselves to the application of Ampere’s law, in practice
we often use the approaches provided by the Biot—Savart law
and the vector magnetic potential, and among these two, the
latter often is more convenient to apply because it is easier to
perform the integration in Eq. (5.65) than that in Eq. (5.22).

5-4.2 Magnetic Flux

The magnetic flux ® linking a surface S is defined as the total
magnetic flux density passing through it, or

¢:/B~ds
N

If we insert Eq. (5.53) into Eq. (5.66) and then invoke Stokes’s
theorem, we obtain

dJ:/S(VxA)~ds: jéAdl

(Wb). (5.66)

(Wb), (5.67)
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where C is the contour bounding the surface S. Thus, ® can
be determined by either Eq. (5.66) or Eq. (5.67), whichever is
easier to integrate for the specific problem under consideration.

5-5 Magnetic Properties of Materials

Because of the similarity between the pattern of the magnetic
field lines generated by a current loop and those exhibited
by a permanent magnet, the loop can be regarded as a mag-
netic dipole with north and south poles (Section 5-2.2 and
Fig. 5-13). The magnetic moment m of a loop of area A has
magnitude m = IA and a direction normal to the plane of the
loop (in accordance with the right-hand rule). Magnetization in
a material is due to atomic scale current loops associated with
(1) orbital motions of the electrons and protons around and
inside the nucleus and (2) electron spin. The magnetic moment
due to proton motion typically is three orders of magnitude
smaller than that of the electrons; therefore, the total orbital
and spin magnetic moment of an atom is dominated by the
sum of the magnetic moments of its electrons.

» The magnetic behavior of a material is governed by the
interaction of the magnetic dipole moments of its atoms
with an external magnetic field. The nature of the behavior
depends on the crystalline structure of the material and is
used as a basis for classifying materials as diamagnetic,
paramagnetic, or ferromagnetic. <4

The atoms of a diamagnetic material have no permanent mag-
netic moments. In contrast, both paramagnetic and ferromag-
netic materials have atoms with permanent magnetic dipole
moments, albeit with very different organizational structures.

5-5.1 Electron Orbital and Spin Magnetic
Moments

This section presents a semiclassical, intuitive model of the
atom, which provides quantitative insight into the origin of
electron magnetic moments. An electron with charge of —e
moving at constant speed u in a circular orbit of radius r
(Fig. 5-20(a)) completes one revolution in time 7 = 27r/u.
This circular motion of the electron constitutes a tiny loop with
current / given by
(=24
T 2nr
The magnitude of the associated orbital magnetic moment m,
is

e e (e
mofIAf( 27”) () = -5 (2me)Le, (5.69)

(5.68)

Tt

(a) Orbiting electron (b) Spinning electron
Figure 5-20 An electron generates (a) an orbital magnetic
moment m, as it rotates around the nucleus and (b) a spin
magnetic moment my as it spins about its own axis.

where L. = meur is the angular momentum of the electron and
me is its mass. According to quantum physics, the orbital an-
gular momentum is quantized; specifically, L. is always some
integer multiple of 7 = h/2x, where & is Planck’s constant.
That is, L. = 0,7,2#,.... Consequently, the smallest nonzero
magnitude of the orbital magnetic moment of an electron is

eh
2me

(5.70)

My = —

Despite the fact that all materials contain electrons that exhibit
magnetic dipole moments, most are effectively nonmagnetic.
This is because, in the absence of an external magnetic field,
the atoms of most materials are oriented randomly, as a result
of which they exhibit a zero or very small net magnetic
moment.

In addition to the magnetic moment due to its orbital motion,
an electron has an intrinsic spin magnetic moment mg due
to its spinning motion about its own axis (Fig. 5-20(b)). The
magnitude of my predicted by quantum theory is

eh

- 5
2me

(5.71)

mg —

which is equal to the minimum orbital magnetic moment m,.
The electrons of an atom with an even number of electrons
usually exist in pairs with the members of a pair having
opposite spin directions, thereby canceling each others’ spin
magnetic moments. If the number of electrons is odd, the atom
has a net nonzero spin magnetic moment due to its unpaired
electron.

5-5.2 Magnetic Permeability

In Chapter 4, we learned that the relationship D = &E,
between the electric flux and field in free space, is modified to
D = gE+P in a dielectric material. Likewise, the relationship



268

CHAPTER 5 MAGNETOSTATICS

B = uoH in free space is modified to
B = poH + uoM = pio(H+ M),

where the magnetization vector M is defined as the vector sum
of the magnetic dipole moments of the atoms contained in a
unit volume of the material. Scale factors aside, the roles and
interpretations of B, H, and M in Eq. (5.72) mirror those of D,
E, and P in Eq. (4.93). Moreover, just as in most dielectrics P
and E are linearly related, in most magnetic materials

M= XmH,

(5.72)

(5.73)

where y, is a dimensionless quantity called the magneftic
susceptibility of the material. For diamagnetic and param-
agnetic materials, ), is a (temperature-dependent) constant,
resulting in a linear relationship between M and H at a given
temperature. This is not the case for ferromagnetic substances;
the relationship between M and H not only is nonlinear, but
also depends on the “history” of the material, as explained in
the next section.

Keeping this fact in mind, we can combine Eqgs. (5.72) and
(5.73) to get

B = pio(H+ xmH) = to(1 + xm)H, (5.74)

or
B = uH, (5.75)

where U, the magnetic permeability of the material, relates
to Xm as

u=uo(l+xm)  (H/m). (5.76)

Often it is convenient to define the magnetic properties of a
material in terms of the relative permeability L.:

u

= = = Il 4F Jmo 5.77
= X (.77)

A material usually is classified as diamagnetic, paramagnetic,
or ferromagnetic on the basis of the value of its ), (Table 5-2).
Diamagnetic materials have negative susceptibilities, whereas
paramagnetic materials have positive ones. However, the abso-
lute magnitude of J,, is on the order of 10~ for both classes
of materials, which for most applications allows us to ignore
Xm relative to 1 in Eq. (5.77).

» Thus, u; ~ 1 or u =~ o for diamagnetic and para-
magnetic substances, which include dielectric materials
and most metals. In contrast, |i;| > 1 for ferromagnetic
materials; |u,| of purified iron, for example, is on the order
of 2 x 10°. «

Ferromagnetic materials are discussed next.

Exercise 5-12: The magnetic vector M is the vector sum
of the magnetic moments of all the atoms contained in
a unit volume (I m®). If a certain type of iron with
8.5 x 10?® atoms/m> contributes one electron per atom
to align its spin magnetic moment along the direction of
the applied field, find (a) the spin magnetic moment of
a single electron given that m, = 9.1 x 103! (kg) and
i =1.06 x 1073 (J-s) and (b) the magnitude of M.

Answer: (a) mg=9.3x 1072* (A-m?), (b)) M = 7.9 x 10°
(A/m). (See @).)

5-5.3 Magnetic Hysteresis of Ferromagnetic

Materials

Ferromagnetic materials, which include iron, nickel, and
cobalt, exhibit unique magnetic properties due to the fact that
their magnetic moments tend to readily align along the direc-
tion of an external magnetic field. Moreover, such materials
remain partially magnetized even after the external field is
removed. Because of these peculiar properties, ferromagnetic
materials are used in the fabrication of permanent magnets.

A key to understanding the properties of ferromagnetic
materials is the notion of magnetized domains, that are mi-
croscopic regions (on the order of 107! m?) within which
the magnetic moments of all atoms (typically on the order
of 10! atoms) are permanently aligned with each other. This
alignment, which occurs in all ferromagnetic materials, is
due to strong coupling forces between the magnetic dipole
moments constituting an individual domain. In the absence of
an external magnetic field, the domains take on random orien-
tations relative to each other (Fig. 5-21(a)), resulting in zero
net magnetization. The domain walls forming the boundaries
between adjacent domains consist of thin transition regions.
When an unmagnetized sample of a ferromagnetic material
is placed in an external magnetic field, the domains partially
align with the external field, as illustrated in Fig. 5-21(b). A
quantitative understanding of how the domains form and how
they behave under the influence of an external magnetic field
requires a heavy dose of quantum mechanics and is outside
the scope of the present treatment. Hence, we confine our
discussion to a qualitative description of the magnetization
process and its implications.

The magnetization behavior of a ferromagnetic material is
described in terms of its B—H magnetization curve, where B
and H refer to the amplitudes of the B flux and H field in the
material. Suppose that we start with an unmagnetized sample
of iron, denoted by point O in Fig. 5-22. When we increase H
continuously, for example, by increasing the current passing
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Table 5-2 Properties of magnetic materials.

Diamagnetism

Paramagnetism Ferromagnetism

Permanent magnetic
dipole moment

No

Yes, but weak Yes, and strong

Primary magnetization Electron orbital Electron spin Magnetized
mechanism magnetic moment magnetic moment domains
Direction of induced Opposite Same Hysteresis

magnetic field
(relative to external field)

[see Fig. 5-22]

Common substances Bismuth, copper, diamond, Aluminum, calcium, Iron,
gold, lead, mercury, silver, | chromium, magnesium, nickel,
silicon niobium, platinum, cobalt
tungsten
Typical value of y, ~—107 ~ 107 |%m| > 1 and hysteretic
Typical value of p; ~1 ~ 1 |e| > 1 and hysteretic
B
A
4
43
// B
A3
0 / H
(a) Unmagnetized domains
Ay

INTAT A
VIV
AYRYRY!
VIV
INTATV

(b) Magnetized domains

Figure 5-21 Comparison of (a) unmagnetized and (b) magne-
tized domains in a ferromagnetic material.

through a wire wound around the sample, B increases also
along the B—H curve from point O to point A;, at which
nearly all the domains have become aligned with H. Point A

Figure 5-22 Typical hysteresis curve for a ferromagnetic
material.

represents a saturation condition. If we then decrease H from
its value at point A; back to zero (by reducing the current
through the wire), the magnetization curve follows the path
from A to A,. At point Ay, the external field H is zero (owing
to the fact that the current through the wire is zero), but the
flux density B in the material is not. The magnitude of B at A,
is called the residual flux density B,. The iron material is now
magnetized and ready to be used as a permanent magnet owing
to the fact that a large fraction of its magnetized domains have
remained aligned. Reversing the direction of H and increasing
its intensity causes B to decrease from B, at point A, to zero
at point A3, and if the intensity of H is increased further



270

CHAPTER 5 MAGNETOSTATICS

while maintaining its direction, the magnetization moves to
the saturation condition at point A4. Finally, as H is made
to return to zero and is then increased again in the positive
direction, the curve follows the path from A4 to A;. This
process is called magnetic hysteresis. Hysteresis means “lag
behind.” The existence of a hysteresis loop implies that the
magnetization process in ferromagnetic materials depends not
only on the magnetic field H but also on the magnetic history
of the material. The shape and extent of the hysteresis loop
depend on the properties of the ferromagnetic material and
the peak-to-peak range over which H is made to vary. Hard
ferromagnetic materials are characterized by wide hysteresis
loops (Fig. 5-23(a)). They cannot be easily demagnetized by
an external magnetic field because they have a large residual
magnetization B;. Hard ferromagnetic materials are used in the
fabrication of permanent magnets for motors and generators.
Soft ferromagnetic materials have narrow hysteresis loops
(Fig. 5-23(b)); hence, they can be more easily magnetized and
demagnetized. To demagnetize any ferromagnetic material,
the material is subjected to several hysteresis cycles while
gradually decreasing the peak-to-peak range of the applied
field.

y

- ,

(b) Soft material

(a) Hard material

Figure 5-23 Comparison of hysteresis curves for (a) a hard
ferromagnetic material and (b) a soft ferromagnetic material.

Concept Question 5-12: What are the three types of
magnetic materials, and what are typical values of their
relative permeabilities?

Concept Question 5-13: What causes magnetic hys-
teresis in ferromagnetic materials?

Concept Question 5-14: What does a magnetization
curve describe? What is the difference between the mag-
netization curves of hard and soft ferromagnetic mate-
rials?

5-6 Magnetic Boundary Conditions

In Chapter 4, we derived a set of boundary conditions that
describes how, at the boundary between two dissimilar con-
tiguous media, the electric flux and field D and E in the first
medium relate to those in the second medium. We now derive
a similar set of boundary conditions for the magnetic flux
and field B and H. By applying Gauss’s law to a pill box
that straddles the boundary, we determined that the difference
between the normal components of the electric flux densities
in two media equals the surface charge density ps. That is,

7£D~ds:Q = Dy, — Dy =p.. (5.78)
S

By analogy, application of Gauss’s law for magnetism, as
expressed by Eq. (5.44), leads to the conclusion that

%B-ds:O = B, = By (5.79)
S

» Thus, the normal component of B is continuous across
the boundary between two adjacent media. <«

Because By = ujH; and B, = tpH;, for linear, isotropic
media, the boundary condition for H corresponding to
Eq. (5.79) is

WiH = U Ho,. (5.80)

Comparison of Egs. (5.78) and (5.79) reveals a striking
difference between the behavior of the magnetic and electric
fluxes across a boundary: Whereas the normal component of B
is continuous across the boundary, the normal component of D
is not (unless ps = 0). The reverse applies to the tangential
components of the electric and magnetic fields E and H:
Whereas the tangential component of E is continuous across
the boundary, the tangential component of H is not (unless
the surface current density J; = 0). To obtain the boundary
condition for the tangential component of H, we follow the
same basic procedure used in Chapter 4 to establish the
boundary condition for the tangential component of E. With
reference to Fig. 5-24, we apply Ampere’s law (Eq. (5.47)) to
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Figure 5-24 Boundary between medium 1 with y; and medium 2 with ;.

a closed rectangular path with sides of lengths Al and Ak, and
then let Az — 0 to obtain

b R d R
%H-dl:/ Hl-lfldf—i—/ H-bdi=1. (581
C a c

where [ is the net current crossing the surface of the loop in the
direction specified by the right-hand rule (/ is in the direction
of the thumb when the fingers of the right hand extend in the
direction of the loop C). As we let Ah of the loop approach
zero, the surface of the loop approaches a thin line of length Al.
The total current flowing through this thin line is I = J; Al,
where Jg is the magnitude of the component of the surface
current density Js normal to the loop. That is, J; = J; - fi, where
fi is the normal to the loop. In view of these considerations,
Eq. (5.81) becomes

(H; —Hy)- £, Al = J - AL (5.82)
The vector ¢ | can be expressed as 171 = 0 X fip, where i and
M, are the normals to the loop and to the surface of medium 2
(Fig. 5-24), respectively. Using this relation in Eq. (5.82) and
then applying the vector identity A -(Bx C) =B-(Cx A) leads
to

fi-[fi; x (H; —Hy)] = Js -, (5.83)
Since Eq. (5.83) is valid for any i, it follows that
fiy X (H; —H) = J,. (5.84)

This equation implies that the tangential components of H
parallel to J are continuous across the interface, whereas those
orthogonal to J are discontinuous in the amount of Ji.

Surface currents can exist only on the surfaces of per-
fect conductors and superconductors. Hence, at the interface
between media with finite conductivities, Js = 0 and

Hl[ :H2t~ (5.85)

Example 5-7: Tilted-Plane Boundary

In Fig. 5-25 the plane defined by y + 2x = 2 separates
medium 1 of permeability ¢y from medium 2 of permeability
W If no surface current exists on the boundary and

B =%2+§3 (),

find B, and then evaluate the result for y, = 2.

y
A
0,2) Medium 1
13
0
(1,0)
> X
ny
Medium 2
Ho
--------------- » Ny,
Planey +2x=2

Figure 5-25 Magnetic media separated by the plane y+2x =2
(Example 5-7).
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Solution: To apply the boundary conditions at the plane
between the two media, we first need to obtain an expression
for the unit vector normal to the boundary. To apply the
boundary condition given by Eq. (5.84), we need an expression
for fip, which isthe unit vector pointing away from medium 2
(Fig. 5-25).

From the geometry of the small triangle in Fig. 5-25,

1
_ L -
6 = tan (2>
=26.57°.
Hence,

ny =XcosO + §sinb
=X0.89 4-§0.45.

Magnetic field B; has a normal component By, along i, and a
tangential component By:

B =B, +By;
with
B, = By
and
B, =y By

= (XcosO+§sin0)-(X2+§3)
=2cos0 +3sinf.

The tangential component of B is

Bii=B| —Bi,

=B — Bj,fi

= (X2+§3) — (2cos0 +3sinH)(XcosH + §sin )

=%(2—2cos* 0 —3sinHcos )

+9(3 —2cosOsin O — 3sin 9).
Boundary conditions require that
By =B

and

B _Ba
i I

which leads to

B, =Bo, +By =B, + % By
|

= Boho + 22 By,
H
= (2cos 6 +3sinH)(XcosO + §sin )
+ 22 [%(2—2cos* @ — 3sinBcos H)
+9(3—2cosBOsinO —3sin 6)]

ﬁ{2c0526+35in9c0s9

+ % (22c03293sin9c059)}
1

+§'{2c0s63in6+3sin26

+% (32c039sin935in29)}
1

For 6 = 26.57° and u, =2,
B, =x1.2+%4.6 (T).

Exercise 5-13: With reference to Fig. 5-24, determine the
angle between H; and fi; = 7 if H, = (83 +22) (A/m),
Wy =2, Uy, =8, and J; =0.

Answer: 6 = 20.6°. (See @.)

5-7 Inductance

An inductor is the magnetic analogue of an electric capacitor.
Just as a capacitor can store energy in the electric field in
the medium between its conducting surfaces, an inductor can
store energy in the magnetic field near its current-carrying con-
ductors. A typical inductor consists of multiple turns of wire
helically coiled around a cylindrical core (Fig. 5-26(a)). Such
a structure is called a solenoid. Its core may be air filled or may
contain a magnetic material with magnetic permeability p. If
the wire carries a current / and the turns are closely spaced,
the solenoid will produce a relatively uniform magnetic field
within its interior with magnetic field lines resembling those
of the permanent magnet (Fig. 5-26(b)).

5-7.1

As a prelude to our discussion of inductance, we derive an
expression for the magnetic flux density B in the interior

Magnetic Field in a Solenoid



5-7 INDUCTANCE

273

B
/4\ ,//-\
N\ 177
S\ 1177
171777

4
s
-
u

NN

N

=

pEEny
-
1

Q -
!
-

A4

=

L1
1

d

- 17
@ Z7 11T
77 )

1
d

A
>

(b) Tightly wound
solenoid

(a) Loosely wound
solenoid

Figure 5-26 Magnetic field lines of (a) a loosely wound
solenoid and (b) a tightly wound solenoid.

region of a tightly wound solenoid. The solenoid is of length /
and radius a and comprises N turns carrying current /. The
number of turns per unit length is n = N/I, and the fact that
the turns are tightly wound implies that the pitch of a single
turn is small compared with the solenoid’s radius. Even though
the turns are slightly helical in shape, we can treat them as
circular loops (Fig. 5-27(a)). Let us start by considering the
magnetic flux density B at point P on the axis of the solenoid.
In Example 5-3, we derived the following expression for the
magnetic field H along the axis of a circular loop of radius a,
which is a distance z away from its center:

I'a?

H=%2—7——+.
2+ 2P

(5.86)

where I’ is the current carried by the loop. If we treat an
incremental length dz of the solenoid as an equivalent loop
composed of n dz turns carrying a current I’ = In dz, then the
induced field at point P is

dB = dH

unla®

2@t 22

dz. (5.87)

The total field B at P is obtained by integrating the contribu-
tions from the entire length of the solenoid. This is facilitated

()
X
/ ~ X

®
()
G

1 (out Sy I (in

(out . g
N0
— ' o

(a) Cross section
2
L= i NTS

010000

Cross section

(b) Solenoid inductance

Figure 5-27 (a) Solenoid cross section showing geometry for
calculating H at a point P on the solenoid axis and (b) solenoid
inductance.

by expressing the variable z in terms of the angle 6, as seen
from P to a point on the solenoid rim. That is,

z=atan0, (5.88a)
(5.88b)

(5.88¢)

a*+ 72 = d® +d*tan? 0 = a?* sec? 0,

dz = asec’ 0 do.
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Upon substituting the last two expressions in Eq. (5.87) and
integrating from 6, to 6,, we have

5 unla®> (% asec®> 0 do
2 Je

B= =12

sin 92 —sin 91).

(5.89)
If the solenoid length / is much larger than its radius a, then
for points P away from the solenoid’s ends 0; ~ —90° and
6, ~ 90°, in which case Eq. (5.89) reduces to

pnl (
adsec3 0 2

ZUNI
/
(long solenoid with [ /a > 1).

B~ izunl =

(5.90)

Even though Eq. (5.90) was derived for the field B at the
midpoint of the solenoid, it is approximately valid everywhere
in the solenoid’s interior, except near the ends.

We now return to a discussion of inductance, which includes
the notion of self-inductance, representing the magnetic flux
linkage of a coil or circuit with itself, and mutual inductance,
which involves the magnetic flux linkage in a circuit due to the
magnetic field generated by a current in another one. Usually,
when the term inductance is used, the intended reference is to
self-inductance.

Exercise 5-14: Use Eq. (5.89) to obtain an expression for
B at a point on the axis of a very long solenoid but situated
at its end points. How does B at the end points compare
with B at the midpoint of the solenoid?

Answer: B =Z(uNI/2l) at the end points, which is half
as large as B at the midpoint. (See €).)

5-7.2 Self-Inductance of a Solenoid
From Eq. (5.66), the magnetic flux & linking a surface S is

(5.91)

In a solenoid characterized by an approximately uniform mag-
netic field throughout its cross-section and given by Eq. (5.90),
the flux linking a single loop is

<I>:/2 uﬁl -ids:/.LEIS,
s l l

where S is the cross-sectional area of the loop (Fig. 5-27(b)).
Magnetic flux linkage A is defined as the total magnetic flux
linking a given circuit or conducting structure. If the structure

(5.92)

consists of a single conductor with multiple loops, as in the
case of the solenoid, A equals the flux linking all loops of the
structure. For a solenoid with N turns,

N2
A=No=pu T IS (Wb). (5.93)
The self-inductance of any conducting structure is defined
as the ratio of the magnetic flux linkage A to the current /

flowing through the structure:

L=

% (H). (5.94)

The ST unit for inductance is the henry (H), which is equivalent
to webers per ampere (Wb/A).
For a solenoid, use of Eq. (5.93) gives

2

L=pu NTS (solenoid). (5.95)

5-7.3 Self-Inductance of Other Conductors

The solenoid consists of a single inductor of cross section S.
If, on the other hand, the structure consists of two separate
conductors, as in the case of the parallel-wire and coaxial
transmission lines shown in Fig. 5-28, the flux linkage A
associated with a length [/ of either line refers to the flux @
through a closed surface between the two conductors, such as
the shaded areas in Fig. 5-28. In reality, there is also some
magnetic flux that passes through the conductors themselves,
but it may be ignored by assuming that currents flow only on
the surfaces of the conductors, in which case the magnetic field
inside the conductors vanishes. This assumption is justified
by the fact that our interest in calculating A is for the pur-
pose of determining the inductance of a given structure, and
inductance is of interest primarily in the ac case (i.e., time-
varying currents, voltages, and fields). As we will see later
in Section 7-5, the current flowing in a conductor under ac
conditions is concentrated within a very thin layer on the skin
of the conductor.

» For the parallel-wire transmission line, ac currents flow
on the outer surfaces of the wires, and for the coaxial
line, the current flows on the outer surface of the inner
conductor and on the inner surface of the outer one (the
current-carrying surfaces are those adjacent to the electric
and magnetic fields present in the region between the
conductors). <
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(b) Coaxial transmission line

Figure 5-28 To compute the inductance per unit length of
a two-conductor transmission line, we need to determine the
magnetic flux through the area S between the conductors.

For a two-conductor configuration similar to those of
Fig. 5-28, the inductance is given by

1
:—/B-ds.
I Js

= (5.96)

A
1

~| &

Inductance of a Coaxial
Transmission Line

Example 5-8:

Develop an expression for the inductance per unit length of
a coaxial transmission line with inner and outer conductors
of radii ¢ and b (Fig. 5-29) and an insulating material of
permeability .

Solution: The current / in the inner conductor generates
a magnetic field B throughout the region between the two

I z I
} i }
e ollifee:
@O e|]l-s
ARt ‘),'
© 0| ® ®,
Outer — | | © @ 3 ® ® E Outer
conductor B Y conductor

Inner /

conductor

Figure 5-29 Cross-sectional view of coaxial transmission line

(Example 5-8). ® and ® denote H field out of and into the
page, respectively.

conductors. It is given by Eq. (5.30) as

~oul
B=¢—, 5.97
q)2717;" ( )

where r is the radial distance from the axis of the coaxial line.
Consider a transmission-line segment of length / as shown in

Fig. 5-29. Because B is perpendicular to the planar surface S
between the conductors, the flux through § is

5.98
a a 27[}" 2 ( )

Using Eq. (5.96), the inductance per unit length of the coaxial
transmission line is

r=L_2_ K, (%)
I~ 2 \a

Mutual Inductance

(5.99)

5-7.4

Magnetic coupling between two different conducting struc-
tures is described in terms of the mutual inductance between
them. For simplicity, consider the case of two multiturn closed
loops with surfaces S| and S,. Current /| flows through the first
loop (Fig. 5-30), and no current flows through the second one.
The magnetic field B; generated by I; results in a flux &,
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Figure 5-30 Magnetic field lines generated by current /; in
loop 1 linking surface S, of loop 2.

through loop 2 given by

CD]z: B] 'dS,

S

(5.100)

and if loop 2 consists of N, turns all coupled by B; in exactly
the same way, then the total magnetic flux linkage through
loop 2 is
Ap =N P, =N, | By-ds.
$
The mutual inductance associated with this magnetic coupling
is given by

(5.101)

Ap M
Lp=—=—

= B, -ds H).
2 n s, 1 (H)

(5.102)

Mutual inductance is important in transformers (as discussed
in Chapter 6) wherein the windings of two or more circuits
share a common magnetic core, as illustrated by the toroidal
arrangement shown in Fig. 5-31.

Example 5-9: Mutual Inductance

The rectangular conducting loop shown in Fig. 5-32 is copla-
nar with the long, straight wire carrying current /. Determine
the mutual inductance between the wire and the loop.

Solution: According to Eq. (5.102), the mutual inductance is
given by
N,
L, = 2 B, - ds.
L Js,

1
|

I—W—— V,
(~\

|

Figure 5-31 Toroidal coil with two windings used as a
transformer.

40 cm -
A

20 A 30 cm

-—|5cm

10 cm

~— 20 cm —|

Figure 5-32 Mutual inductance between two conductors
(Example 5-9).

In the present case, I} = I is the current carried by the first
conductor (straight wire), S is the cross-sectional area of the
second conductor (rectangular loop), and B is the magnetic
field due to the first conductor (wire). Also, N = 1 because
the loop has a single turn. In the right-hand side of the
y—z plane, the magnetic field due to current / is into the page
(—xX direction) and given by

¢ bl
27wy

where y is the distance away from the wire. The expression is
identical with that given by Eq. (5.97), after replacing (]3 with
—% and r with y. To compute the magnetic flux passing through
the loop (into the page), we need to define the differential area
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as ds = —X dy dz. Hence,

1 (020 04 u01>
L=~ / g B8N saya
2T y=0.05 z—0.1< 2y ( ydz)
0.20 0.4
5 (e ) ()
27 \Joos y 0.1

_ 0.3u (Iny)[02 — 03uo (%) =83 nH.

2 Yloos =
Concept Question 5-15:  What is the magnetic field
like in the interior of a long solenoid?

Concept Question 5-16: What is the difference
between self-inductance and mutual inductance?

Concept Question 5-17: How is the inductance of a
solenoid related to its number of turns N?

5-8 Magnetic Energy

When we introduced electrostatic energy in Section 4-10, we
did so by examining what happens to the energy expended
in charging up a capacitor from zero voltage to some final
voltage V. We introduce the concept of magnetic energy by
considering an inductor with inductance L connected to a
current source. Suppose that we were to increase the current i
flowing through the inductor from zero to a final value /. From
circuit theory, we know that the instantaneous voltage v across
the inductor is given by v = L di/dt. We will derive this
relationship from Maxwell’s equations in Chapter 6, thereby
justifying the use of the i—v relationship for the inductor.
Power p equals the product of v and 7, and the time integral of
power is work, or energy. Hence, the total energy in joules (J)
expended in building up a current / in the inductor is

1 1
Wm:/pdt:/ivdt:L/ idi:ELIZ (). (5.103)
0

We call this the magnetic energy stored in the inductor.

To justify this association, consider the solenoid inductor.
Its inductance is given by Eq. (5.95) as L = uN>S/I, and the
magnitude of the magnetic flux density in its interior is given
by Eq. (5.90) as B= uNI/I,implying that / = Bl /(uN). Using
these expressions for L and / in Eq. (5.103), we obtain

1, 1/ N? Bl \*
Won==LP==(pn—S)(—
2 2(”1 >(HN)

1 B? 1

=3 —8)=3

H?V,
2 u K

(5.104)

where U = IS is the volume of the interior of the solenoid
and H = B/ . The expression for Wy, suggests that the energy
expended in building up the current in the inductor is stored in
the magnetic field with magnetic energy density wy,, defined
as the magnetic energy Wy, per unit volume,

|4 1
W= —— = 2/.LH2

5 (J/m?3).

(5.105)

» Even though this expression was derived for a solenoid,
it remains valid for any medium with a magnetic
field H. «

Furthermore, for any volume U containing a material with
permeability p (including free space with permeability L),
the total magnetic energy stored in a magnetic field H is

o
W = E/ uH?>dv ). (5.106)
v

Example 5-10: Magnetic Energy in a

Coaxial Cable

Derive an expression for the magnetic energy stored in a
coaxial cable of length / and inner and outer radii a and b.
The current flowing through the cable is I and its insulation
material has permeability (.

Solution: From Eq. (5.97), the magnitude of the magnetic
field in the insulating material is

where r is the radial distance from the center of the inner
conductor (Fig. 5-29). The magnetic energy stored in the
coaxial cable therefore is

1/ ul? 1
Wn== [ UH>dV === [ = dv
2/0“ 872 )y P2

Since H is a function of r only, we choose dV to be a
cylindrical shell of length /, radius r, and thickness dr along
the radial direction. Thus, dU = 27wrl dr and

ul? /b 1 ul’l (b 1,
= —-2 ="—In(=)==<Ll
W, 82 ). 72 wrldr i n P 5 )

with L given by Eq. (5.99).
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Technology Brief 11: Inductive Sensors

Magnetic coupling between different coils forms the
basis of several different types of inductive sensors.
Applications include the measurement of position and
displacement (with submillimeter resolution) in device
fabrication processes, proximity detection of conduc-
tive objects, and other related applications.

Linear Variable Differential Transformer (LVDT)

» An LVDT comprises a primary coil connected to
an ac source (typically a sine wave at a frequency
in the 1-10 kHz range) and a pair of secondary
coils, all sharing a common ferromagnetic core
(Fig. TF11-1). <

The magnetic core serves to couple the magnetic flux
generated by the primary coil into the two secondaries,
thereby inducing an output voltage across each of them.
The secondary coils are connected in opposition, so
when the core is positioned at the magnetic center of
the LVDT, the individual output signals of the secondaries
cancel each other out, producing a null output voltage.
The core is connected to the outside world via a non-
magnetic push rod. When the rod moves the core away
from the magnetic center, the magnetic fluxes induced

Vin

Primary coil e

)0 ((
Push

rod

e
‘ Secondary coils ‘
|

- out

Ferromagnetic core

Figure TF11-1
(LVDT) circuit.

Linear variable differential transformer

Amplitude

Amplitude and phase output

5 0 5 10
Distance traveled

i
o

Figure TF11-2 Amplitude and phase responses as functions
of the distance by which the magnetic core is moved away from
the center position.

in the secondary coils are no longer equal, resulting in
a nonzero output voltage. The LVDT is called a “linear”
transformer because the amplitude of the output voltage
is a linear function of displacement over a wide operating
range (Fig. TF11-2).

The cutaway view of the LVDT model in Fig. TF11-3
depicts a configuration in which all three coils—with
the primary straddled by the secondaries—are wound
around a glass tube that contains the magnetic core
and attached rod. Sample applications are illustrated in
Fig. TF11-4.

Stainless steel housing

I ————
ARIIIRR® VRRIIR BIIBIRR

Rod

——— Magnetic core

(OXOXOXOXOXONONONONONOXORMMOXOXOXO JOXO]

Primary coil

. Electronics
Secondary coils

module

Figure TF11-3 Cutaway view of LVDT.
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Sagging beam
LVDT ||

LVDT Float

Figure TF11-4 LVDT for measuring beam deflection and as
a fluid-level gauge.

Eddy-Current Proximity Sensor

The transformer principle can be applied to build a prox-
imity sensor in which the output voltage of the secondary
coil becomes a sensitive indicator of the presence of a
conductive object in its immediate vicinity (Fig. TF11-5).

» When an object is placed in front of the secondary
coil, the magnetic field of the coil induces eddy (cir-
cular) currents in the object that generate magnetic
fields of their own having a direction that opposes the
magnetic field of the secondary coil. <«

The reduction in magnetic flux causes a drop in output
voltage with the magnitude of the change being depen-
dent on the conductive properties of the object and its
distance from the sensor.

|
[e]e)®) X X _
Primary OOO X X X
: Vin
coil 000 X X X
+
[e]6)6) X X
OO0 xxx—-l
Sensing OO0 X X X V
coil o000 X X X out
+
[e]e)6) X X
i 1
‘|“ ,l’l'l
RN 111
NN Al
AR RN LAV

O O

Conductive object

O‘\ Eddy
currents

O/

Figure TF11-5 Eddy-current proximity sensor.
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Chapter 5 Summary

Concepts

The magnetic force acting on a charged particle ¢
moving with a velocity u in a region containing a
magnetic flux density B is F,, = qu x B.

The total electromagnetic force, known as the Lorentz
force, acting on a moving charge in the presence of both
electric and magnetic fields is F = g(E+ux B).
Magnetic forces acting on current loops can generate
magnetic torques.

The magnetic field intensity induced by a current ele-
ment is defined by the Biot—Savart law.

Gauss’s law for magnetism states that the net magnetic
flux flowing out of any closed surface is zero.
Ampere’s law states that the line integral of H over a
closed contour is equal to the net current crossing the
surface bounded by the contour.

The vector magnetic potential A is related to B by
B=VxA.

Materials are classified as diamagnetic, paramagnetic,

Mathematical and Physical Models

Maxwell’s Magnetostatics Equations

Gauss’s Law for Magnetism
V-B=0 <> %B‘ds:o
s
Ampere’s Law

VxH=] <> %H-dﬁzl
C

Lorentz Force on Charge ¢

F=g(E+uxB)

Magnetic Force on Wire

szl%leB N)
C

Magnetic Torque on Loop

T=mxB (N-m)
m=ANIA  (Am?)
Biot—Savart Law
I [dIxR

e O

or ferromagnetic, depending on their crystalline
structure and the behavior under the influence of an
external magnetic field.

Diamagnetic and paramagnetic materials exhibit a
linear behavior between B and H with u ~ p for both.
Ferromagnetic materials exhibit a nonlinear hysteretic
behavior between B and H, and for some, & may be as
large as 10° .

At the boundary between two different media, the nor-
mal component of B is continuous, and the tangential
components of H are related by Hy, — Hj = Js, where
Js is the surface current density flowing in a direction
orthogonal to Hy; and Hy;.

The inductance of a circuit is defined as the ratio of
magnetic flux linking the circuit to the current flowing
through it.

Magnetic energy density is given by wy, = % WH?>.

Magnetic Field
. . _ & Mol 5
Infinitely Long Wire B=¢ Ty (Wb/m~)
r
Circular L Hoy @ (A/m)
ircular Loo =7— m
P 2@+ 2P
ZUNI

Solenoid B~zunl = e ; (Wb/m?)
Vector Magnetic Potential

B=VxA (Wb/m?)
Vector Poisson’s Equation

VZA=—-uJ
Inductance

A D 1
L:—:—:—/B-ds (H)
11 1Js

Magnetic Energy Density

1
W = 3 uH?>  (/md)
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Important Terms

Ampere’s law
Amperian contour
Biot—Savart law

current density (volume) J

diamagnetic

Lorentz force F
magnetic dipole
magnetic energy Wi,
magnetic energy
density wp,

Provide definitions or explain the meaning of the following terms:

ferromagnetic

Gauss’s law for magnetism

hard and soft ferromagnetic
materials

inductance (self- and mutual)

magnetic flux ®

magnetic force F,
magnetic hysteresis

PROBLEMS

Section 5-1: Magnetic Forces and Torques

“5.1 An electron with a speed of 8 x 10® m/s is projected
along the positive x direction into a medium containing
a uniform magnetic flux density B = (%4 — 26) T. Given
that ¢ = 1.6 x 107! C and the mass of an electron is
me = 9.1 x 1073! kg, determine the initial acceleration vector
of the electron (at the moment it is projected into the medium).

5.2 The circuit shown in Fig. P5.2 uses two identical springs
to support a 10 cm long horizontal wire with a mass of 20 g.
In the absence of a magnetic field, the weight of the wire
causes the springs to stretch a distance of 0.2 cm each. When a
uniform magnetic field is turned on in the region containing
the horizontal wire, the springs are observed to stretch an
additional 0.5 cm each. What is the intensity of the magnetic
flux density B? The force equation for a spring is F = kd,
where k is the spring constant and d is the distance it has been
stretched.

5.3 When a particle with charge ¢ and mass m is introduced
into a medium with a uniform field B such that the initial
velocity of the particle u is perpendicular to B (Fig. P5.3), the
magnetic force exerted on the particle causes it to move in a
circle of radius a. By equating Fy, to the centripetal force on
the particle, determine a in terms of ¢, m, u, and B.

“5.4 The rectangular loop shown in Fig. P5.4 consists of 20
closely wrapped turns and is hinged along the z-axis. The plane
of the loop makes an angle of 30° with the y-axis, and the
current in the windings is 0.5 A. What is the magnitude of
the torque exerted on the loop in the presence of a uniform
field B = 2.4 T? When viewed from above, is the expected
direction of rotation clockwise or counterclockwise?

*
Answer(s) available in Appendix E.

magnetic flux density B
magnetic flux linkage A

magnetic moment m solenoid
magnetic potential A surface current
magnetic susceptibility ym density Js
magnetization curve toroid
magnetization vector M toroidal coil
magnetized domains torque T
moment arm d vector Poisson’s
orbital and spin magnetic equation
moments
paramagnetic

_.
o
Q
8

Figure P5.2 Configuration of Problem 5.2.

5.5 In a cylindrical coordinate system, a 2-m long straight
wire carrying a current of 5 A in the positive z direction is
locatedatr =4 cm, ¢ =m/2,and -1 m<z<lm.

>k(a) If B=10.2cos¢ (T), what is the magnetic force acting

on the wire?

(b) How much work is required to rotate the wire once about
the z axis in the negative ¢ direction (while maintaining
r=4cm)?

(c) At what angle ¢ is the force a maximum?
5.6 A 20-turn rectangular coil with sides / =30 cm and w =
10 cm is placed in the y—z plane as shown in Fig. P5.6.

(a) If the coil, which carries a current / = 10 A, is in the
presence of a magnetic flux density

B=2x10"2(%+¥2) (D),
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® ® ® ® 6

Figure P5.3 Particle of charge g projected with velocity u
into a medium with a uniform field B perpendicular to u
(Problem 5.3).

z
A
_ \[:0.5 A
0.4m /20 turns
% |~\ 30° Y
0.2 m

X \l

Figure P5.4 Hinged rectangular loop of Problem 5.4.

determine the torque acting on the coil.
(b) At what angle ¢ is the torque zero?

(c) At what angle ¢ is the torque maximum? Determine its
value.

Section 5-2: The Biot—Savart Law

5.7 An infinitely long, thin conducting sheet defined over
the space 0 < x < w and —e <y < oo is carrying a current
with a uniform surface current density Js = §5 (A/m). Obtain
an expression for the magnetic field at point P = (0,0,z) in
Cartesian coordinates.

20-turn coil

Figure P5.6 Rectangular loop of Problem 5.6.

5.8 Use the approach outlined in Example 5-2 to develop an
expression for the magnetic field H at an arbitrary point P
due to the linear conductor defined by the geometry shown
in Fig. P5.8. If the conductor extends between z; = 3 m and
zp =7 m and carries a current/ = 15 A, find Hat P = (2,9,0).

Z
A
()
Py(z)) ¢,
\
\
\
\
Y SN
AN
AN
0 .
1 \
Pi(z)) 3_ . R
______ ::::;g
r P=(r,¢,2)

Figure P5.8 Current-carrying linear conductor of Problem 5.8.
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“5.9 The loop shown in Fig. P5.9 consists of radial lines and
segments of circles whose centers are at point P. Determine
the magnetic field H at P in terms of a, b, 0, and 1.

1 \b
\
;\\

7
Y
—a—1P

Figure P5.9 Configuration of Problem 5.9.

¥5.10 An8cm x 12 cm rectangular loop of wire is situated
in the x—y plane with the center of the loop at the origin and its
long sides parallel to the x-axis. The loop has a current of 50 A
flowing clockwise (when viewed from above). Determine the
magnetic field at the center of the loop.

“5.11 An infinitely long wire carrying a 50 A current in the
positive x direction is placed along the x-axis in the vicinity of
a 20-turn circular loop located in the x—y plane (Fig. P5.11). If
the magnetic field at the center of the loop is zero, what is the
direction and magnitude of the current flowing in the loop?

=y

Figure P5.11 Circular loop next to a linear current (Prob-
lem 5.11).

5.12 Two infinitely long, parallel wires are carrying 6-A
currents in opposite directions. Determine the magnetic flux
density at point P in Fig. P5.12.

5.13 Two parallel, circular loops carrying a current of 40 A
each are arranged as shown in Fig. P5.13. The first loop is
situated in the x—y plane with its center at the origin, and the
second loop’s center is at z = 2 m. If the two loops have the
same radius a = 3 m, determine the magnetic field at:

AL=6A Yn=6A

0.5m

2m

Figure P5.12 Arrangement for Problem 5.12.

(a) z=0
(b) z=1m
(¢) z=2m

z=2m

X

Figure P5.13 Parallel circular loops of Problem 5.13.

*5.14 A long, East-West—oriented power cable carrying an
unknown current / is at a height of 4 m above the Earth’s
surface. If the magnetic flux density recorded by a magnetic-
field meter placed at the surface is 15 uT when the current is
flowing through the cable and 20 uT when the current is zero,
what is the magnitude of 1?
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5.15 A circular loop of radius a carrying current /; is located
in the x—y plane as shown in Fig. P5.15. In addition, an
infinitely long wire carrying current /5 in a direction parallel
with the z-axis is located at y = yy.

z n parallel to z

P=(0,0,h)
) § 12

a \

x I

Yo

Figure P5.15 Problem 5.15.

(a) Determine H at P = (0,0,4).
(b) Evaluate H fora=3cm, yo=10cm, h=4cm, [} =
10 A, and I, =20 A.

“5.16 The long, straight conductor shown in Fig. P5.16 lies in
the plane of the rectangular loop at a distance d = 0.1 m. The
loop has dimensions @ = 0.2 m and b = 0.5 m, and the currents
are I; =40 A and I, = 30 A. Determine the net magnetic force
acting on the loop.

b=05m

| |
d=01m ' a=02m !

Figure P5.16 Current loop next to a conducting wire (Prob-
lem 5.16).

5.17 In the arrangement shown in Fig. P5.17, each of the
two long, parallel conductors carries a current /, is supported

by 8-cm-long strings, and has a mass per unit length of 1.2
g/cm. Due to the repulsive force acting on the conductors, the
angle 6 between the supporting strings is 10°. Determine the
magnitude of 7 and the relative directions of the currents in the
two conductors.

e

Figure P5.17 Parallel conductors supported by strings (Prob-
lem 5.17).

5.18 An infinitely long, thin conducting sheet of width w
along the x-direction lies in the x—y plane and carries a current /
in the —y-direction. Determine the following:

* (a) The magnetic field at a point P midway between the edges
of the sheet and at a height  above it (Fig. P5.18).

(b) The force per unit length exerted on an infinitely long
wire passing through point P and parallel to the sheet if
the current through the wire is equal in magnitude but
opposite in direction to that carried by the sheet.

I
T o
i /

w I

Figure P5.18 A linear current source above a current sheet
(Problem 5.18).



PROBLEMS

285

5.19 Three long, parallel wires are arranged as shown in
Fig. P5.19. Determine the force per unit length acting on the
wire carrying I3.

— ®L=10A

2m

o A 2m ®L=10A
2m

L O L=10A

Figure P5.19 Three parallel wires of Problem 5.19.

T520 A square loop placed as shown in Fig. P5.20 has
2-m sides and carries a current I} = 5 A. If a straight, long
conductor carrying a current I, = 20 A 1is introduced and
placed just above the midpoints of two of the loop’s sides,
determine the net force acting on the loop.

Figure P5.20 Long wire carrying current I, just above a
square loop carrying /; (Problem 5.20).

Section 5-3: Maxwell’s Magnetostatic Equations

5.21 A long cylindrical conductor whose axis is coincident
with the z axis has a radius a and carries a current characterized
by a current density J = 2Jy/r, where Jy is a constant and
r is the radial distance from the cylinder’s axis. Obtain an
expression for the magnetic field H for

(a) 0<r<a
(b) r>a

r

5.22 Repeat Problem 5.21 for a current density J = ZJpe™".

5.23  Current I flows along the positive z-direction in the
inner conductor of a long coaxial cable and returns through
the outer conductor. The inner conductor has radius a, and
the inner and outer radii of the outer conductor are b and c,
respectively.

(a) Determine the magnetic field in each of the following
regions: 0 <r<a, a<r<b, b<r<c,andr>c.

(b) Plot the magnitude of H as a function of » over the range
fromr=0tor=10cm, giventhat/ =10 A, a =2 cm,
b=4cm,and c =5cm.

“5.24 Tn a certain conducting region, the magnetic field is
given in cylindrical coordinates by

H=¢ % [1—(1+3r)e ]

Find the current density J.

5.25 A cylindrical conductor whose axis is coincident with
the z-axis has an internal magnetic field given by

~2
H:¢;[1_<4r+1)e*‘”} (A/m)  forr<a

where a is the conductor’s radius. If a = 5 cm, what is the total
current flowing in the conductor?

Section 5-4: Vector Magnetic Potential

5.26

(a) Derive an expression for the vector magnetic potential A
at a point P located at a distance r from the wire in the
x—y plane.

With reference to Fig. 5-10:

(b) Derive B from A. Show that your result is identical with
the expression given by Eq. (5.29), which was derived by
applying the Biot—Savart law.

5.27 A uniform current density given by

J=2Jy (A/m?)
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gives rise to a vector magnetic potential
Ji
A=—2 %(x2 +y?)  (Wb/m).
(a) Apply the vector Poisson’s equation to confirm the above
statement.

(b) Use the expression for A to find H.

(¢) Use the expression for J in conjunction with Ampere’s
law to find H. Compare your result with that obtained in
part (b).

5.28 1In a given region of space, the vector magnetic potential
is given by A = %5cos wy + Z(2 + sinwx) (Wb/m).

>|<(a) Determine B.

(b) Use Eq. (5.60) to calculate the magnetic flux passing
through a square loop with 0.25-m long edges if the loop
is in the x—y plane, its center is at the origin, and its edges
are parallel to the x and y axes.

(c) Calculate @ again using Eq. (5.67).

“5.29 A thin current element extending between z = —L/2
and z = L/2 carries a current / along 42 through a circular
cross-section of radius a.

(a) Find A at a point P located very far from the origin
(assume R is so much larger than L that point P may be
considered to be at approximately the same distance from
every point along the current element).

(b) Determine the corresponding H.
Section 5-5: Magnetic Properties of Materials

>:<5.30 Iron contains 8.5 x 10%® atoms/m3. At saturation, the
alignment of the electrons’ spin magnetic moments in iron can
contribute 1.5 T to the total magnetic flux density B. If the spin
magnetic moment of a single electron is 9.27 x 10~2* (A-m?),
how many electrons per atom contribute to the saturated field?

5.31 In the model of the hydrogen atom proposed by Bohr
in 1913, the electron moves around the nucleus at a speed of
2 x 10° m/s in a circular orbit of radius 5 x 10~!" m. What
is the magnitude of the magnetic moment generated by the
electron’s motion?

Section 5-6: Magnetic Boundary Conditions

5.32 The x—y plane separates two magnetic media with
magnetic permeabilities u; and yp (Fig. P5.32). If there is
no surface current at the interface and the magnetic field in
medium 1 is

H, =%H,,+yH,+2H,;

find:

(a) Hp

(b) 6; and 6,

(¢) Evaluate Hy, 61, and 6, for Hi, =2 (A/m), H;, =0, H;; =
4 (A/m), uy = o, and py = 4o

Hy

x—y plane
My

Figure P5.32 Adjacent magnetic media (Problem 5.32).

*5.33  Given that a current sheet with surface current density
Js = %4 (A/m) exists at y = 0, the interface between two
magnetic media, and H; = 211 (A/m) in medium 1 (y > 0),
determine Hj in medium 2 (y < 0).

5.34 1In Fig. P5.34, the plane defined by x —y = 1 separates
medium 1 of permeability y; from medium 2 of permeabil-
ity Up. If no surface current exists on the boundary and

B =%2+§3 (T

find B, and then evaluate your result for y; = Su,. Hint: Start
by deriving the equation for the unit vector normal to the given
plane.

“5.35 The plane boundary defined by z = 0 separates air from
a block of iron. If B = X4 — §6+Z12 in air (z > 0), find B; in
iron (z < 0), given that u = 5000 for iron.

5.36  Show that if no surface current densities exist at
the parallel interfaces shown in Fig. P5.36, the relationship
between 04 and 0 is independent of ;.

Sections 5-7 and 5-8: Inductance and Magnetic Energy

*5.37 Obtain an expression for the self-inductance per unit
length for the parallel wire transmission line of Fig. 5-27(a)
in terms of a, d, and U, where a is the radius of the wires,
d is the axis-to-axis distance between the wires, and U is the
permeability of the medium in which they reside.

5.38 Interms of the dc current /, how much magnetic energy
is stored in the insulating medium of a 6 m long, air-filled
section of a coaxial transmission line, given that the radius of
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y
A
Planex —y =1 ~
z
40 cm + =
> X y \
Medium 1 (1, 0)
a Medium 2
1> 20 A 30 cm
0,-1)
-5 cm
10 cm + =
Figure P5.34 Magnetic media separated by the plane x—y =1 ~— 20 cm —|
(Problem 5.34). y
X
B3 .
! Figure P5.40 Loop and wire arrangement for Problem 5.40.

M3

M2

H1
Figure P5.36 Three magnetic media with parallel interfaces y

(Problem 5.36).

conductoris 10 cm?

the inner conductor is 5 cm and the inner radius of the outer </ X

5.39 A solenoid with a length of 20 cm and a radius of 5 cm d
consists of 400 turns and carries a current of 12 A. If z =10

represents the midpoint of the solenoid, generate a plot for >
[H(z)| as a function of z along the axis of the solenoid for the I

range —20 cm < z <20 cm in 1-cm steps.

Figure P5.41 Linear conductor with current /; next to a

5.40 The rectangular loop shown in Fig. P5.40 is coplanar circular loop of radius a at distance d (Problem 5.41).

with the long, straight wire carrying the current / = 20 A.
Determine the magnetic flux through the loop.

5.41 Determine the mutual inductance between the circular
loop and the linear current shown in Fig. P5.41.
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Objectives

Upon learning the material presented in this chapter, you
should be able to:

1. Apply Faraday’s law to compute the voltage induced by a
stationary coil placed in a time-varying magnetic field or
moving in a medium containing a magnetic field.

2. Describe the operation of the electromagnetic generator.

3. Calculate the displacement current associated with a
time-varying electric field.

4. Calculate the rate at which charge dissipates in a material
with known € and ©.
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Dynamic Fields

Electric charges induce electric fields and electric currents
induce magnetic fields. As long as the charge and current
distributions remain constant in time, so will the fields they
induce. If the charges and currents vary in time, the electric
and magnetic fields vary accordingly. Additionally, however,
the electric and magnetic fields become coupled and travel
through space in the form of electromagnetic waves. Examples
of such waves include light, x-rays, infrared, gamma rays, and
radio waves (see Fig. 1-16).

To study time-varying electromagnetic phenomena, we need
to consider the entire set of Maxwell’s equations simultane-
ously. These equations, first introduced in the opening section
of Chapter 4, are given in both differential and integral form in
Table 6-1. In the static case (d /dr = 0), we use the first pair of
Maxwell’s equations to study electric phenomena (Chapter 4)
and the second pair to study magnetic phenomena (Chapter 5).
In the dynamic case (d/dt # 0), the coupling that exists
between the electric and magnetic fields, as expressed by
the second and fourth equations in Table 6-1, prevents such
decomposition. The first equation represents Gauss’s law for
electricity, and it is equally valid for static and dynamic fields.
The same is true for the third equation, which is Gauss’s law
for magnetism. By contrast, the second and fourth equations—
Faraday’s and Ampere’s laws—are of a totally different nature.
Faraday’s law expresses the fact that a time-varying magnetic
field gives rise to an electric field. Conversely, Ampere’s law
states that a time-varying electric field must be accompanied
by a magnetic field.

Some statements in this and succeeding chapters contradict
conclusions reached in Chapter 4 and 5 as those pertained to
the special case of static charges and dc currents. The behavior
of dynamic fields reduces to that of static ones when d /0t is
set to zero.

We begin this chapter by examining Faraday’s and Ampere’s
laws and some of their practical applications. We then combine
Maxwell’s equations to obtain relations among the charge and
current sources, py and J; the scalar and vector potentials, V
and A; and the electromagnetic fields, E, D, H, and B. We do
so for the most general time-varying case and for the specific
case of sinusoidal-time variations.

6-1 Faraday’s Law

The close connection between electricity and magnetism was
established by Oersted, who demonstrated that a wire carrying
an electric current exerts a force on a compass needle and that
the needle always turns to point in the (f) direction when the cur-
rent is along the Z direction. The force acting on the compass
needle is due to the magnetic field produced by the current
in the wire. Following this discovery, Faraday hypothesized
that if a current produces a magnetic field, then the converse
should also be true: A magnetic field should produce a current
in a wire. To test his hypothesis, he conducted numerous
experiments in his laboratory in London over a period of
about 10 years—all aimed at making magnetic fields induce
currents in wires. Similar work was being carried out by Henry
in Albany, New York. Wires were placed next to permanent
magnets or current-carrying loops of all different sizes, but no

Table 6-1 Maxwell’s equations.

Reference Differential Form Integral Form
Gauss’s law V-D=py 7@D cds=Q (6.1)
)
JB JB
Faraday’s law VXE=—— jéE cdl=— [ — -ds (6.2)*
t @ S ot
No magnetic charges V-B=0 %B cds=0 (6.3)
S)

(Gauss’s law for magnetism)

Ampere’s law

VxH:J+a—D %H-dl:/(JJra—D)-ds (6.4)
dt c S

ot

“For a stationary surface S.
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Loop Coil

B LIV
|
A 1
- - 4+
Galvanometer Battery

Figure 6-1 The galvanometer (predecessor of the ammeter)
shows a deflection whenever the magnetic flux passing through
the square loop changes with time.

currents were ever detected. Eventually, these experiments led
to the following discovery by both Faraday and Henry.

» Magnetic fields can produce an electric current in a
closed loop, but only if the magnetic flux linking the
surface area of the loop changes with time. The key to
the induction process is change. <

To elucidate the induction process, consider the arrangement
shown in Fig. 6-1. A conducting loop connected to a gal-
vanometer (a sensitive instrument used in the 1800s to detect
current flow) is placed next to a conducting coil connected to
a battery. The current in the coil produces a magnetic field B
whose lines pass through the loop. In Section 5-4, we defined
the magnetic flux @ passing through a loop as the integral of
the normal component of the magnetic flux density over the
surface area of the loop, S, or

(6.5)

Under stationary conditions, the dc current in the coil produces
a constant magnetic field B, which in turn produces a constant
flux through the loop. When the flux is constant, no current
is detected by the galvanometer. However, when the battery
is disconnected, thereby interrupting the flow of current in
the coil, the magnetic field drops to zero, and the consequent
change in magnetic flux causes a momentary deflection of
the galvanometer needle. When the battery is reconnected, the
galvanometer again exhibits a momentary deflection, but in the

opposite direction. Thus, current is induced in the loop when
the magnetic flux changes, and the direction of the current
depends on whether the flux increases (when the battery is
being connected) or decreases (when the battery is being
disconnected). It was further discovered that current can also
flow in the loop while the battery is connected to the coil if
the loop turns or moves either closer to or away from the coil.
The physical movement of the loop changes the amount of flux
linking its surface S, even though the field B due to the coil has
not changed.

A galvanometer is a predecessor of the voltmeter and
ammeter. When a galvanometer detects the flow of current
through the coil, it means that a voltage has been induced
across the galvanometer terminals. This voltage is called the
electromotive force (emf), Veme, and the process is called
electromagnetic induction. The emf induced in a closed con-
ducting loop of N turns is given by

do

d
fF — — —_— = I B * .
[’emf N N " A ds ( \4 )

- (6.6)

Even though the results leading to Eq. (6.6) were also discov-
ered independently by Henry, Eq. (6.6) is attributed to Faraday
and known as Faraday’s law. The significance of the negative
sign in Eq. (6.6) is explained in the next section.

We note that the derivative in Eq. (6.6) is a total time
derivative that operates on the magnetic field B, as well as
the differential surface area ds. Accordingly, an emf can
be generated in a closed conducting loop under any of the
following three conditions:

1. A time-varying magnetic field linking a stationary loop;

the induced emf is then called the transformer emf, V.5 ..

2. A moving loop with a time-varying area (relative to the
normal component of B) in a static field B; the induced

emf is then called the motional emf, V3 ..

3. A moving loop in a time-varying field B.

The total emf is given by
(6.7)

with V1. = 0 if the loop is stationary [case (1)] and VI . =0
if B is static [case (2)]. For case (3), both terms are important.
Each of the three cases is examined separately in the following

sections.

__ytr m
Vemt = Vet + Veme

6-2 Stationary Loop in a Time-Varying
Magnetic Field

The stationary, single-turn, conducting, circular loop with
contour C and surface area S shown in Fig. 6-2(a) is exposed
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Changing B(?)

Bind

RE

(a) Loop in a changing B field
I

+
<
RE: emf(t)

2

(b) Equivalent circuit

Figure 6-2 (a) Stationary circular loop in a changing magnetic
field B(#) and (b) its equivalent circuit.

to a time-varying magnetic field B(7). As stated earlier, the
emf induced when S is stationary and the field is time varying
is called the transformer emf and is denoted V5 .. Since the
loop is stationary, d /dt in Eq. (6.6) now operates on B(¢) only.
Hence,

emf =—N / —+ds, (transformer emf) (6.8)

where the full derivative d/dr has been moved inside the
integral and changed into a partial derivative d/dr to signify
that it operates on B only. The transformer emf is the voltage
difference that would appear across the small opening between
terminals 1 and 2, even in the absence of the resistor R. That
is, Vemf = V12, where V, is the open-circuit voltage across the
open ends of the loop. Under dc conditions, V.5 . = 0. For
the loop shown in Fig. 6-2(a) and the associated definition
for VI . given by Eq. (6.8), the direction of ds, which is the
loop’s differential surface normal, can be chosen to be either
upward or downward. The two choices are associated with
opposite designations of the polarities of terminals 1 and 2 in
Fig. 6-2(a).

Right-Hand Rule for V.

The connection between the direction of ds and the polar-
ity of V1 is governed by the following right-hand rule:
If ds p01nts along the thumb of the right hand, then the
direction of the contour C indicated by the four fingers
is such that it always passes across the opening from the
positive terminal of VI : to the negative terminal.

If the loop has an internal resistance R;, the circuit in
Fig. 6-2(a) can be represented by the equivalent circuit shown
in Fig. 6-2(b), in which case the current / flowing through the
circuit is given by

Vet
(6.9)
 R+R
For good conductors, R; usually is very small, and it may be
ignored in comparison with practical values of R.

» The polarity of VI . and hence the direction of [ is
governed by Lenz’s law which states that the current in
the loop is always in a direction that opposes the change
of magnetic flux ®(¢) that produced /. <«

The current / induces a magnetic field of its own, Bj,q, with a
corresponding flux ®;,4. The direction of By, is governed by
the right-hand rule: If 7 is in a clockwise direction, then Bjyg
points downward through S; conversely, if / is in a counter-
clockwise direction, then Bi,q points upward through S. If the
original field B(¢) is increasing, which means that d®/dr > 0,
then according to Lenz’s law [ has to be in the direction shown
in Fig. 6-2(a) in order for Biyq to be in opposition to B(z).
Consequently, terminal 2 would be at a higher potential than
terminal 1, and Vefnf would have a negative value. However, if
B(t) were to remain in the same direction but to decrease in
magnitude, then d®/dr would become negative, the current
would have to reverse direction, and its induced field B,
would be in the same direction as B(z) in order to oppose the

change (decrease) of B(r). In that case, V. . would be positive.

» It is important to remember that B;,q serves to oppose
the change in B() and not necessarily B(z) itself. «

Despite the presence of the small opening between terminals
1 and 2 of the loop in Fig. 6-2(a), we shall treat the loop as a
closed path with contour C. We do this in order to establish
the link between B and the electric field E associated with
the induced emf, V¥ .. Also, at any point along the loop, the

emf*
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field E is related to the current / flowing through the loop. For
contour C, VI . is related to E by

V= jéE-dl.
C

For N =1 (aloop with one turn), equating Egs. (6.8) and (6.10)

gives
JB
jéE-dl: — [ = -ds,
c s dr
which is the integral form of Faraday’s law given in Table 6-1.
We should keep in mind that the direction of the contour C and
the direction of ds are related by the right-hand rule.
By applying Stokes’s theorem to the left-hand side of
Eq. (6.11), we have

(6.10)

6.11)

JB

/S(VXE)-ds:f 5, ds 6.12)

and in order for the two integrals to be equal for all possible
choices of S, their integrands must be equal, which gives

_oE

VXE=
ot

(Faraday’s law) (6.13)

This differential form of Faraday’s law states that a time-
varying magnetic field induces an electric field E whose curl
is equal to the negative of the time derivative of B. Even
though the derivation leading to Faraday’s law started out
by considering the field associated with a physical circuit,
Eq. (6.13) applies at any point in space, whether or not a
physical circuit exists at that point.

Example 6-1: Inductor in a Changing

Magnetic Field

An inductor is formed by winding N turns of a thin conducting
wire into a circular loop of radius a. The inductor loop is in
the x—y plane with its center at the origin and connected to a
resistor R, as shown in Fig. 6-3. In the presence of a magnetic
field B = By(§2 +23) sin @z, where  is the angular frequency,
find

(a) the magnetic flux linking a single turn of the inductor,

(b) the transformer emf given that N = 10, By=0.2 T,
a=10cm, and ® = 103 rad/s,

(c) the polarity of V5 . att =0, and

(d) the induced current in the circuit for R = 1 kQ (assume
the wire resistance to be much smaller than R).

/ \N turns

Figure 6-3 Circular loop with N turns in the x—y plane. The
magnetic field is B = By (§2 + 23) sin ¢ (Example 6-1).

Solution: (a) With ds defined upwards (along +2 direction),
the magnetic flux linking each turn of the inductor is

q>=/B-ds=/[Bo(yz+23)sinwz}-ids=3na230sinwt.
S S

(b) To find V5, we can apply Eq. (6.8) or apply the general
expression given by Eq. (6.6) directly. The latter approach

gives

. dd d .
Vie=—N o —E(MNaZBO sin @r)
= fSENwazBO Cos f.

Having chosen the direction of ds to be upwards, the polarity

of VI - is governed by the right-hand rule requiring the direc-

tion of the contour C in Fig. 6-3 to pass across the gap from

the positive terminal of V' . to the negative terminal. That is,
Vi =Vi— Vo= —31Nwa*Bycos wt.

emf —
ForN =10, a=0.1 m, @ = 103 rad/s, and By=02T,

Vi =—188.5cos10% (V).
(c¢) The flux passing through each loop in the upward direction
is ®(t) = 3na’Bysinwt. Att =0, ®(0) =0, but

dd
—| =3nd’wBycos wiy|,_, = 3ma’®By > 0.
dt =0

=0
Hence, even though the flux itself is zero at t = 0, its time
derivative is positive. Therefore, the flux is increasing at 7 = 0.
Lenz’s law requires the direction of the current / to be such
that the flux it induces, ®;,q, opposes the change in ®. Since
@ is defined to be upwards, and it is increasing at t = 0,
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Module 6.1 Circular Loop in Time-Varying Magnetic Field Faraday’s law of induction is demonstrated by simulating
the current induced in a loop in response to the change in magnetic flux flowing through it.

Module 6.1 Circular Loop in Time-varying Magnetic Field

Ry
AL
LAl

Demonstration of Faraday's Law

The circular wire loop shown in the figure is connected
to a simple circuit composed of a resistor R; in series
with a current meter. The time-varying magnetic

flux linking the surface of the loop induces aF gy,
and hence a current throughR. The purpose of this
demao is to illustrate, in the form of a slow-maotion
video, how the current I varies with time, in bath

Ammeter
magnitude and direction, when B{r}=30coswr.
r
. B I Note that J(¢) is a maximum when the slope of Bt is
a maximum, which occurs when B itself is zero. The
direction of I{#) is dictated by Lenz's Law.
™ time
A [« =] H
- slower faster ==

i) B

lapplet Design: Janice Richards

®;,,q should be downward through the loop in order to slow
down the increase in ®. Hence, I should be in the direction
shown in Fig. 6-3.

Since I flows through a resistor from its positive voltage
terminal to its negative voltage terminal, it follows that Vi,
should be negative at t = 0, which it is:

VI =Vi—Vp=—1885 (V).

(d) The current / is given by

Vi-Vi 1885

I =
R 103

cos10%7 =0.19cos10%  (A).

Exercise 6-1: For the loop shown in Fig. 6-3, whatis V.
if B =§$Bgcos wt?

Answer: V.= 0 because B is orthogonal to the loop’s

surface normal ds. (See €.)

Exercise 6-2: Suppose that the loop of Example 6-1 is
replaced with a 10-turn square loop centered at the origin
and having 20 cm sides oriented parallel to the x and
y axes. If B = ZByx*>cos10°t and By = 100 T, find the
current in the circuit.

Answer: I = —133sin10%t (mA). (See .)

Example 6-2: Lenz’s Law

Determine voltages V| and V, across the 2 Q and 4 Q resistors
shown in Fig. 6-4. The loop is located in the x—y plane, its area
is 4 m?, the magnetic flux density is B = —20.3¢ (T), and the
internal resistance of the wire may be ignored.

Solution: The flux flowing through the loop is

@z/B-ds:/(fio.St)-ids:70.3t><4:71.2t (Wb),
N N
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I
_ y
® ® ® ‘
+ ® - x
403V, ng20
— ® +
B T Area =4 m?2
® ® ®

Figure 6-4 Circuit for Example 6-2.

and the corresponding transformer emf is

Since the magnetic flux through the loop is along the
—z direction (into the page) and increases in magnitude with
time ¢, Lenz’s law states that the induced current / should be in
a direction such that the magnetic flux density B;,q it induces
counteracts the direction of change of ®. Hence, I has to be
in the direction shown in the circuit because the corresponding
Binq is along the +z direction in the region inside the loop area.
This, in turn, means that V| and V, are positive voltages.

The total voltage of 1.2 V is distributed across two resistors
in series. Consequently,

Ve 12
= emf _ 2 ),
Ri+R; 244

and

V1:[R1:0.2><2:0.4V,
V2:[R2:0.2><4:0.8V.

Concept Question 6-1:
function of Lenz’s law.

Explain Faraday’s law and the

Concept Question 6-2: Under what circumstances is
the net voltage around a closed loop equal to zero?

Concept Question 6-3:  Suppose the magnetic flux den-
sity linking the loop of Fig. 6-4 (Example 6-2) is given
by B = —20.3¢™" (T). What would the direction of the
current be, relative to that shown in Fig. 6-4, forr > 0?

I
—T /

\ I
=

+ —_—

QOSSR ===5

- T N Va(O)|RL|
I\ g :

*/

a
@ /Magnetic core
(D%
+;]l ‘,—__‘-b-—__\\ s
. Dy 4 ~=
QY@ ; Ni — -
T Ny Kz(l)
|\ l
\____‘____‘/
*/
(b)

Figure 6-5 1In a transformer, the directions of /; and I, are
such that the flux @ generated by one of them is opposite to that
generated by the other. The direction of the secondary winding
in (b) is opposite to that in (a), and so are the direction of I, and
the polarity of V.

6-3 The Ideal Transformer

The transformer shown in Fig. 6-5(a) consists of two coils
wound around a common magnetic core. The primary coil has
N, turns and is connected to an ac voltage source V;(¢). The
secondary coil has N, turns and is connected to a load resistor
Ry. In an ideal transformer the core has infinite permeability
(1 = o0), and the magnetic flux is confined within the core.

» The directions of the currents flowing in the two
coils, I and I, are defined such that, when /; and I,
are both positive, the flux generated by I, is opposite
to that generated by /;. The transformer gets its name
from the fact that it transforms currents, voltages, and
impedances between its primary and secondary circuits,
and vice versa. <

On the primary side of the transformer, the voltage source
V1 generates current /1 in the primary coil, which establishes
a flux ® in the magnetic core. The flux ® and voltage V| are
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related by Faraday’s law:

dd
Vi=-N —. 6.14
1 7 (6.14)
A similar relation holds true on the secondary side:
do
Vo=—Ny, —. 6.15
2 2 (6.15)
The combination of Egs. (6.14) and (6.15) gives
Vi N
Al 2 (6.16)
., M

In an ideal lossless transformer, all the instantaneous power
supplied by the source connected to the primary coil is deliv-
ered to the load on the secondary side. Thus, no power is lost
in the core, and

P =b. (6.17)

Since P = V| and P, = bV, and in view of Eq. (6.16), we
have

h = & (6.18)

I, N
Thus, whereas the ratio of the voltages given by Eq. (6.16) is
proportional to the corresponding turns ratio, the ratio of the
currents is equal to the inverse of the turns ratio. If Nj /N, =
0.1, V, of the secondary circuit would be 10 times V; of the
primary circuit, but I, would be only 7;/10.

The transformer shown in Fig. 6-5(b) is identical to that
in Fig. 6-5(a) except for the direction of the windings of the
secondary coil. Because of this change, the direction of /, and
the polarity of V, in Fig. 6-5(b) are the reverse of those in
Fig. 6-5(a).

The voltage and current in the secondary circuit in
Fig. 6-5(a) are related by V, = LRy. To the input circuit,
the transformer may be represented by an equivalent input
resistance Rj,, as shown in Fig. 6-6, defined as

Vi
Rin=—. 6.19
7 (6.19)
Use of Egs. (6.16) and (6.18) gives
2 2
Vo (N N
Ro=-—=(—) =(2) R (6.20)
L \ N, N,

When the load is an impedance Z; and V; is a sinusoidal
source, the phasor-domain equivalent of Eq. (6.20) is

N2
Zn=|—1 Z.. 6.21
(N2> L ( )

+
(@) ’9

]

Figure 6-6 Equivalent circuit for the primary side of the
transformer.

6-4 Moving Conductor in a Static
Magnetic Field

Consider a wire of length / moving across a static magnetic
field B = 2B, with constant velocity u, as shown in Fig. 6-7.
The conducting wire contains free electrons. From Eq. (5.3),
the magnetic force F;, acting on a particle with charge ¢
moving with velocity u in a magnetic field B is
F,, =¢g(uxB). (6.22)
This magnetic force is equivalent to the electrical force that
would be exerted on the particle by the electric field Ey,
given by
Fin
E,=—=uxB.
q
The field E,, generated by the motion of the charged particle
is called a motional electric field and is in the direction
perpendicular to the plane containing u and B. For the wire
shown in Fig. 6-7, E,, is along —¥. The magnetic force acting

(6.23)

BO ©O®© ©® OB
== Ig
© ol o 7
Em‘ ’ (L—v
I O o[l o , x
— U

o oo o
als / U \Magnetic field line
Moving (out of the page)
wire O © © ©

Figure 6-7 Conducting wire moving with velocity u in a static
magnetic field.
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on the (negatively charged) electrons in the wire causes them
to drift in the direction of —E,,; that is, toward the wire end
labeled 1 in Fig. 6-7. This, in turn, induces a voltage difference
between ends | and 2, with end 2 being at the higher potential.
The induced voltage is called a motional emf, V., and is
defined as the line integral of E,;, between ends 2 and 1 of the
wire,

1 1
Ve =Via = / E,-dl= / (uxB)-dl (6.24)
2 2
For the conducting wire, u X B = Xu X ZBy = —yuB( and
dl =¥ dl. Hence,
Ve = Via = —uByl. (6.25)

In general, if any segment of a closed circuit with contour C
moves with a velocity u across a static magnetic field B, then
the induced motional emf is given by

(motional emf) (6.26)

m %(uxB)-dl.
C

» Only those segments of the circuit that cross magnetic
field lines contribute to V1 .. <

Example 6-3: Sliding Bar

Note that B increases linearly with x. The bar starts from x =0
at t = 0. Find the motional emf between terminals 1 and 2 and
the current / flowing through the resistor R. Assume that the
loop resistance R; < R.

Solution: This problem can be solved by using the motional
emf expression given by Eq. (6.26) or by applying the gen-
eral formula of Faraday’s law. We now show that the two
approaches yield the same result.

(a) Motional emf

The sliding bar, being the only part of the circuit that crosses
the lines of the field B, is the only part of contour 2341 that

contributes to V1 .. Hence, at x = x, for example,

4
Vel;[rllf:V12:V43 :/3 (llXB)'dl

4
- / (&u x 2Boxo) - § dI = —uBoxol.
3

The length of the loop is related to u by xo = ut. Hence,

Vm = —Boult

! ). 6.27)

(b) Total emf

Since B is static, V}; = 0 and Venr = VJ¢ only. To verify
that the same result can be obtained by the general form of
Faraday’s law, we evaluate the flux @ through the surface of
the loop. Thus,

The rectangular loop shown in Fig. 6-8 has a constant width /, - A N B X0 B Bolx(z)
but its length x( increases with time as a conducting bar slides P = /SB rds = /S(ZBOX) "2dxdy = Bol /0 xdx= 2
with uniform velocity u in a static magnetic field B = ZBx. (6.28)
10 ©
— 4 . y
aeo O
I T
+ > U Z %
[ R %: Vemt © O
2 — U .
® (©=<——"Magnetic field B
L ®
x=0 o) o

I X0

Figure 6-8 Sliding bar with velocity u in a magnetic field that increases linearly with x; that is, B = 2Byx (Example 6-3).
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Substituting xp = ut in Eq. (6.28) and then evaluating the
negative of the derivative of the flux with respect to time gives

d®d d [ Bolu*t?
Vemf - = )

. — 2
- - > Boullt  (V), (6.29)

which is identical with Eq. (6.27). Since V), is negative, the
current / = Bou?lt /R flows in the direction shown in Fig. 6-8.

Example 6-4: Moving Loop

The rectangular loop shown in Fig. 6-9 is situated in the
x—y plane and moves away from the origin with velocity
u = ¥5 (m/s) in a magnetic field given by

B(y) =202¢ %Y (D).
If R =5 Q, find the current / at the instant that the loop sides

are at y; =2 m and y, = 2.5 m. The loop resistance may be
ignored.

z I
1l <— 4+
%’u
[=2m V12 Va3
/ / / Y= 2m y2725m
I<—0.5m->|

Figure 6-9 Moving loop of Example 6-4.

Solution: Since u x B is along %, voltages are induced across
only the sides oriented along X, namely the sides linking point
1 to 2 and point 3 to 4. Had B been uniform, the induced
voltages would have been the same, and the net voltage across
the resistor would have been zero. In the present case, however,
B decreases exponentially with y, thereby assuming a different
value over side 1-2 than over side 3—4. Side 1-2is at y; =2 m,
and the corresponding magnetic field is

B(y;) =20.2¢ "1 = 2020792 (T).

The induced voltage Vi, is then given by

Vis = /21 uxB(y)]-dl

—1/2
= (5 x 20.2¢ %) -k dx
1/2
— 670.21
— 2702
=—1.637 (V).

Similarly,

Vaz = —uB(y)l
=-5%x02¢ "% x2
=—1558 (V).

Consequently, the current is in the direction shown in the figure
and its magnitude is

Vis—Via  0.079
I= 43R 2 _ s = 158(mA),

Example 6-5: Moving Rod Next to a Wire

The wire shown in Fig. 6-10 carries a current / = 10 A.
A 30-cm long metal rod moves with a constant velocity u = Z5
m/s. Find V},, where 1 and 2 are the two ends of the rod.

i
B® ®B
=10 A”
, Metal rod
B B
© Wire 1® I 2
<10 cm—}<+——30 cm ———]
B® | ®B

Figure 6-10 Moving rod of Example 6-5.
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Module 6.2 Rotating Wire Loop in Constant Magnetic Field The principle of the electromagnetic generator is
demonstrated by a rectangular loop rotating in the presence of a magnetic field.

Module 6.2 Rotating Wire Loop in Constant Magnetic Field

Demonstration of Motional EMF
A rectangular wire loop of area A rotates at an
angular frequency w in a constant magnetic flux

z density 5. The purpose of the demo is to illustrate

1 how the current varies in time relative to the loop's
position.

~» B — ) )
Mate the direction of the current and its magnitude,
}/ as indicated by its brightness.
r y 000000
f L y Inm.\' = wBOA
I

™ time
\/ X

A [« = b
- slower faster ==

START = (\
&_/ IApplet Design: Janice Richards

lution: Th Ii ic fiel S
Solutio ¢ current [ induces a magnetic field Concept Question 6-4: Suppose that no friction is

B—6 Mol involved in sliding the conducting bar of Fig. 6-8 and

2nr’ that the horizontal arms of the circuit are very long.
Hence, if the bar is given an initial push, it should
continue moving at a constant velocity, and its movement
generates electrical energy in the form of an induced emf,
indefinitely. Is this a valid argument? If not, why not? Can

where r is the radial distance from the wire and the direction
of ¢ is into the page on the rod side of the wire. The movement
of the rod in the presence of the field B induces a motional emf

given by . . .
we generate electrical energy without having to supply an
10 cm 9
Vip — / (uxB)-dl equal amount of energy by other means?
40 cm
_[M0em 25% Mol Fdr Concept Question 6-5: Is the current flowing in the rod
)40 em 2nr of Fig. 6-10 a steady current? Examine the force on a
Sl /10 em gy charge g at ends 1 and 2 and compare.
21 Jwoem T
_ Exercise 6-3: For the moving loop of Fig. 6-9, find / when
7
— _5 x4z x 10~ x 10 % In <E> the loop sides are at y; =4 m and y, = 4.5 m. Also, reverse
2n 40 the direction of motion such that u = —§5 (m/s).

=139  (uV). Answer: [ =—13 (mA). (See &@.)
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Exercise 6-4: Suppose that we turn the loop of Fig. 6-9
so that its surface is parallel to the x—z plane. What would
I be in that case?

Answer: [ =0. (See @.)

6-5 The Electromagnetic Generator

The electromagnetic generator is the converse of the electro-
magnetic motor. The principles of operation of both instru-
ments may be explained with the help of Fig. 6-11. A perma-
nent magnet is used to produce a static magnetic field B in the
slot between its two poles. When a current is passed through
the conducting loop, as depicted in Fig. 6-11(a), the current
flows in opposite directions in segments 1-2 and 3—4 of the
loop. The induced magnetic forces on the two segments are
also opposite, resulting in a torque that causes the loop to rotate
about its axis. Thus, in a motor, electrical energy supplied by a
voltage source is converted into mechanical energy in the form
of a rotating loop, which can be coupled to pulleys, gears, or
other movable objects.

If instead of passing a current through the loop to make it
turn the loop is made to rotate by an external force, the move-
ment of the loop in the magnetic field produces a motional emf,
Vo> as shown in Fig. 6-11(b). Hence, the motor has become
a generator, and mechanical energy is getting converted into
electrical energy.

Let us examine the operation of the electromagnetic gen-
erator in more detail using the coordinate system shown in
Fig. 6-12. The magnetic field is

B =2B,, (6.30)
and the axis of rotation of the conducting loop is along the x
axis. Segments 1-2 and 3—4 of the loop are of length [ each,
and both cross the magnetic flux lines as the loop rotates. The
other two segments are each of width w, and neither crosses
the B lines when the loop rotates. Hence, only segments 1-2
and 3—4 contribute to the generation of the motional emf, V1.

As the loop rotates with an angular velocity @ about its own
axis, segment 1-2 moves with velocity u given by

u:ﬁw%, 6.31)

where 0, the surface normal to the loop, makes an angle o with
the z axis. Hence,

fix 2 =%sina. (6.32)

Segment 3—4 moves with velocity —u. Application of

S
B 2,7
1 /“, 3
).’
R ¢
+l - 4] N
V(QN Magnet
)
)

Axis of rotation

(a) ac motor

S
B 2,7
P
1),
e
o1 4 N
R Magnet

)
\Axis of rotation
(b) ac generator

Figure 6-11 Principles of the ac motor and the ac generator.
In (a) the magnetic torque on the wires causes the loop to rotate
and in (b) the rotating loop generates an emf.

Eq. (6.26), consistent with our choice of i, gives
1
Ve‘,‘;f:Vm—/ (ux B) dl+/ (uxB)-dl

1/2
B /1/2

X ZB()} ‘X dx

—1/2 w
+/ Kfﬁw—) x 230} Rdx.  (633)
1/2 2
Using Eq. (6.32) in Eq. (6.33), we obtain the result
i = wloBgsino = AwBy sin (6.34)
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=]

y

NANANY

Loop surface
normal

Brushes

Figure 6-12 A loop rotating in a magnetic field induces an
emf.

where A = wl is the surface area of the loop. The angle « is
related to @ by
o = ot +Cp, (6.35)

where Cy is a constant determined by initial conditions. For
example, if ¢ =0 at ¢t = 0, then Cy = 0. In general,

VM = AoBysin(wt +Cp) (V). (6.36)

This same result can also be obtained by applying the
general form of Faraday’s law given by Eq. (6.6). The flux
linking the surface of the loop is

<I>:/B-ds:/iBo-ﬁds:BoAcosa:BoAcos(wt+C0),
s s

(6.37)
and
do d
Vemt = — = fE[BoAcos(a)t +Cy)] = AwBysin(wt + Cp),
(6.38)

which is identical with the result given by Eq. (6.36).

» The voltage induced by the rotating loop is sinusoidal
in time with an angular frequency @ equal to that of the
rotating loop, and its amplitude is equal to the product
of the surface area of the loop, the magnitude of the
magnetic field generated by the magnet, and the angular
frequency . <

Concept Question 6-6: Contrast the operation of an ac
motor with that of an ac generator.

Concept Question 6-7: The rotating loop of Fig. 6-12
had a single turn. What would be the emf generated by a
loop with 10 turns?

Concept Question 6-8: The magnetic flux linking the
loop shown in Fig. 6-12 is maximum when ¢ = 0 (loop in
x—y plane), yet according to Eq. (6.34), the induced emf
is zero when a = 0. Conversely, when o = 90°, the flux
linking the loop is zero, but Vi - is at a maximum. Is this
consistent with your expectations? Why?

6-6 Moving Conductor in a

Time-Varying Magnetic Field
For the general case of a single-turn conducting loop moving
in a time-varying magnetic field, the induced emf is the sum
of a transformer component and a motional component. Thus,

the sum of Egs. (6.8) and (6.26) gives

Vemt = Vetrrnf + eTnf
JB

— [ 2 sy %(uxB)-dl.

s ot c

Vemt 18 also given by the general expression of Faraday’s law:

(6.39)

dd

——— (6.40)

d
Vemt = —— / B-ds (total emf).
dt Js

In fact, it can be shown mathematically that the right-hand side
of Eq. (6.39) is equivalent to the right-hand side of Eq. (6.40).
For a particular problem, the choice between using Eq. (6.39)
or Eq. (6.40) is usually made on the basis of which is the easier
to apply. In either case, for an N-turn loop, the right-hand sides
of Egs. (6.39) and (6.40) should be multiplied by N.

Example 6-6: Electromagnetic Generator

Find the induced voltage when the rotating loop of the elec-
tromagnetic generator of Section 6-5 is in a magnetic field
B = 2Bycos wt. Assume that « =0 att = 0.

Solution: The flux ® is given by Eq. (6.37) with B replaced
with By cos wt. Thus,

d = ByA cos? wt,
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and

ddo
Vemf = E

d 2

= —— (BpAcos” wt
dt( 0 )

= 2ByA®cos @t sin Wt = BpAwsin2wt.

6-7 Displacement Current
Ampere’s law in differential form is given by

VXH:JJra—D
ot

Integrating both sides of Eq. (6.41) over an arbitrary open
surface S with contour C, we have

/(VxH)-ds:/J-der/a—D-ds.
N N s ot

The surface integral of J equals the conduction current /.
flowing through S, and the surface integral of V x H can be
converted into a line integral of H over the contour C bounding
C by invoking Stokes’s theorem. That is,

/J-ds:[c,
S

/S(VXH)-dS: jéH-dl,

%H-dl:]c—i—/a—])-ds.
c s ot

(Ampere’s law)

(Ampere’s law). (6.41)

(6.42)

and

(6.43)

The second term on the right-hand side of Eq. (6.43) of course
has the same unit (amperes) as the current /., and because
it is proportional to the time derivative of the electric flux
density D, which is also called the electric displacement, it is
called the displacement current I. That is,

2))
Id—/st'dS—/SW'dS,

where Jq = dD/ 0t represents a displacement current density.
In view of Eq. (6.44),

(6.44)

7/>H~d1 Lt li=1 (6.45)
C

where [ is the total current. In electrostatics, dD/d¢ = 0; there-
fore, I = 0 and I = I.. The concept of displacement current
was first introduced in 1873 by James Clerk Maxwell when
he formulated the unified theory of electricity and magnetism
under time-varying conditions.

The parallel-plate capacitor is commonly used as an exam-
ple with which to illustrate the physical meaning of the
displacement current /y. The simple circuit shown in Fig. 6-13
consists of a capacitor and an ac source with voltage V()
given by

Vis(t) = Vycos ot V). (6.46)

According to Eq. (6.45), the total current flowing through
any surface consists, in general, of a conduction current I,
and a displacement current /3. Let us find I, and I through
each of the following two imaginary surfaces: (1) the cross
section of the conducting wire, S1, and (2) the cross section
of the capacitor S, (Fig. 6-13). We denote the conduction
and displacement currents in the wire as /1. and I14 and those
through the capacitor as I, and lpq.

Imaginary
surface S

+
Vi) f\)

Lyl |.-" \

Imaginary

l surface S,
y

Figure 6-13 The displacement current g in the insulating material of the capacitor is equal to the conducting current I} in the wire.
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In the perfectly conducting wire, D = E = 0; hence,
Eq. (6.44) gives I3 = 0. As for I}, we know from circuit
theory that it is related to the voltage across the capacitor V¢
by

dVe

Il :CW

d
= CE (Vocos ot)

= —CVywsinwt, (6.47)
where we used the fact that Vo = Vi(¢). With I;4 = 0, the total
current in the wire is simply I} = I}, = —CVywsin wt.

In the perfect dielectric with permittivity € between the
capacitor plates, o = 0. Hence, I, = 0 because no conduction
current exists there. To determine lq, we need to apply
Eq. (6.44). From Example 4-14, the electric field E in the
dielectric spacing is related to the voltage V. across its plates
by

Ve W
E=y 7Y cos t,
where d is the spacing between the plates and ¥ is the direction
from the higher-potential plate toward the lower-potential plate
at t = 0. The displacement current I»4 is obtained by applying
Eq. (6.44) with ds =y ds:

(6.48)

EAV o sin @t
= —— Sin
d 0

= —CVpwsin wt, (6.49)
where we used the relation C = €A4/d for the capacitance of
the parallel-plate capacitor with plate area A. The expression
for Ip4 in the dielectric region between the conducting plates
is identical with that given by Eq. (6.47) for the conduction
current /j. in the wire. The fact that these two currents are
equal ensures the continuity of total current flow through the
circuit.

» Even though the displacement current does not trans-
port free charges, it nonetheless behaves like a real
current. <«

In the capacitor example, we treated the wire as a perfect
conductor, and we assumed that the space between the ca-
pacitor plates was filled with a perfect dielectric. If the wire

has a finite conductivity oy, then D in the wire would not be
zero; therefore, the current /; would consist of a conduction
current /1. as well as a displacement current I14; that is,
I} = I + I14. By the same token, if the dielectric spacing
material has a nonzero conductivity oy, then free charges
would flow between the two plates, and /. would not be zero.
In that case, the total current flowing through the capacitor
would be I, = I, + I>q. No matter the circumstances, the total
capacitor current remains equal to the total current in the wire.
Thatis, I} = .

Example 6-7: Displacement Current

Density

The conduction current flowing through a wire with conduc-
tivity 6 = 2 x 107 S/m and relative permittivity & = 1 is given
by I. = 2sin @t (mA). If @ = 10° rad/s, find the displacement
current.

Solution: The conduction current I, = JA = cEA, where A is
the cross section of the wire. Hence,

I 2x103sinwr
oA 2x107A

1x1071°

sin @t (V/m).

Application of Eq. (6.44), with D = €E, leads to

1y =J4A
JE
=€A —
ot
d [1x10710
= EA — —FFFF  SIn Wt
ot A

=em x 10" cos ot

=0.885 x 10" %coswr (A),

where we used @ = 10° rad/s and € = gy = 8.85 x 10~ 12 F/m.
Note that /. and /g are in phase quadrature (90° phase shift
between them). Also, Ij is about nine orders of magnitude
smaller than /., which is why the displacement current usually
is ignored in good conductors.

Exercise 6-5: A poor conductor is characterized by a
conductivity o = 100 (S/m) and permittivity € = 4&.
At what angular frequency ® is the amplitude of the
conduction current density J equal to the amplitude of the
displacement current density J4?

Answer: ® = 2.82 x 10'2 (rad/s). (See €.)
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Module 6.3 Displacement Current Observe the displacement current through a parallel-plate capacitor.

C

2 = . = Input
Module 6.3 Displacement Current fj| -~ @l @ B =l )| p!
- ) << Animation speed = Frequency f=[M0ES H
Surfa I Dielectric Permittivity &. = [4.0
B Sungees lic C=e¢,&. (Ixwid _

0T Voltage Amplitude V= [1.0 v

Plates Separation d=|o.01 m

Length of Plates I =pol m

width of Plates W= [0.01 m

S S
1 [Goe=e]
=
SRR B 1
/\‘ 1 . > Output
i -
VS 52 _ = _F N 1 Impedance
Z=R+]X=00-jlwc)?
S —l L_ —l I l =0.0 +]450.0[Q]
] Capacitance
oo oilo o y C =35368x 1013 [F]
E I2d Surface charge density on plates
Qg=354 x 109 cosw ) [C/m?]

\/oliaqe
Vglt)=1.0 cos(wt)[V]
Displacement Current

I =13, = Iy Tog(t) =-0.002222 sin(wt) [A]

6-8 Boundary Conditions for
Electromagnetics

In Chapters 4 and 5, we applied the integral form of Maxwell’s
equations under static conditions to obtain boundary con-
ditions applicable to the tangential and normal components
of E, D, B, and H on interfaces between contiguous media
(Section 4-8 for E and D and in Section 5-6 for B and H). In the
dynamic case, Maxwell’s equations (Table 6-1) include two
new terms not accounted for in electrostatics and magnetostat-
ics, namely, dB /0t in Faraday’s law and dD/dr in Ampére’s
law.

» Nevertheless, the boundary conditions derived previ-
ously for electrostatic and magnetostatic fields remain
valid for time-varying fields as well. <

This is because, if we were to apply the procedures outlined in
the previously referenced sections for time-varying fields, we
would find that the combination of the aforementioned terms
vanish as the areas of the rectangular loops in Figs. 4-20 and
5-24 are made to approach zero.

The combined set of electromagnetic boundary conditions
is summarized in Table 6-2.

Concept Question 6-9: When conduction current flows
through a material, a certain number of charges enter the
material on one end and an equal number leave on the
other end. What’s the situation like for the displacement
current through a perfect dielectric?

Concept Question 6-10:  Verify that the integral form
of Ampere’s law given by Eq. (6.43) leads to the boundary
condition that the tangential component of H is continu-
ous across the boundary between two dielectric media.
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Table 6-2 Boundary conditions for the electric and magnetic fields.

Field Component General Form Medium 1 Medium 2 Medium 1 Medium 2

€ omponents eneral £o Dielectric Dielectric Dielectric Conductor
Tangential E nyx (E;—Ey)=0 E = Ey Eii=Ex=0
Normal D flz'(Dl 7D2)=ps DlnfDZn:ps Dln:ps D>, =0
Tangential H flz X (H] 7H2) =Js H[t = H2t H]t =Jk H2t =0
Normal B ﬁz-(B]—Bz):O Bln:BZn Bln:32n:0
Notes: (1) ps is the surface charge density at the boundary; (2) J; is the surface current density at the boundary; (3) normal
components of all fields are along fip, the outward unit vector of medium 2; (4) E|; = Ep implies that the tangential
components are equal in magnitude and parallel in direction; (5) direction of J; is orthogonal to (H; —H,).

Charge density p,

J

S encloses v

J

Figure 6-14 The total current flowing out of a volume U is
equal to the flux of the current density J through the surface S,
which in turn is equal to the rate of decrease of the charge
enclosed in .

6-9 Charge—Current Continuity Relation

Under static conditions, the charge density p, and the current
density J at a given point in a material are totally independent
of one another. This is no longer true in the time-varying
case. To show the connection between p, and J, we start
by considering an arbitrary volume U bounded by a closed
surface S (Fig. 6-14). The net positive charge contained in U
is Q. Since, according to the law of conservation of electric
charge (Section 1-3.2), charge can neither be created nor
destroyed, the only way Q can increase is as a result of a net
inward flow of positive charge into the volume V. By the same
token, for Q to decrease, there has to be a net outward flow
of charge from V. The inward and outward flow of charge
constitute currents flowing across the surface S into and out
of U, respectively. We define [ as the netr current flowing
across S out of V. Accordingly, I is equal to the negative rate

of change of Q:

0 d
—E = —E/Dpvdl),

where p, is the volume charge density in V. According to
Eq. (4.12), the current / is also defined as the outward flux
of the current density J through the surface S. Hence,

d
-ds = — y d.
jéJ S dt/vp ()]

By applying the divergence theorem given by Eq. (3.98), we
can convert the surface integral of J into a volume integral of
its divergence V - J, which then gives

%J-ds:/v-wv:—i/pvdv.
N v d[ v

For a stationary volume U, the time derivative operates on py
only. Hence, we can move it inside the integral and express it
as a partial derivative of py:

/V-Jdvz —/ P 4.
v v ot

(6.50)

6.51)

(6.52)

(6.53)

In order for the volume integrals on both sides of Eq. (6.53) to
be equal for any volume U, their integrands have to be equal
at every point within V. Hence,

_9py

e ot ’

(6.54)

which is known as the charge—current continuity relation, or
simply the charge continuity equation.

If the volume charge density within an elemental vol-
ume AV (such as a small cylinder) is not a function of time
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(i.e., dpy/dt = 0), it means that the net current flowing out
of A is zero or, equivalently, that the current flowing into AU
is equal to the current flowing out of it. In this case, Eq. (6.54)
implies

v-J=0, (6.55)
and its integral-form equivalent [from Eq. (6.51)] is
?QJ -ds =0. (Kirchhoff’s current law) (6.56)
s

Let us examine the meaning of Eq. (6.56) by considering a
junction (or node) connecting two or more branches in an elec-
tric circuit. No matter how small, the junction has a volume D
enclosed by a surface S. The junction shown in Fig. 6-15
has been drawn as a cube, and its dimensions have been
artificially enlarged to facilitate the present discussion. The
junction has six faces (surfaces), which collectively constitute
the surface S associated with the closed-surface integration
given by Eq. (6.56). For each face, the integration represents
the current flowing out through that face. Thus, Eq. (6.56) can
be cast as

Y 1i=0, (Kirchhoff’s current law) (6.57)
1

where [; is the current flowing outward through the ith face.
For the junction of Fig. 6-15, Eq. (6.57) translates into
(I1 + L+ ;) = 0. In its general form, Eq. (6.57) is an expres-
sion of Kirchhoff’s current law, which states that in an electric
circuit the sum of all the currents flowing out of a junction is
zero.

»[2

Figure 6-15 Kirchhoff’s current law states that the algebraic
sum of all the currents flowing out of a junction is zero.

6-10 Free-Charge Dissipation in a
Conductor

We stated earlier that current flow in a conductor is realized
by the movement of loosely attached electrons under the in-

fluence of an externally applied electric field. These electrons,
however, are not excess charges; their charge is balanced by
an equal amount of positive charge in the atoms’ nuclei. In
other words, the conductor material is electrically neutral, and
the net charge density in the conductor is zero (py = 0). What
happens then if an excess free charge ¢ is introduced at some
interior point in a conductor? The excess charge gives rise to
an electric field, which forces the charges of the host material
nearest to the excess charge to rearrange their locations, which
in turn cause other charges to move, and so on. The process
continues until neutrality is reestablished in the conductor
material and a charge equal to g resides on the conductor’s
surface.

How fast does the excess charge dissipate? To answer this
question, let us introduce a volume charge density py, at the
interior of a conductor and then find out the rate at which it
decays down to zero. From Eq. (6.54), the continuity equation
is given by
apy
ot -
In a conductor, the point form of Ohm’s law given by
Eq. (4.73) states that J = oE. Hence,

apy
ot
Next, we use Eq. (6.1), V-E = p,/€, to obtain the partial
differential equation

V-J=—

(6.58)

oV-E=—

(6.59)

dpy ©
% + - py=0. (6.60)
Given that p, = py, at t = 0, the solution of Eq. (6.60) is
Pu(t) = proe T = poe /T (Cm?),  (6.61)

where 1, = €/0 is called the relaxation time constant. We
see from Eq. (6.61) that the initial excess charge py, decays
exponentially at a rate 7. At t = T, the initial charge pyo
will have decayed to 1/e ~ 37% of its initial value, and at
t =37, it will have decayed to e 3~ 5% of its initial value
at t = 0. For copper, with € ~ g = 8.854 x 10~'> F/m and
0 =5.8x10"S/m, 7. = 1.53 x 107! 5. Thus, the charge dis-
sipation process in a conductor is extremely fast. In contrast,
the decay rate is very slow in a good insulator. For a material
like mica with € = 6gy and 6 = 1071 S/m, 7. =5.31 x 10*s,
or approximately 14.8 hours.

Concept Question 6-11:  Explain how the charge conti-
nuity equation leads to Kirchhoff’s current law.

Concept Question 6-12: How long is the relaxation
time constant for charge dissipation in a perfect conduc-
tor? In a perfect dielectric?
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Technology Brief 12: EMF Sensors

An electromotive force (emf) sensor is a device that can
generate an induced voltage in response to an external
stimulus. Three types of emf sensors are profiled in this
technical brief: the piezoelectric transducer, the Fara-
day magnetic flux sensor, and the thermocouple.

Piezoelectric Transducers

» Piezoelectricity is the property exhibited by cer-
tain crystals, such as quartz, that become electrically
polarized when the crystal is subjected to mechani-
cal pressure, thereby inducing a voltage across it. «

The crystal consists of polar domains represented by
equivalent dipoles (Fig. TF12-1). Under the absence
of an external force, the polar domains are randomly
oriented throughout the material, but when compressive
or tensile (stretching) stress is applied to the crystal,
the polar domains align themselves along one of the
principal axes of the crystal, leading to a net polarization
(electric charge) at the crystal surfaces. Compression
and stretching generate voltages of opposite polarity.
The piezoelectric effect (piezein means to press or
squeeze in Greek) was discovered by the Curie broth-
ers, Pierre and Paul-Jacques, in 1880, and a year later,
Lippmann predicted the converse property: If subjected
to an electric field, the crystal would change in shape.

» The piezoelectric effect is a reversible (bi-
directional) electromechanical process; application
of force induces a voltage across the crystal, and
conversely, application of a voltage changes the
shape of the crystal. «

Piezoelectric crystals are used in microphones to con-
vert mechanical vibrations (of the crystal surface) caused
by acoustic waves into a corresponding electrical signal,
and the converse process is used in loudspeakers to
convert electrical signals into sound. In addition to having
stiffness values comparable to that of steel, some piezo-
electric materials exhibit very high sensitivity to the force
applied upon them, with excellent linearity over a wide
dynamic range. They can be used to measure surface
deformations as small as nanometers (10=° m), mak-
ing them particularly attractive as positioning sensors
in scanning tunneling microscopes. As accelerom-
eters, they can measure acceleration levels as low as
10~* g to as high as 100 g (where g is the acceleration
due to gravity). Piezoelectric crystals and ceramics are
used in cigarette lighters and gas grills as spark gen-
erators, in clocks and electronic circuitry as precision
oscillators, in medical ultrasound diagnostic equipment
as transducers (Fig. TF12-2), and in numerous other
applications.

Faraday Magnetic Flux Sensor

According to Faraday’s law [Eqg. (6.6)], the emf voltage
induced across the terminals of a conducting loop is
directly proportional to the time rate of change of the

c— I Vemt=0
1 ™ ]- Dipole N
/ Bh ——1
%4 ar
[y —
F=0 F

(a) No force

(b) Compressed crystal

, =
emf > 0 1-; -1-; Vemf <0
7 £ Al
Ve s
Fy—

(c) Stretched crystal

Figure TF12-1 Response of a piezoelectric crystal to an applied force.
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Case
Epoxy
potting

Backing

material N Coaxial cable connector

Signal wire

Electrodes Ground wire

Piezoelectric

Wear plate
element P

Figure TF12-2 The ultrasonic transducer uses piezoelectric
crystals.

Conducting loop Magnet
O A\
+
[
Vemt
— ) \
o A\

X ——

U ——

Figure TF12-3 In a Faraday accelerometer, the induced emf
is directly proportional to the velocity of the loop (into and out
of the magnet’s cavity).

magnetic flux passing through the loop. For the configu-
ration in Fig. TF12-3,

Vemf = —MBOZ,

where u = dx/dt is the velocity of the loop (into or out
of the magnet’s cavity) with the direction of u defined as
positive when the loop is moving inward into the cavity,
By is the magnetic field of the magnet, and [ is the loop
width. With By and [ being constant, the variation of
Vemt (¢) With time ¢ becomes a direct indicator of the time
variation of u(r). The time derivative of u(r) provides the
acceleration a(t).

Cold reference junction
Copper

Measurement
junction

-

’
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Figure TF12-4 Principle of the thermocouple.

Thermocouple

In 1821, Thomas Seebeck discovered that when a
junction made of two different conducting materials, such
as bismuth and copper, is heated it generates a thermally
induced emf, which we now call the Seebeck potential
Vs (Fig. TF12-4). When connected to a resistor, a current
given by I = V5 /R flows through the resistor.

This feature was advanced by A. C. Becquerel in
1826 as a means to measure the unknown tempera-
ture T, of a junction relative to a temperature T; of a
(cold) reference junction. Today, such a generator of
thermoelectricity is called a thermocouple. Initially, an
ice bath was used to maintain 7; at 0°C, but in today’s
temperature sensor designs, an artificial cold junction is
used instead. The artificial junction is an electric circuit
that generates a potential equal to that expected from a
reference junction at temperature T;.
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Exercise 6-6: Determine (a) the relaxation time constant
and (b) the time it takes for a charge density to decay
to 1% of its initial value in quartz given that & = 5 and
o=10"1S/m.

Answer: (a) 7. = 51.2 days, (b) 236 days. (See €.)

6-11 Electromagnetic Potentials

Our discussion of Faraday’s and Ampere’s laws revealed two
aspects of the link between time-varying electric and magnetic
fields. We now examine the implications of this interconnec-
tion on the electric scalar potential V and the vector magnetic
potential A.
In the static case, Faraday’s law reduces to

VXE=0, (static case) (6.62)
which states that the electrostatic field E is conservative.
According to the rules of vector calculus, if a vector field E
is conservative, it can be expressed as the gradient of a scalar.
Hence, in Chapter 4, we defined E as

E=-VV. (electrostatics) (6.63)
In the dynamic case, Faraday’s law is
JB
VXE=——. 6.64
Y (6.64)

In view of the relation B =V x A, Eq. (6.64) can be expressed
as

VxE:—i (VxA),

6.65
5 (6.65)
which can be rewritten as
A .
Vx (E+ o =0. (dynamic case) (6.66)
Let us for the moment define
JA
E =E+ —. 6.67
+3; (6.67)
Using this definition, Eq. (6.66) becomes
VxE =0. (6.68)

Following the same logic that led to Eq. (6.63) from Eq. (6.62),
we define

E =_VV. (6.69)

Upon substituting Eq. (6.67) for E’ in Eq. (6.69) and then
solving for E, we have

oA
=—w-2,
E V==

(dynamic case) (6.70)

Equation (6.70) reduces to Eq. (6.63) in the static case.

When the scalar potential V and the vector potential A are
known, E can be obtained from Eq. (6.70), and B can be
obtained from

B=VxA. 6.71)

Next we examine the relations between the potentials, V and A,
and their sources: the charge and current distributions p, and J
in the time-varying case.

6-11.1 Retarded Potentials

Consider the situation depicted in Fig. 6-16. A charge dis-
tribution p, exists over a volume U’ embedded in a perfect
dielectric with permittivity €. Were this a static charge distri-
bution, then from Eq. (4.58a) the electric potential V(R) at an
observation point in space specified by the position vector R
would be

V(R) = : Py (Ry) dv’,

= L 5 6.72)

where R; denotes the position vector of an elemental volume
AV’ containing charge density p,(R;), and R’ = |[R —R;] is the
distance between AV’ and the observation point. If the charge

Charge
distribution p,,

AV’

R’ V(R)

X

Figure 6-16 Electric potential V(R) due to a charge distribu-
tion py over a volume V’.
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distribution is time-varying, we may be tempted to rewrite
Eq. (6.72) for the dynamic case as

1 pv(Ri,1)
V(R,[) == m U/ le)/,

(6.73)
but such a form does not account for “reaction time.” If V; is
the potential due to a certain distribution py; and p,; were to
suddenly change to py», it will take a finite amount of time
before V| a distance R’ away changes to Va. In other words,
V (R, 1) cannot change instantaneously. The delay time is equal
to 1’ = R'/uy,, where u, is the velocity of propagation in the
medium between the charge distribution and the observation
point. Thus, V(R,7) at time ¢ corresponds to py at an earlier
time, that is, (r —t’). Hence, Eq. (6.73) should be rewritten as

V(R,t)—L PRy t =R /utp) gy V),

= ame ) = (6.74)

and V(R,t) is appropriately called the retarded scalar poten-
tial. If the propagation medium is vacuum, u; is equal to the
velocity of light c.

Similarly, the retarded vector potential A(R,t) is related to
the distribution of current density J by

. _ /
A(R,t):f—n /v ,wcw’ (Wb/m). (6.75)

This expression is obtained by extending the expression for the
magnetostatic vector potential A(R) given by Eq. (5.65) to the
time-varying case.

6-11.2 Time-Harmonic Potentials

The expressions given by Eqs. (6.74) and (6.75) for the
retarded scalar and vector potentials are valid under both static
and dynamic conditions and for any type of time dependence
of the source functions p, and J. Because V and A depend
linearly on py and J, and as E and B depend linearly on V
and A, the relationships interconnecting all of these quantities
obey the rules of linear systems. When analyzing linear
systems, we can take advantage of sinusoidal-time functions
to determine the system’s response to a source with arbitrary
time dependence. As was noted in Section 1-7, if the time
dependence is described by a (nonsinusoidal) periodic time
function, it can always be expanded into a Fourier series of
sinusoidal components, and if the time function is nonperiodic,

it can be represented by a Fourier integral. In either case, if
the response of the linear system is known for all steady-state
sinusoidal excitations, the principle of superposition can be
used to determine its response to an excitation with arbitrary
time dependence. Thus, the sinusoidal response of the system
constitutes a fundamental building block that can be used
to determine the response due to a source described by an
arbitrary function of time. The term time-harmonic is often
used in this context as a synonym for “steady-state sinusoidal
time-dependent.”

In this subsection, we derive expressions for the scalar and
vector potentials due to time-harmonic sources. Suppose that
pv(Ri,1) is a sinusoidal-time function with angular frequency
 given by

ov(Ri, 1) = py(Ry) cos(@r + ¢). (6.76)
Phasor analysis, which was first introduced in Section 1-7
and then used extensively in Chapter 2 to study wave prop-
agation on transmission lines, is a useful tool for analyzing
time-harmonic scenarios. A time harmonic charge distribution
pv(Ri,1) is related to its phasor Py (R;) as
pv(Ri,1) = Re [py(Ri) /], (6.77)
Comparison of Egs. (6.76) and (6.77) shows that in the present
case py(R;) = py(R}) &/?.

Next, we express the retarded charge density
pv(Ri,t — R’ /uy) in phasor form by replacing ¢ with (1 — R’ /uy,)
in Eq. (6.77):

p(Ri,t —R'Ju,) = Re [ﬁv(Ri> ejw(sz’/u,g}
— NRe {ﬁv(Ri)efij//upejmt}

= e [ﬁV(Ri)e*ﬂ‘R'ef“”} . (6.78)

where

k=2 (6.79)
Up

is called the wavenumber or phase constant of the propagation
medium. (In general, the phase constant is denoted by the
symbol “B”, but for lossless dielectric media, it is commonly
denoted by the symbol “k” and called the wavenumber.)
Similarly, we define the phasor V(R) of the time function
V(R,?) according to

V(R.1) = Re [\7(R) ef‘ﬂ . (6.80)
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Using Eqgs. (6.78) and (6.80) in Eq. (6.74) gives

1 By(R;) e R’

Re {V(R) ej“”} =Re [— e dvu'| .

47[:8 ! R/
(6.81)
By equating the quantities inside the square brackets on both
sides of Eq. (6.81) and canceling the common ¢/’ factor, we
obtain the phasor-domain expression

V(R) L Mdvf (V).

=iz ). B (6.82)

For any given charge distribution, Eq. (6.82) can be used to
compute \7(R) Then the resultant expression can be used in
Eq. (6.80) to find V(R, ). Similarly, the expression for A(R,?)
given by Eq. (6.75) can be transformed into

A(R,7) = Re [X(R) ef“”} (6.83)

with
(6.84)

where J(R;) is the phasor function corresponding to J(R;,?).
The magnetic field phasor H corresponding to A is given by

~ 1 ~
H= EV x A. (6.85)

Recall that differentiation in the time domain is equivalent
to multiplication by jw in the phasor domain, and in a

nonconducting medium (J = 0), so Ampere’s law given by
Eq. (6.41) becomes

~ ~ ~ 1 ~
VxH=jweE or E=—VxH.

. (6.86)
JjoE

Hence, given a time-harmonic, current-density distribution
with phasor J, Egs. (6.84) to (6.86) can be used successively

to determine both E and H. The phasor vectors E and H also
are related by the phasor form of Faraday’s law:

VxE:—ja)uf{

1 .
or H=-——VXxE.

. (6.87)
jou

Example 6-8: Relating E to H

In a nonconducting medium with &€ = 16&, and u = Ly, the
electric field intensity of an electromagnetic wave is
E(z.1) = £10sin(10'% — kz)

(V/m). (6.88)

Determine the associated magnetic field intensity H and find
the value of .

Solution: We begin by finding the phasor E(z) of E(z,1).
Since E(z,7) is given as a sine function and phasors are defined
in this book with reference to the cosine function, we rewrite
Eq. (6.88) as

E(z,t) =%10cos(10'"% —kz—m/2)  (V/m)
— e [E(z) ef“”} , (6.89)
with @ = 10'0 (rad/s) and
E(z) = 8 10e ke im/2
= —%j10e 7%, (6.90)

To find both H(z) and k, we will perform a “circle”: We will
use the given expression for E(z) in Faraday’s law to find H(z);
then we will use H(z) in Ampere’s law to find E(z), which

we will then compare with the original expression for E(z);
and the comparison will yield the value of k. Application of
Eq. (6.87) gives

H(z) = ———VxE
jou
: % § 2
=—— d/0dx d/dy d/dz
JOR| _j10e 7% 0 0

6.91)
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So far, we have used Eq. (6.90) for E(z) to find H(z), but k
remains unknown. To find k, we use H(z) in Eq. (6.86) to find
E(z):

With k known, the instantaneous magnetic field intensity is
then given by

H(z.1) = Re [ﬁ(@ eﬂﬂ

~ 1 ~
E(Z) = VxH 10k . )
JOE = Ne [_5,] w_ejkzejwt]
L[ 8 10k K
“oe | Yo\ opf = §0.11sin(10'% —133z)  (A/m). (6.94)
— %) 10k> oIk (6.92) We note that k has the same expression as the phase constant
e ’ ' of a lossless transmission line [Eq. (2.49)].
Equating Egs. (6.90) and (6.92) leads to Exercise 6-7: The magnetic field intensity of an elec-
2= o2 tromagnetic wave propagating in a lossless medium with
= 0 e, .
€=9¢g and U = Yy is
o H(z1) = R0.3cos(10% —kz+m/4)  (A/m).
k=oyvue Find E(z,¢) and k.
=4w./
Ho#o o Answer: E(z,t) = —$37.7cos(108t — z + m/4) (V/m);
40  4x10 =
_Ao _4x107 o, (rad/m). 6.93) k =1 (rad/m). (See .)
c 3x 108
Chapter 6 Summary
Concepts

e Faraday’s law states that a voltage is induced across
the terminals of a loop if the magnetic flux linking its
surface changes with time.

e In an ideal transformer, the ratios of the primary to
secondary voltages, currents, and impedances are gov-
erned by the turns ratio.

e Displacement current accounts for the “apparent” flow
of charges through a dielectric. In reality, charges of
opposite polarity accumulate along the two ends of
a dielectric, giving the appearance of current flow
through it.

e Boundary conditions for the electromagnetic fields at
the interface between two different media are the same
for both static and dynamic conditions.

e The charge continuity equation is a mathematical state-
ment of the law of conservation of electric charge.

e Excess charges in the interior of a good conductor dis-
sipate very quickly; through a rearrangement process,
the excess charge is transferred to the surface of the
conductor.

e In the dynamic case, the electric field E is related to
both the scalar electric potential V and the magnetic
vector potential A.

e The retarded scalar and vector potentials at a given
observation point take into account the finite time
required for propagation between their sources, the
charge and current distributions, and the location of the
observation point.
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Mathematical and Physical Models

Faraday’s Law

dd  d .
Vemfzfnga/g]}'ds:vetmf+ emf

Transformer
JB
Vo= fN/ — -ds (N loops)
S ot
Motional

;F:%@xBym
C

Charge—Current Continuity

apy

ViI==3

Important Terms

charge continuity equation
charge dissipation
displacement current Iy
electromagnetic induction
electromotive force Vo

PROBLEMS

Sections 6-1 to 6-6: Faraday’s Law and its Applications

“6.1 The switch in the bottom loop of Fig. P6.1 is closed at
t = 0 and then opened at a later time 7. What is the direction of
the current / in the top loop (clockwise or counterclockwise)
at each of these two times?

6.2 The loop in Fig. P6.2 is in the x—y plane and
B = ZBysinwt with By positive. What is the direction of [

(J) or —(f)) at:

(a) =0
(b) @t =m/4
(c) ot =m/2

6.3 A stationary conducting loop with an internal resistance
of 0.5 Q is placed in a time-varying magnetic field. When the
loop is closed, a current of 5 A flows through it. What will the

*
Answer(s) available in Appendix E.

Faraday’s law
Kirchhoff’s current law
Lenz’s law
motional emf
relaxation time constant

EM Potentials
JA
E=-VV——
at
B=VxA
Current Density
Conduction J.=0E
JD
Displacement J; = 5

Conductor Charge Dissipation

py(t) = pvoei(a/g)t = pvoeit/rr

Provide definitions or explain the meaning of the following terms:

retarded potential
transformer emf V; .
wavenumber k
m
emf
R,
AAA
yvy
I

Figure P6.1 Loops of Problem 6.1.

current be if the loop is opened to create a small gap and a
4.5-Q resistor is connected across its open ends?

6.4 A coil consists of 200 turns of wire wrapped around
a square frame of sides 0.25 m. The coil is centered at the
origin with each of its sides parallel to the x or y axis. Find the
induced emf across the open-circuited ends of the coil if the
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Figure P6.2 Loop of Problem 6.2.

magnetic field is given by
*(a) B=220e"3 (T)
(b) B =1220cosx cos 103 (T)
(¢) B =220cosx sin2y cos 10’ (T)

6.5 A rectangular conducting loop 5 cm x 10 cm with a small
air gap in one of its sides is spinning at 7200 revolutions
per minute. If the field B is normal to the loop axis and its
magnitude is 3 x 107% T, what is the peak voltage induced
across the air gap?

6.6 The square loop shown in Fig. P6.6 is coplanar with a
long, straight wire carrying a current

I(t) = 5cos(2m x 10%)  (A).

(a) Determine the emf induced across a small gap created in
the loop.

(b) Determine the direction and magnitude of the current that
would flow through a 4-Q resistor connected across the
gap. The loop has an internal resistance of 1 Q.

“6.7 The rectangular conducting loop shown in Fig. P6.7
rotates at 3,000 revolutions per minute in a uniform magnetic
flux density given by

B=y50 (mT).
Determine the current induced in the loop if its internal
resistance is 0.5 Q.

6.8 The transformer shown in Fig. P6.8 consists of a long
wire coincident with the z-axis carrying a current I = Iy cos @,
coupling magnetic energy to a toroidal coil situated in the x—y
plane and centered at the origin. The toroidal core uses iron
material with relative permeability ., around which 100 turns
of a tightly wound coil serves to induce a voltage Vep,¢, as
shown in the figure.

z
I [<=10 cm—|

5cm

1(2)

ol
I

X

Figure P6.6 Loop coplanar with long wire (Problem 6.6).
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3cm
>)
o)

x ~

Figure P6.7 Rotating loop in a magnetic field (Problem 6.7).

(a) Develop an expression for V.

(b) Calculate Voy¢ for f = 60 Hz, u. =4000, a =5 cm,
b=6cm, ¢c=2cm,and I, =50 A.

69 A circular-loop TV antenna with 0.04 m? area is in

the presence of a uniform-amplitude 300 MHz signal. When
oriented for maximum response, the loop develops an emf with
a peak value of 30 (mV). What is the peak magnitude of B of
the incident wave?
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Vemf

Iron core with g

Figure P6.8 Problem 6.8.

*6.10 A 50-cm-long metal rod rotates about the z-axis at
90 revolutions per minute, with end 1 fixed at the origin
as shown in Fig. P6.10. Determine the induced emf Vi, if
B=22x10"*T.

XN

Figure P6.10 Rotating rod of Problem 6.10.

6.11 The loop shown in Fig. P6.11 moves away from a wire
carrying a current /; = 10 A at a constant velocity u = §7.5
(m/s). If R =10 Q and the direction of I, is as defined in the
figure, find I, as a function of yy, the distance between the wire
and the loop. Ignore the internal resistance of the loop.

A IOCmI
R
T W
I1=10A —u
20 cm L
—
e
R
_>|
1 Yo

Figure P6.11 Moving loop of Problem 6.11.

“6.12 The electromagnetic generator shown in Fig. 6-12 is
connected to an electric bulb with a resistance of 50 Q. If
the loop area is 0.1 m? and it rotates at 3,600 revolutions
per minute in a uniform magnetic flux density By = 0.4 T,
determine the amplitude of the current generated in the light
bulb.

6.13 The circular, conducting, disk shown in Fig. P6.13 lies
in the x—y plane and rotates with uniform angular velocity @
about the z-axis. The disk is of radius a and is present in a
uniform magnetic flux density B = ZB(. Obtain an expression
for the emf induced at the rim relative to the center of the disk.

[N
<

—~t

o

a

X

Figure P6.13 Rotating circular disk in a magnetic field
(Problem 6.13).
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Section 6-7: Displacement Current

“6.14 A coaxial capacitor of length / = 6 cm uses an insulat-
ing dielectric material with & = 9. The radii of the cylindrical
conductors are 0.5 cm and 1 cm. If the voltage applied across
the capacitor is

V(t) = 50sin(1207r) V)

what is the displacement current?

6.15 The plates of a parallel-plate capacitor have areas of
10 cm? each and are separated by 1 cm. The capacitor is filled
with a dielectric material with € = 4y, and the voltage across it
is given by V(1) = 30cos 27 x 10° (V). Find the displacement
current.

6.16 The parallel-plate capacitor shown in Fig. P6.16 is filled
with a lossy dielectric material of relative permittivity & and
conductivity o. The separation between the plates is d and
each plate is of area A. The capacitor is connected to a time-
varying voltage source V ().

Il
A
-
+
146) ’\) g0 d
;" ————— ..~s ¥

Figure P6.16 Parallel-plate capacitor containing a lossy
dielectric material (Problem 6.16).

(a) Obtain an expression for I, the conduction current flow-
ing between the plates inside the capacitor, in terms of the
given quantities.

(b) Obtain an expression for Iy, the displacement current
flowing inside the capacitor.

(c) Based on your expressions for parts (a) and (b), give an
equivalent-circuit representation for the capacitor.

(d) Evaluate the values of the circuit elements for A = 4 cm?,
d=05cm, & =4, 6 =25 (S/m), and V() =
10cos(37 x 10°t) (V).

6.17 An electromagnetic wave propagating in seawater has
an electric field with a time variation given by E = 2E( cos @r.
If the permittivity of water is 81& and its conductivity is
4 (S/m), find the ratio of the magnitudes of the conduction
current density to displacement current density at each of the
following frequencies:

(a) 1kHz
*(b) 1 MHz
(¢) 1 GHz
(d) 100 GHz
“6.18 In wet soil, characterized by ¢ = 1072 (S/m), w =1,

and & = 36, at what frequency is the conduction current den-
sity equal in magnitude to the displacement current density?

Sections 6-9 and 6-10: Continuity Equation and Charge
Dissipation

6.19 At r = 0, charge density p,y was introduced into the
interior of a material with a relative permittivity & = 6. If at
t = 1 us the charge density has dissipated down to 10~3p,g,
what is the conductivity of the material?

“6.20 If the current density in a conducting medium is given
by

J(x,y,z;1) = (Rz — $4y* + 22x) cos ot
determine the corresponding charge distribution py(x,y,z;).
6.21 If we were to characterize how good a material is as an

insulator by its resistance to dissipating charge, which of the
following two materials is the better insulator?

Dry Soil:
Fresh Water:

& =25,
& = 80,

6 =107 (S/m)
6 = 1073 (S/m)

6.22 1In a certain medium, the direction of current density J
points in the radial direction in cylindrical coordinates and its
magnitude is independent of both ¢ and z. Determine J, given
that the charge density in the medium is

pv = porcost  (C/m?).
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Section 6-7: Electromagnetic Potentials

6.23 The electric field of an electromagnetic wave propagat-
ing in air is given by

E(z.1) = %4 cos(6 x 103 — 2z)
+93sin(6 x 10% —2z)  (V/m).
Find the associated magnetic field H(z,1).

“6.24 The magnetic field in a dielectric material with € = 4&,
U = Uy, and o = 0 is given by

H(y,1) =%5cos(2w x 10’ +ky)  (A/m).
Find k and the associated electric field E.
6.25 Given an electric field
E = XEj sinaycos(or — kz),
where E, a, @, and k are constants, find H.

“6.26 The electric field radiated by a short dipole antenna is
given in spherical coordinates by

E(R,0;t) =

5 2x 1072
0 XT sin@ cos(6m x 10% —27R) (V/m).

Find H(R, 0;1).

6.27 The magnetic field in a given dielectric medium is given
by

H=§6cos2zsin(2x 10’ —0.1x)  (A/m),

where x and z are in meters. Determine:
(a) E,
(b) the displacement current density J4, and
(c) the charge density py.

6.28 In free space, the magnetic field is given by

. 36
H=0 —cos(6x10°1—kz)  (mA/m).
r

>|<(a) Determine k.
(b) Determine E.
(¢) Determine Jj.

6.29 A Hertzian dipole is a short conducting wire carrying
an approximately constant current over its length [. If such a
dipole is placed along the z-axis with its midpoint at the origin,
and if the current flowing through it is i(r) = I cos e, find the
following:

(a) The retarded vector potential K(R 0,9) at an observation
point Q(R, 6, ¢) in a spherical coordinate system.
(b) The magnetic field phasor ﬁ(R, 0,9).

Assume / to be sufficiently small so that the observation point
is approximately equidistant to all points on the dipole; that is,
assume R’ ~ R.
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Objectives

Upon learning the material presented in this chapter, you
should be able to:

1.

Describe mathematically the electric and magnetic fields
of TEM waves.

. Describe the polarization properties of an EM wave.

. Relate the propagation parameters of a wave to the

constitutive parameters of the medium.

. Characterize the flow of current in conductors and use it

to calculate the resistance of a coaxial cable.

. Calculate the rate of power carried by an EM wave in both

lossless and lossy media.
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Unbounded EM Waves

It was established in Chapter 6 that a time-varying elec-
tric field produces a magnetic field and, conversely, a time-
varying magnetic field produces an electric field. This cyclic
pattern often results in electromagnetic (EM) waves propa-
gating through free space and in material media. When a
wave propagates through a homogeneous medium without
interacting with obstacles or material interfaces, it is said to be
unbounded. Light waves emitted by the sun and radio trans-
missions by antennas are good examples. Unbounded waves
may propagate in both lossless and lossy media. Waves propa-
gating in a lossless medium (e.g., air and perfect dielectrics)
are similar to those on a lossless transmission line in that
they do not attenuate. When propagating in a lossy medium
(material with nonzero conductivity, such as water), part of the
power carried by an EM wave gets converted into heat. A wave
produced by a localized source, such as an antenna, expands
outwardly in the form of a spherical wave, as depicted in
Fig. 7-1(a). Even though an antenna may radiate more energy
along some directions than along others, the spherical wave
travels at the same speed in all directions. To an observer
very far away from the source, however, the wavefront of the
spherical wave appears approximately planar, as if it were
part of a uniform plane wave with identical properties at all
points in the plane tangent to the wavefront (Fig. 7-1(b)).
Plane waves are easily described using a Cartesian coordinate
system, which is mathematically easier to work with than
the spherical coordinate system needed to describe spherical
waves.

When a wave propagates along a material structure, it is said
to be guided. The Earth’s surface and ionosphere constitute
parallel boundaries of a natural structure capable of guiding
short-wave radio transmissions in the HF band* (3 to 30 MHz);
indeed, the ionosphere is a good reflector at these frequen-
cies, thereby allowing the waves to zigzag between the two
boundaries (Fig. 7-2). When we discussed wave propagation
on a transmission line in Chapter 2, we dealt with voltages and
currents. For a transmission-line circuit such as that shown in
Fig. 7-3, the ac voltage source excites an incident wave that
travels down the coaxial line toward the load, and unless the
load is matched to the line, part (or all) of the incident wave
is reflected back toward the generator. At any point on the
line, the instantaneous total voltage v(z,7) is the sum of the
incident and reflected waves—both of which vary sinusoidally
with time. Associated with the voltage difference between the
inner and outer conductors of the coaxial line is a radial electric
field E(z,¢) that exists in the dielectric material between the
conductors, and since v(z,¢) varies sinusoidally with time, so
does E(z,1). Furthermore, the current flowing through the inner

*See Fig. 1-17.

Spherical
Radiating 5

wavefront
antenna 1 /
~ N /

~

(a) Spherical wave

Uniform plane wave—__ |

\

\ \

N \/( v Yoy Aperture
\

1
\ v
'ﬁi" —_ ' — L >= Observer
]

(b) Plane-wave approximation

Figure 7-1 Waves radiated by an EM source, such as a light
bulb or an antenna, have spherical wavefronts, as in (a); to a
distant observer, however, the wavefront across the observer’s
aperture appears approximately planar, as in (b).

Ionosphere

Transmitter

Earth's surface

Figure 7-2 The atmospheric layer bounded by the ionosphere
at the top and the Earth’s surface at the bottom forms a guiding
structure for the propagation of radio waves in the HF band.
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- - - following form in the phasor domain.
AT\ .
W1 11 ] V-E=p,/e, (7.2a)
Vgt\, NIIATTIIRN AW 223 VxE=—jouH, (7.2b)
- V-H=0, (7.2¢)
VxH=1J+ joeE. (7.2d)

Figure 7-3 A guided electromagnetic wave traveling in a
coaxial transmission line consists of time-varying electric and
magnetic fields in the dielectric medium between the inner and
outer conductors.

conductor induces an azimuthal magnetic field H(z,7) in the
dielectric material surrounding it. These coupled fields, E(z,t)
and H(z,1), constitute an electromagnetic wave. Thus, we can
model wave propagation on a transmission line either in terms
of the voltages across the line and the currents in its conductors
or in terms of the electric and magnetic fields in the dielectric
medium between the conductors.

In this chapter, we focus our attention on wave propagation
in unbounded media. Unbounded waves have many practical
applications in science and engineering. We consider both
lossless and lossy media. Even though strictly speaking uni-
form plane waves cannot exist, we study them in this chapter
to develop a physical understanding of wave propagation in
lossless and lossy media. In Chapter 8, we examine how both
planar and spherical waves are reflected by and transmitted
through boundaries between dissimilar media. The proc esses
of radiation and reception of waves by antennas are treated in
Chapter 9.

7-1 Time-Harmonic Fields

Time-varying electric and magnetic fields (E, D, B, and H) and
their sources (the charge density p, and current density J) gen-
erally depend on the spatial coordinates (x,y,z) and the time
variable t. However, if their time variation is sinusoidal with
angular frequency @, then these quantities can be represented
by a phasor that depends on (x,y,z) only. The vector phasor

E(x,y,z) and the instantaneous field E(x, y,z;¢) it describes are
related as

E(x,y.z:1) = Re F‘l(x,y,z) ef‘”’} . (7.1)
Similar definitions apply to D, B, and H, as well as to py
and J. For a linear, isotropic, and homogeneous medium

with electrical permittivity €, magnetic permeability u, and
conductivity o, Maxwell’s equations (6.1) to (6.4) assume the

To derive these equations, we used D = €E and B = uH as well
as the fact that, for time-harmonic quantities, differentiation in
the time domain corresponds to multiplication by j® in the
phasor domain. These equations are the starting point for the
subject matter treated in this chapter.

7-1.1 Complex Permittivity

In a medium with conductivity o, the conduction current
density J is related to E by J = oE. Assuming no other current
flows in the medium, Eq. (7.2d) may be written as

VxH=J+ joeE = (0 + joe)E = jo (e - ]%) E (7.3)
By defining the complex permittivity & as

(o)

sczsfjw, (7.4)
Eq. (7.3) can be rewritten as
VxH= jwecﬁ. (7.5)

In a source-free medium, p, = 0. Hence, Maxwell’s equations
become

V-E=0, (7.6a)
VXE=—jouH, (7.6b)
V-H=0, (7.6¢)
VxH = joeE. (7.6d)

The complex permittivity & given by Eq. (7.4) is often written
in terms of a real part £’ and an imaginary part £”. Thus,

.0 .
e=e—j_ = —je', (7.7)
with
e =e, (7.8a)
c
e == 7.8b
" (7.8b)
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For a lossless medium with o = 0, it follows that €’ = 0 and
e =¢=c¢.

7-1.2 Wave Equations

Next, we derive wave equations for E and H ‘and then solve
them to obtain explicit expressions for E and H as a function
of the spatial variables (x,y,z). To that end, we start by taking
the curl of both sides of Eq. (7.6b) to get

Vx (VXE) = —jou(VxH). (7.9)
Upon substituting Eq. (7.6d) into Eq. (7.9), we obtain
Vx (VXE) = —jou(joeE) = o’ uekE. (7.10)

From Eq. (3.113), we know that the curl of the curl of Eis

Vx (VxE)=V(V-E)—-V’E, (7.11)

where V2E is the Laplacian of E, which in Cartesian coordi-
nates is given by

~ 2> 9>  I*\ =
2 e —_ —_ —_
VE= (8)62 * 0y? * (912) E.

In view of Eq. (7.6a), the use of Eq. (7.11) in Eq. (7.10) gives

(7.12)

V2E + 0*ue.E =0, (7.13)

which is known as the homogeneous wave equation for E. By
defining the propagation constant y as

7 = -0l (7.14)

Eq. (7.13) can be written as

V’E — yzﬁ =0. (wave equation for E) (7.15)

To derive Eq. (7.15), we took the curl of both sides of
Eq. (7.6b) and then we used Eq. (7.6d) to eliminate H and
obtain an equation in E only. If we reverse the process, that
is, if we start by taking the curl of both sides of Eq. (7.6d) and
then use Eq. (7.6D) to eliminate E, we obtain a wave equation
for H:

V2H - yzﬁ =0. (wave equation for ﬁ) (7.16)

Since the wave equations for E and H are of the same form, so
are their solutions.

7-2 Plane-Wave Propagation in Lossless
Media

The properties of an electromagnetic wave, such as its phase
velocity u, and wavelength A, depend on the angular fre-
quency o and the medium’s three constitutive parameters: €,
U, and o. If the medium is nonconducting (¢ = 0), the wave
does not suffer any attenuation as it travels; hence, the medium
is said to be lossless. Because in a lossless medium & = €,
Eq. (7.14) becomes

Y = —0’ue.

For lossless media, it is customary to define the wavenumber
k as

(7.17)

k= o/lIE. (7.18)

In view of Eq. (7.17), ¥* = —k? and Eq. (7.15) becomes
V2E + k*E = 0. (7.19)

7-2.1 Uniform Plane Waves

For an electric field phasor defined in Cartesian coordinates as

E = RE, +§E, + iE,, (7.20)
substitution of Eq. (7.12) into Eq. (7.19) gives
02 22  9? ~ ~ ~
(ﬁ + % + 8_z2> (RE+ VE, + 2E;)
+ K*(RE, + §E, + 2E;) = 0. (7.21)

To satisfy Eq. (7.21), each vector component on the left-hand
side of the equation must vanish. Hence,

2 2 2 ~
(8 2 +a—+k2>Ex:O,

e (7.22)

and similar expressions apply to Ey and EZ.

» A uniform plane wave is characterized by electric and
magnetic fields that have uniform properties at all points
across an infinite plane. <«

If this happens to be the x—y plane, then E and H do not vary
with x or y. Hence, 0E, /dx = 0 and E, /dy = 0, so Eq. (7.22)
reduces to _
d’E,

dz?

+K2E,=0. (7.23)



7-2 PLANE-WAVE PROPAGATION IN LOSSLESS MEDIA

321

Similar expressmns apply to E), Hy, and H The remaining
components of E and H are zero; that is, E H =0. To show
that EZ =0, let us consider the z component of Eq. (7.6d),

2 oHy _ oH = 2jweE,
ox dy | / Z'

Since dH, /dx = dH,/dy = 0, it follows that E, = 0. A similar
examination involving Eq. (7.6b) reveals that H, = 0.

(7.24)

» This means that a plane wave has no electric-field or
magnetic-field components along its direction of propa-
gation. <

For the phasor quantity E,, the general solution of the
ordinary differential equation given by Eq. (7.23) is

Eq(z) =E} (2) +E; (2)

where E;O and E, are constants to be determined from bound-
ary conditions. The solution given by Eq. (7.25) is similar
in form to the solution for the phasor voltage V(z) given by
Eq. (2.54a) for the lossless transmission line. The first term
in Eq. (7.25), containing the negative exponential e /%<, repre-
sents a wave with amplitude E;(r) traveling in the +z direction.
Likewise, the second term (with ejkz) represents a wave with
amplitude E , traveling in the —z direction. Assume for the

=Eje M+ E e, (7.25)

time being that E only has a component along x (i.e., Ey =0)
and that E, is associated with a wave traveling in the +z
direction only (i.e., £, = 0). Under these conditions,

E(z) = RE; (z) = RE e /¥, (7.26)
To find the magnetic field H associated with this wave, we

apply Eq. (7.6b) with E, = E, = 0:

l
| Lo

VXE =

y
d e e~
v = —jou(XH, + §H, + 2H.).
0

><+QJ
OS;’|QJN>

X
E!(2)
(7.27)
For a uniform plane wave traveling in the 4z direction,

JE} (z)/dx = JE; (z)/dy = 0.
Hence, Eq. (7.27) gives

(7.282)

. 1 9E/
Hy=— 22 @ (7.28b)
—jou  9dz
~ 1 0E[(z)
H, = 2 =0. 7.28
© —jop dy (7:28¢
Use of Eq. (7.26) in Eq. (7.28b) gives
7 _ k + ,—jkz _ gyt ,—jkz
Hy(z) = a)_uE“‘Oe 1 =He I (7.29)

where H;{) is the amplitude of ﬁy(z) and is given by

a)qu;O' (7.30)
For a wave traveling from the source toward the load on a
transmission line, the amplitudes of its voltage and current
phasors, VOJr and Iar , are related by the characteristic impe-
dance of the line, Zy. A similar connection exists between the
electric and magnetic fields of an electromagnetic wave. The
intrinsic impedance of a lossless medium is defined as

+
Hy =

S —
k \/ILE &

(7.31)

where we used the expression for k given by Eq. (7.18).
In view of Eq. (7.31), the electric and magnetic fields of a
+z-propagating plane wave with E field along X are

E(2) = XE, (z) = XE e /", (7.32a)
~ E+ EL
H(z) yE)‘T(Z) g p eIk (7.32b)

» The electric and magnetic fields of a plane wave are
perpendicular to each other, and both are perpendicular
to the direction of wave travel (Fig. 7-4). These attributes
qualify the wave as transverse electromagnetic (TEM). <

Other examples of TEM waves include waves traveling on
coaxial transmission lines (E is along ¥, H is along @, and
the direction of travel is along Z) and spherical waves radiated
by antennas.

In the general case, E_, o 1s a complex quantity with magni-
tude |E ;| and phase angle ¢ ™. That is,

EL=|ES|e (7.33)

The instantaneous electric and magnetic fields therefore are

E(z1) = Re [F:(z) eﬂﬂ = R|Ef|cos(or —kz+¢t)  (V/m),
(7.34a)
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y

Figure 7-4 A transverse electromagnetic (TEM) wave propa-
gating in the direction k = Z. For all TEM waves, k is parallel to
E x H.

and

ol

H(z,7) =Re [ﬁ(z) ej“”} = y% cos(wt —kz+¢") (A/m).

(7.34b)
Because E(z,7) and H(z,1) exhibit the same functional depen-
dence on z and ¢, they are said to be in phase; when the
amplitude of one of them reaches a maximum, the amplitude
of the other does so t0o. The fact that E and H are in phase is
characteristic of waves propagating in lossless media.
From the material on wave motion presented in Section 1-4,
we deduce that the phase velocity of the wave is

(0] o 1
= — = = 7.35
=% = oymE  vHE (m/s), (7.35)
and its wavelength is
2r  u
A=—=-2L : 7.36
K F (m) (7.36)

In a vacuum, € = &y and { = iy, and the phase velocity u, and
the intrinsic impedance 1 given by Eq. (7.31) are

1

uy=c=——=3x10%  (m/s), (7.37)
’ VHoEo

n=no= % —377(Q)~ 1201 (Q), (7.38)

where c is the velocity of light and 1 is called the intrinsic
impedance of free space.

Example 7-1: EM Plane Wave in Air

This example is analogous to the “Sound Wave in Water”
problem given by Example 1-1.

The electric field of a 1 MHz plane wave traveling in the
+z direction in air points along the x direction. If this field
reaches a peak value of 1.27 (mV/m) att = 0 and z = 50 m,
obtain expressions for E(z,¢) and H(z,7). Then plot them as a
function of z at t = 0.

Solution: At f = 1 MHz, the wavelength in air is

and the corresponding wavenumber is k = (27/300) (rad/m).
The general expression for an x-directed electric field traveling
in the +z direction is given by Eq. (7.34a) as

E(z,1) = R|E ;| cos(wt —kz+ ¢ ™)

27z
=%1.2 27 x 10% — + V/m).
X ﬁcos( T X 300+q) > (mV/m)

The field E(z,¢) is maximum when the argument of the cosine
function equals zero or a multiple of 27z. At =0 and z =50 m,
this condition yields

27 x 50 n T
— =0 t=2,
300 ¢ or 9" =3
Hence,
E(z.1) =%1.27cos ( 27 x 10 — me T (mV/m)
Lij =X 300 ' 3 .
and from Eq. (7.34b), we have
E(zt
H(r) =3 &1
Mo
—910cos (2% 10% — 25 1 Y (uA/m)
=7 300 3) KA

where we have used the approximation 19 ~ 1207 (Q).
Atr =0,

2nz W
E(z,0) =%1.2mcos (300 §> (mV/m),
“ 2nz W
H(z,0) =§10cos <% — 5) (LA/m).

Plots of E(z,0) and H(z,0) as a function of z are shown in
Fig. 7-5.
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T

Figure 7-5 Spatial variations of E and H at r = 0 for the plane
wave of Example 7-1.

7-2.2 General Relation between E and H

It can be shown that, for any uniform plane wave traveling in
an arbitrary direction denoted by the unit vector K, the electric
and magnetic field phasors E and H are related as

H (7.39a)

==

(7.39b)

» The following right-hand rule applies: When we rotate
the four fingers of the right hand from the direction of E
toward that of H, the thumb points in the direction of the
wave travel, k. <

The relations given by Eqs. (7.39a and b) are valid not only
for lossless media but for lossy ones as well. As we see later in
Section 7-4, the expression for 1 of a lossy medium is different
from that given by Eq. (7.31). As long as the expression used
for n is appropriate for the medium in which the wave is
traveling, the relations given by Eqgs. (7.39a and b) always
hold.

Wave Propagating Along +z with E Along %

Let us apply Eq. (7.39a) to the wave given by Eq. (7.32a). The
direction of propagation k = z and E = X E; (z). Hence,

~ 1. o~ 1 ~ E}(z)
—kxE=—(ZxX)E(z) =y—=—2,
n n< JE: (2) =¥ p

H=

(7.40)

which is the same as the result given by Eq. (7.32b).

Wave Propagating Along —z with E Along X

For a wave traveling in the —z direction with electric field
given by

E =3XE, (z) = REe'", (7.41)
application of Eq. (7.39a) gives
A=l (ax)E ()= £ () _ g Do ik (7.42)
n ) n n

Hence, in this case, H points in the negative y direction.

Wave Propagating Along +z with E Along % and §

In general, a uniform plane wave traveling in the +z direction
may have both x and y components, where E is given by

E=X%E'(2)+3E, (2). (7.43a)
and the associated magnetic field is
H=%H, () +¥H, (2). (7.43b)
Application of Eq. (7.39a) gives
~ 1 - Ef(z EX
H=—-2xE= % }()er « (3) (7.44)
n n n
By equating Eq. (7.43b) to Eq. (7.44), we have
E+ z E+
Hf (z) =— n< ) . (@) == @) (7.45)

These results are illustrated in Fig. 7-6. The wave may be
considered the sum of two waves: one with electric and
magnetic components (E; ,H;r) and another with components
(Ey,H,). In general, a TEM wave may have an electric field
in any direction in the plane orthogonal to the direction of wave
travel, the associated magnetic field is also in the same plane,
and its direction is dictated by Eq. (7.39a).
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Module 7.1 Linking E to H Select the directions and magnitudes of E and H and observe the resultant wave vector.

Module 7.1 Linking E to H k —>
Frequency = 10.0 [GHz] l’;
Er =10
0=450" ¢ =00°
| . r »

IEI=100[Vim] y=0.0°

{ > .

@ Select E ) Select H

7 =376.991[Q]

Jki=209.43951[rad m-!]
k, =148.096098 [rad m~1]
k, = 0.0 [rad m-1]

k, =148.096098 [ rad m~! ] x
IEI=10.0[V/m] A
E, =0.0[V/m] Y
EV =10.0[V/m] ’
E, =0.0[V/m]
IHI=0.026526 [ A/m]
H, =-0.018757 [A/m]
H, =0.0[A/m]
H, =0.018757 [A/m]
| Instructions
Concept Question 7-1:  What is a uniform plane wave?
y Describe its properties, both physically and mathemati-
A cally. Under what conditions is it appropriate to treat a
spherical wave as a plane wave?
Concept Question 7-2:  Since E and H are governed by
wave equations of the same form [Eqgs. (7.15) and (7.16)],
does it follow that E = H? Explain.
Concept Question 7-3:  If a TEM wave is traveling in
— 5 the § direction, can its electric field have components
along X, ¥, and 2? Explain.

Figure 7-6 The wave (E,H) is equivalent to the sum of two
waves: one with fields (E;",H,") and another with (Ey",H,")
with both traveling in the +z direction.

Exercise 7-1: A 10-MHz uniform plane wave is traveling
in a nonmagnetic medium with g = o and & = 9. Find
(a) the phase velocity, (b) the wavenumber, (c) the wave-
length in the medium, and (d) the intrinsic impedance of
the medium.
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Answer: (a) up, = 1 x 108 m/s, (b) k = 0.27 rad/m, (c)
A=10m, () n = 125.67 Q. (See &.)

Exercise 7-2: The electric field phasor of a uniform plane
wave traveling in a lossless medium with an intrinsic
impedance of 188.5 Q is given by E = 2 10e /*™ (mV/m).
Determine (a) the associated magnetic field phasor and (b)
the instantaneous expression for E(y,7) if the medium is
nonmagnetic (1 = Uo).

Answer: (a) H=%53¢ /4™ (uA/m),
(b) E(y,t) = 210cos(67 x 103 — 47y) (mV/m). (See @.)

Exercise 7-3: If the magnetic field phasor of a plane
wave traveling in a medium with intrinsic impedance

n =100 Q is given by H = (§ 10+ 220)e /4 (mA/m),
find the associated electric field phasor.

Answer: E = (—2+§2)e /4 (V/m). (See @.)

Exercise 7-4: Repeat Exercise 7-3 for a magnetic field
given by H = §(10e~/3* — 20e/3%) (mA/m).

Answer: E = —2(e /3% + 2¢/3%) (V/m). (See @.)

7-3 Wave Polarization

» The polarization of a uniform plane wave describes
the locus traced by the tip of the E vector (in the plane
orthogonal to the direction of propagation) at a given point
in space as a function of time. <«

In the most general case, the locus of the tip of E is an ellipse,
and the wave is said to be elliptically polarized. Under certain
conditions, the ellipse may degenerate into a circle or a straight
line, in which case the polarization state is called circular or
linear, respectively.

It was shown in Section 7-2 that the z components of the
electric and magnetic fields of a z-propagating plane wave are
both zero. Hence, in the most general case, the electric field
phasor E(z) of a +z-propagating plane wave may consist of an
x component, & E,(z), and a y component, § E, (z), or

E(z) = RE,(z) + §E, (2) (7.46)

with

E.(2) = Exe 7, (7.47a)

Ey(z) = Eyoe /%, (7.47b)
where E, and Ey are the amplitudes of E.(z) and E,(z), re-
spectively. For the sake of simplicity, the plus sign superscript
has been suppressed; the negative sign in e /¥ is sufficient to
remind us that the wave is traveling in the positive z direction.

The two amplitudes Eyy and Ey are, in general, complex
quantities with each characterized by a magnitude and a phase
angle. The phase of a wave is defined relative to a reference
state, such as z =0 and ¢ = 0 or any other combination of z
and 7. As will become clear from the discussion that follows,
the polarization of the wave described by Egs. (7.46) and
(7.47) depends on the phase of E, relative to that of £, but not
on the absolute phases of Eyy and Eyo. Hence, for convenience,
we assign Eyy a phase of zero and denote the phase of Ey,
relative to that of E,g, as 8. Thus, 6 is the phase difference
between the y and x components of E. Accordingly, we define
Ex and E\g as

E.0 = ay, (7.48a)

Ey = aye’®, (7.48b)
where a, = |[Ey| > 0 and a, = |E,| > 0 are the magnitudes
of E,o and Eyg, respectively. Thus, by definition, a, and ay
may not assume negative values. Using Eqs. (7.48a and b) in
Egs. (7.47a and b), the total electric field phasor is

E(2) = (Ray + §aye’®)e -, (7.49)
and the corresponding instantaneous field is
E(z1) = Re [E(z) eﬂﬂ
= Xa,cos(wr —kz) + Ja,cos(wt —kz+8).  (7.50)

When characterizing an electric field at a given point in space,
two of its attributes that are of particular interest are its
magnitude and direction. The magnitude of E(z,7) is

E(z,1)| = [EX(e1) + EX(z,1)]'/2
= [a} cos* (@t — kz) + a; cos” (o — kz + &))",
(7.51)

The electric field E(z,¢) has components along the x and y
directions. At a specific position z, the direction of E(z,7) is
characterized by its inclination angle y, defined with respect
to the x axis and given by

(7.52)

In the general case, both the intensity of E(z,7) and its direction
are functions of z and 7. Next, we examine some special cases.



326

CHAPTER 7 PLANE-WAVE PROPAGATION

Module 7.2 Plane Wave Observe a plane wave propagating along the z direction; note the temporal and spatial variations
of E and H. Examine how the wave properties change as a function of the values selected for the wave parameters—frequency
and E field amplitude and phase—and the medium’s constitutive parameters (€, U, ).

Module 7.2 Plane Wave e Input/Qutput | Phase Planes| Instructions Input
[E=0.653T W = 2350 ] 1S ¥ |Phasors| Eeiey f-L0E9 He
E-phasor Magnitude =~ —— H-phasor Magnitude Conductivity g =00 S/m
S — Y
Reset | Relative Permittivity & = Lo
A : ; _
E (1) B Relative Permeability 1 .= 1.0
E-field Amplitude (z=0) Eg=[1.0 Vim
E-field Phase (z=0) @=[00 rad
Length Displayed 1 =fo &
[A] & [B] Windows ~ Area= [1.0 m?
z
Update
Hy(t
/ \,_\ // Output Wave Properties
Sl || | et Wavelength A = 30.0 [cm]

Phase Velocity 4, = 3.0x 108 [m/s]
| period T = 10x109[s]
Impedance of the Medium [} ]

T =376.991118 +j 0.0
] =376.991118 £ 0.0 rad

=376.991118 £ 0.0 ¢

WE (1) mH,(t)

2 . A (Ski h

= Penetration (Skin) Deptf
B 1 B .= @

Phase and Attenuation Constants
A z,=00k =00[m] f=1.0 GHz B) zz=10% =30.0[cm] B = 20.94395 [m1]

|Eal=10 [V/m] I=102 =300 [cm] |Egl= 10 [VIm] @ =00 [Ne/m]
LEy = 00[rad] LEg = -6.28319[rad]
| He|= 265258 x 10° [Ammi—| Phasor fields on selected phase planes | —+ | Hg |= 265258 x 107 [a/mj|| O/@&= 00
LHy = 00[rad] LHg = 6.28319[rad] The material is vacuum (perfect dielectric)

7-3.1 Linear Polarization

» A wave is said to be linearly polarized if for a fixed z,
the tip of E(z,7) traces a straight line segment as a function
of time. This happens when E,(z,t) and E\(z,t) are in
phase (i.e., 6 = 0) or out of phase (6 = 7). <

Under these conditions, Eq. (7.50) simplifies to

(in phase) (7.53a)
(out of phase) (7.53b)

E(0,7) = (Xa + yay) cos(wt — kz),
E(0,1) = (Ray — §ay) cos(ot — kz).

Let us examine the out-of-phase case. The field’s magnitude is

[E(z.1)| = [a2 + 2]/ cos(or — kz)|, (7.54a)
and the inclination angle is
—tan ! [ =2
VW = tan . (out of phase) (7.54b)
Ax

We note that y is independent of both z and ¢. Figure 7-7
displays the line segment traced by the tip of E at z = 0 over
a half of a cycle. The trace would be the same at any other
value of z as well. Atz=0and 7 =0, |E(0,0)] = [a? +a?]'/2.

The length of the vector representing E(0,7) decreases to zero
at wr = 1/2. The vector then reverses direction and increases
in magnitude to [a? + a?]'/? in the second quadrant of the x—y
plane at @wr = 7. Since V¥ is independent of both z and 7, E(z,1)
maintains a direction along the line making an angle y with
the x axis while oscillating back and forth across the origin.

If ay = 0, then ¥ = 0° or 180°, and the wave is x-polarized;
conversely, if a, = 0, then y = 90° or —90°, and the wave is
y-polarized.

7-3.2 Circular Polarization

We now consider the special case when the magnitudes of the
x and y components of E(z) are equal, and the phase difference
0 = +m/2. For reasons that become evident shortly, the wave
polarization is called left-hand circular when 6 = m/2, and
right-hand circular when 8 = —1 /2.

Left-Hand Circular (LHC) Polarization
For a, =ay=aand 6 = /2, Eqs. (7.49) and (7.50) become

E(z) = (Ra+ Jae’™?)e 7% = a(k+ j§)e ¥, (71.55a)
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Figure 7-7 Linearly polarized wave traveling in the +z
direction (out of the page).

E(z1) = Re [E(z) eﬂﬂ

= Racos(t — kz) + Jacos(wt —kz+ 1w /2)

= Racos(ot — kz) — Jasin(or — kz). (7.55b)

The corresponding field magnitude and inclination angle are

E(z.)| = [E2(21) + E2(2,0)]

= [a® cos? (ot — kz) + a*sin® (0t —kz)] /> = a
(7.56a)

Ex(Z,I)
—asin(wt — k
= tan71 I:M

- acos(wt — kz) } = —(wt —kz). (7.56b)

We observe that the magnitude of E is independent of both z
and ¢, whereas Y depends on both variables. These functional
dependencies are the converse of those for the linear polariza-
tion case.

At z =0, Eq. (7.56b) gives v = —mt; the negative sign
implies that the inclination angle decreases as time increases.
As illustrated in Fig. 7-8(a), the tip of E(¢) traces a circle in

' £ X
\ ,I
S /
> 4
> ”
~ ~ - -
(a) LHC polarization
z
y
) :
44
- S e
7 [N
’ \
/?/ \
4 \
. (o vd L > X

(b) RHC polarization

Figure 7-8 Circularly polarized plane waves propagating in
the +z direction (out of the page).

the x—y plane and rotates in a clockwise direction as a function
of time (when viewing the wave approaching). Such a wave is
called left-hand circularly polarized because when the thumb
of the left hand points along the direction of propagation (the
z direction in this case) the other four fingers point in the
direction of rotation of E.

Right-Hand Circular (RHC) Polarization

Foray = ay=aand § = —m/2, we have

|E(z,1)| =a, v = (of —kz). (7.57)
The trace of E(0,7) as a function of ¢ is shown in Fig. 7-8(b).
For RHC polarization, the fingers of the right hand point
in the direction of rotation of E when the thumb is along
the propagation direction. Figure 7-9 depicts a right-hand

circularly polarized wave radiated by a helical antenna.
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Transmitting X
antenna A
7 - CU\ TS
7 \
/ E Y
E u 1
- (o > Z
y \ T /'
\\ /
Left screw sense S P
in space ~-J---
X
z \ . .
Right sense of rotation Figure 7-10 Right-hand circularly polarized wave of Example
in plane 7-2.

Figure 7-9 Right-hand circularly polarized wave radiated by a
helical antenna.

and application of Eq. (7.39a) gives

H(y) = ~ §x E(y) =

. §x (—%j+2)3e /o

» Polarization handedness is defined in terms of the
rotation of E as a function of time in a fixed plane orthog- =
onal to the direction of propagation, which is opposite the
direction of rotation of E as a function of distance at a
fixed point in time. <

(Zj+%)e ™ (mA/m).

S|w 3|~

With @ =271 f = 27 x 10® (rad/s), the wavenumber k is

. 2 103v/4 4
:a) & _ZEX \/_——75 (rad/m),

k = =
c 3x 108 3

and the intrinsic impedance 7 is
Example 7-2: RHC-Polarized Wave

Mo 1207
=—~——=6060r7 Q).
V& V4 )

An RHC-polarized plane wave with electric field magnitude The instantaneous fields E(y,#) and H(y,t) are
of 3 (mV/m) is traveling in the +y direction in a dielectric

medium with € =4€,, u = Uy, and ¢ = 0. If the frequency is E(y.1) = Re {E(y) ejcot}

100 MHz, obtain expressions for E(y,7) and H(y,?). ’

. . . L T =Re {(—ﬁj+i)367jkyejwt}

Solution: Since the wave is traveling in the +y direction, its

field must have components along the x and z directions. The = 3[&sin(wr — ky) +zcos(wt —ky)]  (mV/m)
rotation of E(y,) is depicted in Fig. 7-10, where ¥ is out of the

page. By comparison with the RHC-polarized wave shown in and

Fig. 7-8(b), we assign the z component of E(y) a phase angle _ _

of zero and the x component a phase shift of 6 = —x/2. Both H(y,t) = Re {H(y) e’“”}

components have magnitudes of ¢ =3 (mV/m). Hence,
3 o
=Re {E (2j+ ﬁ)e’k)efwt]

E(y) = ﬁEx + QEZ = ﬁae‘ijn/zefjky + sae Ik

L n
= (—Kkj+2)3e (mV/m), = 0% [&cos(wr — ky) —zsin(wt — ky)] (mA/m).
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Technology Brief 13: RFID Systems

In 1973, two separate patents were issued in the United
States for Radio Frequency ldentification (RFID) con-
cepts. The first, granted to Mario Cardullo, was for an
active RFID tag with rewritable memory. An active tag
has a power source (such as a battery) of its own,
whereas a passive RFID tag does not. The second
patent was granted to Charles Walton, who proposed
the use of a passive tag for keyless entry (unlocking a
door without a key). Shortly thereafter, a passive RFID
tag was developed for tracking cattle (Fig. TF13-1), and
the technology rapidly expanded into many commercial
enterprises—from tracking vehicles and consumer prod-
ucts to supply chain management and automobile anti-
theft systems.

RFID System Overview

In an RFID system, communication occurs between a
reader—which actually is a transceiver—and a tag
(Fig. TF13-2). When interrogated by the reader, a tag
responds with information about its identity, as well as
other relevant information depending on the specific
application.

» The tag is, in essence, a fransponder com-
manded by the reader. «

The functionality and associated capabilities of the RFID
tag depend on two important attributes: (a) whether
the tag is of the active or passive type and (b) the
tag’s operating frequency. Usually the RFID tag remains
dormant (asleep) until activated by an electromagnetic
signal radiated by the reader’s antenna. The magnetic
field of the EM signal induces a current in the caoil
contained in the tag’s circuit (Fig. TF13-3). For a passive
tag, the induced current has to be sufficient to generate
the power necessary to activate the chip as well as to
transmit the response to the reader.

Figure TF13-1 Passive RFID tags were developed in the
1970s for tracking cows.

» Passive RFID systems are limited to short read
ranges (between reader and tag) on the order of
30 cm to 3 m, depending on the system’s frequency
band (as noted in Table TT13-1). «

The obvious advantage of active RFID systems is that
they can operate over greater distances and do not
require reception of a signal from the reader’s antenna to
get activated. However, active tags are significantly more
expensive to fabricate than their passive cousins.

RFID Frequency Bands

Table TT13-1 provides a comparison among the four
frequency bands commonly used for RFID systems.
Generally speaking, the higher-frequency tags can op-
erate over longer read ranges and can carry higher data
rates, but they are more expensive to fabricate.
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Tag reader

The reader forwards the
data it received from the
RFID tag to a database
that can then match the
tag’s identifying serial
number to an authorized
account and debit that
account.

Once activated by the signal from the
tag reader (which acts as both a
transmitter and a receiver), the RFID
tag responds by transmitting the
identifying serial number programmed
into its electronic chip.

i

< il

Figure TF13-2 How an RFID system works is illustrated through this EZ-Pass example. The image of the UHF RFID tag is courtesy of
Cary Wolinsky/Cavan Images/Alamy Stock Photo.

RFID reader Chip

-

Antenna Antenna

Tag

Figure TF13-3 Simplified diagram for how the RFID reader communicates with the tag. At the two lower carrier frequencies commonly
used for RFID communication (125 kHz and 13.56 MHz), coil inductors act as magnetic antennas. In systems designed to operate at higher
frequencies (900 MHz and 2.54 GHz), dipole antennas are used instead.

Table TT13-1 Comparison of RFID frequency bands.

Band LF HF UHF Microwave
RFID frequency | 125-134 kHz 13.56 MHz 865-956 MHz  2.45 GHz
Read range <0.5m <1.5m <5m <10 m
Data rate 1 kbit/s 25 kbit/s 30 kbit/s 100 kbit/s
Typical e Animal ID e Smart cards e Supply chain e Vehicle toll collection
applications e Automobile key/antitheft e Article surveillance management e Railroad car monitoring
e Access control o Airline baggage tracking e Logistics
e Library book tracking
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Polarization ellipse

Figure 7-11 Polarization ellipse in the x—y plane with the wave
traveling in the z direction (out of the page).

7-3.3 Elliptical Polarization

Plane waves that are not linearly or circularly polarized are
elliptically polarized. That is, the tip of E(z,#) traces an ellipse
in the plane perpendicular to the direction of propagation. The
shape of the ellipse and the field’s handedness (left-hand or
right-hand) are determined by the values of the ratio (a,/ay)
and the phase difference J.

The polarization ellipse shown in Fig. 7-11 has its major
axis with length a¢ along the & direction and its minor axis
with length ay along the 7 direction. The rotation angle 7y is
defined as the angle between the major axis of the ellipse and
a reference direction, which is chosen here to be the x axis,
with ¥ being bounded within the range —7/2 < y < ©/2. The
shape of the ellipse and its handedness are characterized by the
ellipticity angle yx, which is defined as

an 1
tany =+— =+—,
ag R

(7.58)
with the plus sign corresponding to left-handed rotation and
the minus sign corresponding to right-handed rotation. The
limits for y are —m/4 < y < m/4. The quantity R = a¢ /ay
is called the axial ratio of the polarization ellipse, and it
varies between 1 for circular polarization and o for linear
polarization. The polarization angles y and y are related to the
wave parameters ay, ay, and 0 by*

tan2y = (tan2yp)cosd (—rm/2<y<m/2),

(—m/A<y <m/4),

(7.59a)

sin2y = (sin2yp) sin & (7.59b)

“From M. Born and E. Wolf, Principles of Optics, New York: Macmillan,
1965, p. 27.

where Y is an auxiliary angle defined by
T
(0<w<3)

Sketches of the polarization ellipse are shown in Fig. 7-12 for
various combinations of the angles (¥, x). The ellipse reduces
to a circle for y = +45° and to a line for y = 0.

tanyp = 2 (7.60)
a

X

» Positive values of y, corresponding to sind > 0, are
associated with left-handed rotation, and negative values
of x, corresponding to sin § < 0, are associated with right-
handed rotation. <

Since the magnitudes a, and a, are, by definition, nonneg-
ative numbers, the ratio a,/a, may vary between zero for an
x-polarized linear polarization and oo for a y-polarized linear
polarization. Consequently, the angle yy is limited to the
range 0 < yp < 90°. Application of Eq. (7.59a) leads to two
possible solutions for the value of 7, both of which fall within
the defined range from —m/2 to /2. The correct choice is
governed by the following rule:

¥ > 0if cosd >0,
Y < 0if cosd < 0.

» In summary, the sign of the rotation angle y is the same
as the sign of cos 8, and the sign of the ellipticity angle x
is the same as the sign of sind. <«

Example 7-3: Polarization State

Determine the polarization state of a plane wave with electric
field

E(z,t) = %3 cos(wr — kz+30°)

— y4sin(wr — kz+45°) (mV/m).

Solution: We begin by converting the second term to a cosine
reference:

E = &3 cos(wr — kz+30°) — §4cos(wr — kz+45° —90°)
= %3 cos(wt — kz+30°) — §4cos(wr — kz —45°).
The corresponding field phasor E(z) is
E(Z) = %3¢ /R30° _ §'4efjkze*j45o
= %3¢ ke pi30° 4 §'467/'1‘167]'450eﬂgoO

o —jkz j30° | o4 —jkz j135°
=X3e el §de e
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X y—

-90°
45°  Left circular polarization Q
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22.5° Left elliptical polarization
0° Linear polarization |
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Figure 7-12 Polarization states for various combinations of the polarization angles (7, %) for a wave traveling out of the page.

where we have replaced the negative sign of the second term
with /189" in order to have positive amplitudes for both
terms, thereby allowing us to use the definitions given earlier.

According to the expression for E(z), the phase angles of the x
and y components are 6, = 30° and 6, = 135°, giving a phase
difference of 0 = 0, — 0, = 135° —30° = 105°. The auxiliary
angle y is obtained from

, 4
Yo = tan~ ! (a_}) = tan~ ! <—) =53.1°.
ay 3

From Eq. (7.59a),
tan2y = (tan2yp) cos § = tan 106.2° cos 105° = 0.89,

which gives two solutions for y, namely y = 20.8° and
Y= —69.2°. Since cos § < 0, the correct value of yis —69.2°.
From Eq. (7.59b),

sin2y = (sin2yp) sin &
=sin106.2°sin105° =0.93 or yx =34.0"
The magnitude of x indicates that the wave is elliptically

polarized, and its positive polarity specifies its rotation as left
handed.

Concept Question 7-4:  An elliptically polarized wave
is characterized by amplitudes a, and a, and by the phase
difference 6. If a, and ay are both nonzero, what should
d be in order for the polarization state to reduce to linear
polarization?

Concept Question 7-5:  Which of the following two
descriptions defines an RHC-polarized wave: A wave
incident upon an observer is RHC-polarized if its electric
field appears to the observer to rotate in a counterclock-
wise direction (a) as a function of time in a fixed plane
perpendicular to the direction of wave travel or (b) as a
function of travel distance at a fixed time 7?

Exercise 7-5: The electric field of a plane wave is given
by

E(z,1) =%3cos(wt — kz) + §4cos(wr —kz) (V/m).

Determine (a) the polarization state, (b) the modulus of E,
and (c) the auxiliary angle.

Answer: (a) Linear, (b) |E| = 5cos(wr — kz) (V/m),
(©) W = 53.1°. (See )
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Module 7.3 Polarization | Upon specifying the amplitudes and phases of the x and y components of E, the user can

observe the trace of E in the x—y plane.

Module 7.3 Polarization I

Instructions

Amplitude X
w10 |

Phase X (o)deg ( Jrad
= | 00 |

Amplitude Y
] 10 |

Phase Y ()deg ( rad
= | -695 |

Animation speed

|| Update [l |

Trace: (o) On () Off

-

Exercise 7-6: If the electric field phasor of a TEM wave
is given by E = (§ — zj)e /", determine the polarization
state.

Answer: RHC polarization. (See .)

7-4 Plane-Wave Propagation in Lossy
Media

To examine wave propagation in a lossy (conducting) medium,
we return to the wave equation given by Eq. (7.15),

VZE—*E=0 (7.61)
with

Y = —w’ue. = —0’u(e — je"), (7.62)

The polarization is ELLIPTICAL { right-handed )

direction (towards the viewer)

where €' = € and €’ = 6/®. Since ¥ is complex, we express
itas

y=a+JB, (7.63)
where « is the medium’s attenuation constant and f its phase
constant. By replacing v with (o + jB) in Eq. (7.62), we
obtain

(a+jB)* = (a® =B+ j2ap = —0’ue' + jo’ue". (7.64)

The rules of complex algebra require the real and imaginary
parts on one side of an equation to equal, respectively, the real
and imaginary parts on the other side. Hence,

o’ — B = —o’ue, (7.65a)

208 = o’ ue’. (7.65b)
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Module 7.4 Polarization Il Upon specifying the amplitudes and phases of the x and y components of E, the user can
observe the 3-D profile of the E vector over a specified length span.

Reset

E

— | i

Module 7.4  Polarization 11 @ 69 _Input/Output | Phase Planes| Instructions | || Input Update |

[T=0.44aT Wt =160° ] Arimation spees - __l Frequency f=fl.oEg  [Hz]
Relative Permittivity £, =[1.0

S — ;

Relative Permeability Hp=|1.0

B Reference Amplitude E,=[1.0 [Vim]
Reference Phase (z=0)¢p =|0.0 [rad]
1 =flo [1]

B = 18 EC E,=10E,

¥
E 1] E 1=

Length Displayed

@ (E;)-@(Ey)=002
W E |

Output
Y Wavelength A = 30.0 [cm]
Phase Velocity u, = 3.0x 108 [m/s]
I |
0 I=10n Period T =10x109[s]
Za £5 Impedance of the Medium [ (2]
N =376.991118
A B | 2 Phase Constant
B | J I B ase Constan
B = 20.94395 [m1]
A) z,=00h =00[m] f=1.0 GHz B) zz =10k =300([cm]
| Exl= 10 [V/m] I=1.02 =300 [cm] |Exl= 1.0 [VIfm] LINEAR POLARIZATION
LEK=OO[rad] LEX='628319[rad]
&' Gorrear 8! Samats (raa
LE, = 0.0(rad] RE(t) ME,/(t) MEL(! LE, = -6.28319[rad ]

Solving these two equations for & and 8 gives

- Ty 1/2
e e\ 2 /
(Np/m),
- Ty 1/2
/ m\ 2
p=og |\ 1+ (%) +1 (7.66b)
(rad/m).

For a uniform plane wave with electric field E =& E,(z)
traveling along the z direction, the wave equation given by
Eq. (7.61) reduces to

TEE rEm=0

The general solution of the wave equation given by Eq. (7.67)
comprises two waves: one traveling in the +z direction and
another traveling in the —z direction. Assuming only the
former is present, the solution of the wave equation leads to

(7.67)

E(z) = RE,(2) = REyge " =REge % /P2 (7.68)

The associated magnetic field H can be determined by apply-
ing Eq. (7.2b): V x E = fja)/.LITI, or using Eq. (7.39a):
H = (k x E)/n., where 7 is the intrinsic impedance of the
lossy medium. Both approaches give

H(z) =§A(2) =9 Ej](z) - i—”e*“ze*fﬁi (7.69)
where
,8// 71/2
Ne = ,/g - g (1 _ ?> Q). (7.70)

We noted earlier that in a lossless medium, E(z,t) is in phase
with H(z,t). This property no longer holds true in a lossy
medium because 1. is complex. This fact is demonstrated later
in Example 7-4.

From Eq. (7.68), the magnitude of E,(z) is given by

‘EX(Z” = ‘Exoe*aze*]ﬁz‘ — |Ex0|e*0!Z’ (771)

which decreases exponentially with z at a rate dictated by the
attenuation constant ¢. Since ﬁy = Ex /M, the magnitude of ﬁy
also decreases as e~ %. As the field attenuates, part of the
energy carried by the electromagnetic wave is converted into
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4 E2)]

|Ex0|

Figure 7-13  Attenuation of the magnitude of Ey(z) with
distance z. The skm depth & is the value of z at which
|Ex(2)|/|Exo| =€ ' orz=8=1/a.

heat due to conduction in the medium. As the wave travels
through a distance z = &; with

0 = (m), (7.72)

1
o

the wave magnitude decreases by a factor of e~! ~ 0.37
(Fig. 7-13). At depth z = 33, the field magnitude is less than
5% of its initial value, and at z = 50, it is less than 1%.

» This distance &, called the skin depth of the medium,
characterizes how deep an electromagnetic wave can pen-
etrate into a conducting medium. <«

In a perfect dielectric, 6 = 0 and £” = 0. Use of Eq. (7.66a)
yields a = 0; therefore, § = . Thus, in free space, a plane
wave can propagate indefinitely with no loss in magnitude.
On the other extreme, in a perfect conductor, ¢ = o and use
of Eq. (7.66a) leads to o = . Hence O; = 0. If the outer
conductor of a coaxial cable is designed to be several skin
depths thick, it prevents energy inside the cable from leaking
outward and shields against penetration of electromagnetic
energy from external sources into the cable.

The expressions given by Egs. (7.66a), (7.66b), and (7.70)
for a, B, and 7. are valid for any linear, isotropic, and
homogeneous medium. For a perfect dielectric (¢ = 0), these
expressions reduce to those for the lossless case (Section 7-2),
wherein a =0, B =k = w,/u¢, and n. = n. For a lossy
medium, the ratio €” /¢’ = o/ we, which appears in all these
expressions, plays an important role in classifying how lossy
the medium is. When €” /¢’ < 1, the medium is considered

a low-loss dielectric, and when €” /¢’ > 1, it is considered a
good conductor. In practice, the medium may be regarded as
a low-loss dielectric if €”/¢' < 1072, as a good conductor if
€" /€' > 10%, and as a quasi-conductor if 1072 < &" /¢’ <102,
For low-loss dielectrics and good conductors, the expressions
given by Eq. (7.66) can be significantly simplified, as shown
next.

7-4.1 Low-Loss Dielectric

From Eq. (7.62), the general expression for 7 is

(7.73)

1/2
Y= J(D\/N8’< —]—) .

For |x| < 1, the function (1 —x)'/2 can be approximated by
the first two terms of its binomial series; that is, (1 —x)'/ 2~
1 —x/2. By applying this approximation to Eq. (7.73) for a
low-loss dielectric with x = je” /¢’ and €” /¢’ < 1, we obtain

Y~ mW( —15). (7.74)
The real and imaginary parts of Eq. (7.74) are
we”
~ (Np/m), (7.75a)
B~ wo\/ue =wy/pe  (rad/m). (7.75b)

(low-loss medium)

We note that the expression for f is the same as that for the
wavenumber k of a lossless medium. Applying the binomial
approximation (1 —x)~ /2 ~ (1 +x/2) to Eq. (7.70) leads to

i e i o
e RS — ) =/=(1+j—).
n 4 ( * 28') s( +]2(08)

In practice, because £”/&' = 6 /we < 1072, the second term in
Eq. (7.76a) often is ignored. Thus,

.
nCN\/:a

which is the same as Eq. (7.31) for the lossless case.

(7.76a)

(7.76b)



336

CHAPTER 7 PLANE-WAVE PROPAGATION

Technology Brief 14:
Liquid Crystal Display (LCD)

LCDs are used in digital clocks, cellular phones, desk-
top and laptop computers, some televisions, and other
electronic systems. They offer a decided advantage over
former display technologies, such as cathode ray tubes,
because they are much lighter and thinner and consume
a lot less power to operate. LCD technology relies
on special electrical and optical properties of a class
of materials known as liquid crystals, which were first
discovered in the 1880s by botanist Friedrich Reinitzer.

Physical Principle

» Liquid crystals are neither a pure solid nor a pure
liquid; rather, they are a hybrid of both. «

One particular variety of interest is the twisted nematic
liquid crystal whose rod-shaped molecules have a
natural tendency to assume a twisted spiral struc-
ture when the material is sandwiched between finely
grooved glass substrates with orthogonal orientations
(Fig. TF14-1). Note that the molecules in contact with
the grooved surfaces align themselves in parallel along
the grooves, from a y orientation at the entrance sub-
strate into an x orientation at the exit substrate. The
molecular spiral causes the crystal to behave like a wave
polarizer: unpolarized light incident upon the entrance
substrate follows the orientation of the spiral, emerging
through the exit substrate with its polarization (direction
of electric field) parallel to the groove’s direction, which
in Fig. TF14-1 is along the x direction. Thus, of the x and
y components of the incident light, only the y component
is allowed to pass through the y-polarized filter, but as a
consequence of the spiral action facilitated by the liquid
crystal’s molecules, the light that emerges from the LCD
structure is x-polarized.

LCD Structure

A single-pixel LCD structure is shown in Fig. TF14-2
for the OFF and ON states, with OFF corresponding to a
bright-looking pixel and ON to a dark-looking pixel.

x-polarized light

x-oriented
polarizing fil
SN
x-oriented
exit substrate
Rod-shaped ;
molecules ¢
~ ./
Orthogonal i
groove \
orientations \ y-oriented
N entrance substrate

pass through
y polarizing filter

X
Unpolarized light

incident light

Figure TF14-1 The rod-shaped molecules of a liquid crystal
sandwiched between grooved substrates with orthogonal orien-
tations causes the electric field of the light passing through it to
rotate by 90°.

» The sandwiched liquid-crystal layer (typically on
the order of 5 microns in thickness or 1/20 of the
width of a human hair) is straddled by a pair of optical
filters with orthogonal polarizations. «

When no voltage is applied across the crystal layer
(Fig. TF14-2(a)), incoming unpolarized light gets polar-
ized as it passes through the entrance polarizer, rotates
by 90° as it follows the molecular spiral, and finally
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Bright pixel Dark pixel

Molecule of
liquid crystal

(a) ON state (switch open) (b) OFF state (switch closed)

Figure TF14-2 Single-pixel LCD.

emerges from the exit polarizer, giving the exited surface
a bright appearance. A useful feature of nematic liquid
crystals is that their spiral untwists (Fig. TF14-2(b))
under the influence of an electric field (induced by
a voltage difference across the layer). The degree of
untwisting depends on the strength of the electric field.
With no spiral to rotate the wave polarization as the
light travels through the crystal, the light polarization
becomes orthogonal to that of the exit polarizer, allowing

» By extending the concept to a two-dimensional
array of pixels and devising a scheme to control
the voltage across each pixel individually (usually
by using a thin-film transistor), a complete image
can be displayed as illustrated in Fig. TF14-3. For
color displays (Fig. TF14-4), each pixel is made up
of three subpixels with complementary color filters
(red, green, and blue). «

no light to pass through it. Hence, the pixel exhibits a
dark appearance.
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Liquid crystal
N\

Unpolarized light

Exit polarizer

Entrance polarizer

Molecular spiral

LCD display

Figure TF14-3 2-D LCD array.

Figure TF14-4 LCD display.



7-4 PLANE-WAVE PROPAGATION IN LOSSY MEDIA

339

7-4.2 Good Conductor

When €” /¢’ > 100, Eqgs. (7.66a), (7.66b), and (7.70) can be
approximated as

/!
a~ o “28 - /% — J/Zfpo (Np/m), (7.77a)

B~ o~ \/afiio (rad/m), (7.77b)
~ iR = ; ,/”f_“ _ N
Me [y = (1+7) c = (1+])O_ Q). (7.77¢)

(good conductors)

In Eq. (7.77c), we used the relation given by Eq. (1.53):
V7 = (14 j)/V/2. For a perfect conductor with ¢ = oo, these
expressions yield o = § = oo and 1. = 0. A perfect conductor
is equivalent to a short circuit in a transmission line equivalent.

Expressions for the propagation parameters in various types
of media are summarized in Table 7-1.

Example 7-4: Plane Wave in Seawater

A uniform plane wave is traveling in seawater. Assume that
the x—y plane resides just below the sea surface and the wave
travels in the 4z direction into the water. The constitutive
parameters of seawater are & = 80, U, =1, and 6 =4 S/m. If
the magnetic field at z =0 is

H(0,7) = §100cos(27 x 10° 4 15°) (mA/m),

(a) obtain expressions for E(z,7) and H(z,t), and

(b) determine the depth at which the magnitude of E is 1% of
its value at z = 0.

Solution: (a) Since H is along § and the propagation direction
is Z, E must be along %. Hence, the general expressions for the
phasor fields are

E(z) = REge % /P7, (7.78a)

- E .
H(z) =y =0 oz, Pz,

(7.78b)
Ne

To determine «, 3, and 1), for seawater, we begin by evaluating
the ratio €”/¢’. From the argument of the cosine function
of H(0,7), we deduce that @ = 27 x 103 (rad/s). Therefore,
f = 1kHz. Hence,

g o o 4

¢  we w&e 21 x 103 x80x (10 9/367)

=9x10°.

This qualifies seawater as a good conductor at 1 kHz and
allows us to use the good-conductor expressions given in
Table 7-1:

a=+/nfuc

—V/Ix 103 x4xx 10~7 x 4

=0.126  (Np/m), (7.79a)
B=0=0126 (rad/m), (7.79b)
Lo
Ne = (1 JF])E
= (V2 ej”/4)¥ =0.044e/™* Q). (7.79¢)

As no explicit information has been given about the electric
field amplitude E,p, we should assume it to be complex;
that is, Eyg = |Exo|e/#®. The wave’s instantaneous electric and
magnetic fields are given by

E(z,1) = Re {Q‘Exo‘ej%efazefjﬁzejwt}

= R|Eole %% cos(2m x 10’1 — 0.126z+ ¢p)  (V/m),

(7.80a)
- N ‘ExO‘ej% —az —jBz jor
H(Z,[) =Re |:y W&‘ te /Pl
= §22.5|Ele 12 cos(2m x 10%
—0.1262+ ¢o—45°)  (A/m). (7.80b)
Atz =0,
H(0,1) = §22.5|E4| cos(2m x 10% + ¢ —45°)  (A/m).
(7.81)

By comparing Eq. (7.81) with the expression given in the
problem statement,

H(0,1) = $100cos(2 x 10t +15°)  (mA/m),
we deduce that
22.5|E| = 100 x 1072
or
|Ex| =444  (mV/m)
and
0o —45° =15° or 0o = 60°.
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Table 7-1 Expressions for o, 3, 1¢, up, and A for various types of media.

Lossless Low-loss Good
Any Medium Medium Medium Conductor Units
(c=0) | (/<) | (/e >1)
- - 111/2
ue' e\ ? ! c [u
o= P i+ (5) - 0 ~oyz | ~Vafuo (Np/m)
2 € 2V e
- - 111/2
ue' e"\? !
B= > 1+(?) +1 /L€ A W®\/UE ~\/rTfuc (rad/m)
—1/2
[u & U U L
= —(1—j— — g = ~ (1 = Q
Ne 8’( ]8’) € < (+J)G (Q)
up = /B 1/ /1€ ~1/\/ue | =~ /4nf/uc (m/s)
A= 2n/B=up/f up/f ~up/f ~up/f (m)
Notes: ¢ =¢€; €’ = 6/w; in free space, € = &, [t = lo; in practice, a material is considered a low-loss medium
if£” /e’ = 6 /we < 0.01 and a good conducting medium if €” /¢’ > 100.

Hence, the final expressions for E(z,7) and H(z,1) are

E(z.1) = %4.44¢ 2% cos(27 x 10% — 0.1262 4 60°)

(mV/m), (7.82a)
H(z,1) = §$100e %125 cos(27 x 10% — 0.126z+ 15°)
(mA/m). (7.82b)

» Because E(z,) and H(z,¢) in a lossy medium no
longer have the same constant-phase angle, they no longer
oscillate in sync with one another as a function of z
and 7. <

(b) The depth at which the amplitude of E has decreased to 1%
of its initial value at z = 0 is obtained from

0.01 = ¢ 01262

or

~ In(0.01)
T —0.126

Z =36.55m~37m.

Exercise 7-7: The constitutive parameters of copper
are )L = Uy = 41 x 1077 (H/m), € = g ~ (1/36m) x
1077 (F/m), and ¢ = 5.8 x 107 (S/m). Assuming that
these parameters are frequency independent, over what
frequency range of the electromagnetic spectrum (see
Fig. 1-16) is copper a good conductor?

Answer: f < 1.04 x 10'® Hz, which includes the radio,
infrared, visible, and part of the ultraviolet regions of the
EM spectrum. (See &.)

Exercise 7-8: Over what frequency range may dry soil
with & =3, , =1,and o = 104 (S/m) be regarded as a
low-loss dielectric?

Answer: f > 60 MHz. (See &).)

Exercise 7-9: For a wave traveling in a medium with a
skin depth s, what is the amplitude of E at a distance
of 38, compared with its initial value?

Answer: ¢ 3 ~ 0.05 or 5%. (See €.)
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Module 7.5 Wave Attenuation Observe the profile of a plane wave propagating in a lossy medium. Determine the skin
depth, the propagation parameters, and the intrinsic impedance of the medium.

Module 7.5 Wave Attenuation - f —\ L_Examples_|jiGenerallinput[}linsthuctiona | Examples
[E=o0278T+2T wt=1002+4n || “~u " ¥ Envelepe & Show Og = Bamplel | Slightly Lossy
eeh M - — (Eias m o E(z=0)=100[V/m]o =0.001 [S/m
1] . BB SE L  EHER RiEserManniucs WE(t) wH,(t) £-10.0 MH2 €, =9.0
Heset N __Example 2 | Moderately Lossy
Eu(t) | E(z=0)=10.0[V/m]o=0.01[S/m ]
| f=100 MHz E.—0.0
i
| Example 3 Highly Lossy
I E(z=0)=10.0[V/m]o=1.0[S/m]
| ) ¢
| (T ¢ f=10.0 MHz £, =9.0
N Niliin z
Hy(t) === ] ]
N

<4< Anmationspeed >

Output Fields =

2=00%=00[m]
1 =602 =59.70513 [m]
65 = 1.6073 A = 15,9941 [m]

Phasors

|E(z) |= 10.00 [Vim]
LE(z)= 00[rad]

|H(z) |= 8.03616 x 102 [A/m]
2 LH(z)= -0.0987 [rad]

I=602 Average Power Density
S.(2) = 3.99852 x 102 [W/m?]

7-5 Current Flow in a Good Conductor

When a dc voltage source is connected across the ends of
a conducting wire, the current flowing through the wire is
uniformly distributed over its cross section. That is, the current
density J is the same along the axis of the wire and along
its outer perimeter (Fig. 7-14(a)). This is not true in the
ac case. As we see shortly, a time-varying current density
is maximum along the perimeter of the wire and decreases
exponentially as a function of distance toward the axis of the
wire (Fig. 7-14(b)). In fact, at very high frequencies, most of
the current flows in a thin layer near the wire surface, and if the
wire material is a perfect conductor, the current flows entirely
on the surface of the wire.

Before analyzing a wire with circular cross section, let us
consider the simpler geometry of a semi-infinite conducting
solid, as shown in Fig. 7-15(a). The solid’s planar interface
with a perfect dielectric is the x—y plane. If at z = 0~ (just
above the surface) an x-polarized electric field with E = KE,
exists in the dielectric, a similarly polarized field is induced in
the conducting medium and propagates as a plane wave along
the +z direction. As a consequence of the boundary condition
mandating continuity of the tangential component of E across
the boundary between any two contiguous media, the electric
field at z = 0T (just below the boundary) is E(0) = RE also.

1l

it

g

+

(a) dc case
—£) = L
AW

R + -
")
(b) ac case

it

Figure 7-14 Current density J in a conducting wire is (a)
uniform across its cross section in the dc case, but (b) in the
ac case, J is highest along the wire’s perimeter.
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/" Eyp —
—
_>JO
Hy e
— > X
—

(a) Exponentially decaying J(2)

le—]—>

=5l

(b) Equivalent Jj over skin depth Jg

Figure 7-15 Exponential decay of current density J,(z) with
z in a solid conductor. The total current flowing through (a)
a section of width w extending between z = 0 and z = oo is
equivalent to (b) a constant current density Jy flowing through
a section of depth &.

The EM fields at any depth z in the conductor are given by
E(z) = 8Ege~%e /P7, (7.83a)

~ E ,
H(z) =y =0 p-azgibz,

C

(7.83b)

From J = oFE, the current flows in the x direction, and its
density is

J(2) =& Ji(2), (7.84)

with

Jo(z) = 0Ege” % 1Pt = Joe~ %P7, (7.85)
where Jy = 0Ey is the amplitude of the current density at
the surface. In terms of the skin depth & = 1/« defined by
Eq. (7.72) and using the fact that in a good conductor oc = 8

as expressed by Eq. (7.77b), Eq. (7.85) can be written as

Te(z) = Joe U5 (A/m?). (7.86)
The current flowing through a rectangular strip of width w
along the y direction and extending between zero and < in the

z direction is

Jows

a+y M
(7.87)
The numerator of Eq. (7.87) is reminiscent of a uniform current
density Jy flowing through a thin surface of width w and
depth §;. Because J,(z) decreases exponentially with depth z,
a conductor of finite thickness d can be considered electrically
equivalent to one of infinite depth as long as d exceeds a few
skin depths. Indeed, if d = 35 [instead of o in the integral of
Eq. (7.87)], the error incurred in using the result on the right-
hand side of Eq. (7.87) is less than 5%; if d = 50, the error is
less than 1%.
The voltage across a length [ at the surface (Fig. 7-15(b)) is
given by

T:W/ Ji(2) dz:w/ Joe~ (118 g7 —
0 0

Jo

V=FEl=2=1. (7.88)
(o)

Hence, the impedance of a slab of width w, length /, and depth
d = oo (or, in practice, d > 50;) is

Vo o1+
z—r 1L g (7.89)
Ji ob, w
It is customary to represent Z as
l
Z=7, —, (7.90)
w

where Zg is called the infernal or surface impedance of the
conductor and is defined as the impedance Z for a length
[ =1 m and a width w = 1 m. Thus,

I+

Z
* 06,

Q). (7.91)

Since the reactive part of Z; is positive, Zs can be defined as

Zs =Ry +ijs
with
Ro—— = JHH () (7.92a)
o0 o
1 1 u
Ly= - H), 7.92b
wod, 2\ nfo (H) (7.920)
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where we used the relation 6, = 1/ ~ 1/\/nfluc given by
Eq. (7.77a). In terms of the surface resistance R, the ac
resistance of a slab of width w and length / is

l
= (Q).

l
R=R, —
‘w o odw

(7.93)

The expression for the ac resistance R is equivalent to the dc
resistance of a plane conductor of length / and cross section
A = dw.

The results obtained for the planar conductor can be
extended to the coaxial cable shown in Fig. 7-16(a). If the
conductors are made of copper with ¢ = 5.8 x 107 S/m, the
skin depth at 1 MHz is & = 1 /y/mfuo = 0.066 mm, and since
& varies as 1/4/f, it becomes smaller at higher frequencies.
As long as the inner conductor’s radius a is greater than 53,
or 0.33 mm at 1 MHz, its “depth” may be regarded as
infinite. A similar criterion applies to the thickness of the outer
conductor. To compute the resistance of the inner conductor,
note that the current is concentrated near its outer surface and
approximately equivalent to a uniform current flowing through
a thin layer of depth J; and circumference 27a. In other words,
the inner conductor’s resistance is nearly the same as that of a
planar conductor of depth & and width w = 27a, as shown in
Fig. 7-16(b). The corresponding resistance per unit length is
obtained by setting w = 27a and dividing by / in Eq. (7.93):

R R
R, =—=_—" Q/m). 7.94
1= T T o YW (7.94)
/ Outer conductor
‘ Dielectric T
Q
Dielectric
L

Inner conductor

(a) Coaxial cable

N\
2ra
A
| s

(b) Equivalent inner conductor

Figure 7-16 The inner conductor of the coaxial cable in (a)
is represented in (b) by a planar conductor of width 2wa and
depth &, as if its skin has been cut along its length on the bottom
side and then unfurled into a planar geometry.

Similarly, for the outer conductor, the current is concentrated
within a thin layer of depth & on the inside surface of the
conductor adjacent to the insulating medium between the two
conductors, which is where the EM fields exist. The resistance
per unit length for the outer conductor with radius b is

/ RS
27 2mb

(Q/m), (7.95)

and the coaxial cable’s total ac resistance per unit length is

R (1 1
R’R’1+R’2—s(a+—) (Q/m). (7.96)

21 b

This expression was used in Chapter 2 for characterizing the
resistance per unit length of a coaxial transmission line.

Concept Question 7-6: How does 3 of a low-loss die-
lectric medium compare to that of a lossless medium?

Concept Question 7-7: In a good conductor, does the
phase of H lead or lag that of E and by how much?

Concept Question 7-8:  Attenuation means that a wave
loses energy as it propagates in a lossy medium. What
happens to the lost energy?

Concept Question 7-9:  Is a conducting medium disper-
sive or dispersionless? Explain.

Concept Question 7-10:  Compare the flow of current
through a wire in the dc and ac cases. Compare the
corresponding dc and ac resistances of the wire.

7-6 Electromagnetic Power Density

This section deals with the flow of power carried by an
electromagnetic wave. For any wave with an electric field E
and magnetic field H, the Poynting vector S is defined as
S=ExH (W/m?. (7.97)
The unit of S is (V/m) x (A/m) = (W/m?), and the direction
of S is along the wave’s direction of propagation. Thus, S
represents the power per unit area (or power density) carried
by the wave. If the wave is incident upon an aperture of area
A with outward surface unit vector fi as shown in Fig. 7-17,
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Module 7.6 Current in a Conductor Module displays exponential decay of current density in a conductor.

Jylz,t)

| HTW. =

I Equivalent Jq

Module 7.6 Current in a Conductor = 71 - Input
START sTOP Envelope  [WShow O Instructions :
[i=o0.0T wi= 0° ] - ! \\J_/ o pe P Shdkibababiudeddicd Frequency f =|10E9 |Hz
Conductivity o = 10E7 S/m
1 ! | : il E-phasor Magnitude
1 MMl Relative Permittivity e =] 1.0
w I i) Ey(1) JHy( 1)
x(2) > JEREEE M = Bl Relative Permeability pp=|10
=
/ By _— E, (1) E-field Amplitude (2=0) Eq=| 1O | V/m
Hy, > x E-field Phase (z=0) = 0.0 rad
i Height Displayed (2) h=[10 A
. —_— y =
7sk7|ngegth7 e 5 Length of Sample (x) { 1.0 m
- e \ G Width of Sample (y) w= 10 m
~ ST
| Update

0, =0.1592 % = 5.03292[pm]

1B R E B B R

<< Animation speed -

Output

| Impedance Properties :'\

Surface Impedance

Zg=Rg+jXg=Rg+jwls

=0.019869 + j 0.019869(Q ]

Surface Inductance

Ls=3.16 x 10"12[H]
Total Impedance Z=Zg x ([ /w)
z Z =0.019869 +j 0.019869(Q ]
Total Current in the Sample

Vot = 35.588127 . -0.7854 rad [A]
Voltage Across Sample

Vior=1.0 2 0.0rad[V]

h =101

=

(N0

>

Figure 7-17 EM power flow through an aperture.

then the total power that flows through or is intercepted by the
aperture is

P /A S-BdA  (W). (7.98)
For a uniform plane wave propagating in a direction k that
makes an angle 6 with fi, P = SAcos6, where S = |S].

Except for the fact that the units of S are per unit area,
Eq. (7.97) is the vector analogue of the scalar expression for
the instantaneous power P(z,t) flowing through a transmission
line,

P(z,t) = v(z,t) i(z,1), (7.99)

where v(z,#) and i(z,#) are the instantaneous voltage and
current on the line.

Since both E and H are functions of time, so is the Poynting
vector S. In practice, however, the quantity of greater interest
is the average power density of the wave, S,y, which is the
time-average value of S:

S = 1 e [f«: x ﬁ*} (W/m2). (7.100)

This expression may be regarded as the electromagnetic equiv-
alent of Eq. (2.107) for the time-average power carried by a
transmission line, namely

Pu(@) =3 Re [V T (2)] (7.101)

where V(z) and I(z) are the phasors corresponding to v(z,7)
and i(z,7), respectively.

7-6.1 Plane Wave in a Lossless Medium

Recall that the general expression for the electric field of a
uniform plane wave with arbitrary polarization traveling in the
+z direction is

E(z) =X E(2) +§ Ey(z) = (REx +VEy)e 7%, (7.102)



7-6 ELECTROMAGNETIC POWER DENSITY

345

where, in the general case, Ey and E,y may be complex
quantities. The magnitude of E is

|E| = (E-E*)'/2 = [|E|? + |yl (7.103)
The phasor magnetic field associated with E is obtained by
applying Eq. (7.39a):
H(z) = (f(ﬁXerﬁy)e*ij
1, ~ 1, R ke
= EZXE: H (—XEy 0 +JEy)e ™.

The wave can be considered as the sum of two waves: one com-
prising fields (Ey,H,) and another comprising fields (Ey, Hy).
Use of Egs. (7.102) and (7.104) in Eq. (7.100) leads to

(7.104)

1

Swv=12 an

17:2
(Bal+Bol) =2 51 W), (1.105)
(lossless medium)

which states that power flows in the z direction with average
power density equal to the sum of the average power densities
of the (E,,Hy) and (E,,H,) waves. Note that, because S,

depends only on 1 and |E|, waves characterized by different
polarizations carry the same amount of average power as long
as their electric fields have the same magnitudes.

Example 7-5: Solar Power

If solar illumination is characterized by a power density of
1 kW/m? on the Earth’s surface, find (a) the total power ra-
diated by the sun, (b) the total power intercepted by the Earth,
and (c) the electric field of the power density incident upon the
Earth’s surface, assuming that all the solar illumination is at
a single frequency. The radius of the Earth’s orbit around the
sun, Ry, is approximately 1.5 x 10% km, and the Earth’s mean
radius R, is 6,380 km.

Solution: (a) Assuming that the sun radiates isotropically
(equally in all directions), the total power it radiates is S,y Asph,
where Agpn is the area of a spherical shell of radius R
(Fig. 7-18(a)). Thus,

Pon = Sy (47R?) = 1 x 10% x 47 x (1.5 x 10'1)?
=2.8x10%°W.

(b) With reference to Fig. 7-18(b), the power intercepted by
the Earth’s cross section A, = 7TR2 is

Py =So (TR2) = 1 x 10> x % (6.38 x 10°)> = 1.28 x 10" W.

e )

- ~
/, S \\
Ve N
/ N
V4 \

Vi S S \
y \
1 \
1 \
| () ‘
1 1
\ I
\'s s/
\ /
\ Ry /
\ /

\ 7
N 7
R S -7

Area of / Earth

spherical surface
Agph = 47R;

(a) Radiated solar power

Ae = 7R Barth

(b) Earth intercepted power

Figure 7-18 Solar radiation intercepted by (a) a spherical
surface of radius R and (b) the Earth’s surface (Example 7-5).

(c) The power density S,, is related to the magnitude of the
electric field |E| = Ey by

E2

Sav = 2 s
210
where 1o = 377 (Q) for air. Hence,

Eo = /2N0Say = V2 x 377 x 103 =870

7-6.2 Plane Wave in a Lossy Medium

The expressions given by Eqs. (7.68) and (7.69) characterize
the electric and magnetic fields of an x-polarized plane wave

(V/m).
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propagating along the z direction in a lossy medium with prop-
agation constant Y = o + jB. By extending these expressions
to the more general case of a wave with components along both
x and y, we have

E(z) = R E,(2) +§ Ey(2) = (RExo + § Eyo)e~ %e7P7,
(7.106a)

1 .
H(z) = n—(fﬁEyo +§Ew)e %e P, (7.106b)

C

where 7). is the intrinsic impedance of the lossy medium.
Application of Eq. (7.100) gives

Sur(2) = + Re [fz x f{*}

2
_ 2Bl + 1B 20 g, <i) .07
2 ne
By expressing 1. in polar form as
Ne = |Mele’®n, (7.108)
Eq. (7.107) can be rewritten as
Sw(z) =12 % e 2% cos Oy (Wim?), (7.109)

(lossy medium)

where |E(0)[2 = [|E.w|* + |Eyo|?]'/? is the magnitude of E(2)
atz=0.

» Whereas the fields E(z) and H(z) decay with z as e~ %,
the power density S,, decreases as e 2%, <

When a wave propagates through a distance z= 6, =1/a,
the magnitudes of its electric and magnetic fields decrease to
e~ ~37% of their initial values, and its average power density
decreases to e 2 ~ 14% of its initial value.

7-6.3 Decibel Scale for Power Ratios

The unit for power P is watts (W). In many engineering
problems, the quantity of interest is the ratio of two power
levels, P; and P, such as the incident and reflected powers
on a transmission line, and often the ratio P;/P, may vary
over several orders of magnitude. The decibel (dB) scale is
logarithmic, thereby providing a convenient representation of

Table 7-2 Power ratios in natural numbers and in decibels.

@ G [dB]
10* 10x dB
4 6dB
2 3dB
1 0dB
0.5 —3dB
025 | —6dB
0.1 | —10dB
1073 | —30dB

the power ratio, particularly when numerical values of P; /P,
are plotted against some variable of interest. If

G=—, 7.110
P, ( )

then

G [dB] = 101ogG

= 10log <%> (dB).
2

Table 7-2 provides a comparison between values of G and
the corresponding values of G [dB]. Even though decibels
are defined for power ratios, they can sometimes be used to
represent other quantities. For example, if P, = V12 /R is the
power dissipated in a resistor R with voltage V| across it at
time t;, and P, = V22 /R is the power dissipated in the same
resistor at time 7, then

P
G [dB] = 10log (Fl)
2

VZ/R
= 10log (V%R)
2

v
=20log (71)
2

= 20log(g)
= g [dB],

(7.111)

(7.112)

where ¢ =V} /V; is the voltage ratio. Note that for voltage (or
current) ratios the scale factor is 20 rather than 10, which
results in G [dB] = g [dB].

The attenuation rate, representing the rate of decrease of
the magnitude of S,y (z) as a function of propagation distance,
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is defined as
Sav(2) ]
A=10Io
¢ {sav<o>
= 10log(e2%)

= —200zloge = —8.680az = —a [dB/m] z (dB),
(7.113)
where
o [dB/m| = 8.680c  (Np/m). (7.114)
Since S,y (z) is directly proportional to |E(z)|?,
IE(Z)IZ} {IE(Z)I]
A= 10log { =20log (dB). (7.115)
[E(0)? [E(0)]

Example 7-6: Power Received by a

Submarine Antenna

A submarine at a depth of 200 m below the sea surface
uses a wire antenna to receive signal transmissions at 1 kHz.
Determine the power density incident upon the submarine
antenna due to the EM wave of Example 7-4.

Solution: From Example 7-4, |E(0)| = |Eyo| = 4.44 (mV/m),
o = 0.126 (Np/m), and 1. = 0.044/45° (). Application of
Eq. (7.109) gives

Edl2
:2—| ol 6720‘%03917
2|ne|

(4.44 x 1073)?
2 x 0.044

=120.16¢ "%

Sav(2)

=2 e 0% c0s45°

(mW/m?).
At z =200 m, the incident power density is

S =2(0.16 x 10*36*0.252x200)

=21x107%  (W/m?).

Exercise 7-10: Convert the following values of the power
ratio G to decibels: (a) 2.3, (b) 4 x 103, and (c) 3 x 102

Answer: (a) 3.6 dB, (b) 36 dB, (c) —15.2 dB. (See @)

Exercise 7-11: Find the voltage ratio g corresponding
to the following decibel values of the power ratio G:
(a) 23 dB, (b) —14 dB, and (c) —3.6 dB.

Answer: (a) 14.13, (b) 0.2, (c) 0.66. (See @.)

Chapter 7 Summary

Concepts

e A spherical wave radiated by a source becomes approx-
imately a uniform plane wave at large distances from
the source.

e The electric and magnetic fields of a transverse electro-
magnetic (TEM) wave are orthogonal to each other, and
both are perpendicular to the direction of wave travel.

e The magnitudes of the electric and magnetic fields of a
TEM wave are related by the intrinsic impedance of the
medium.

e Wave polarization describes the shape of the locus of
the tip of the E vector at a given point in space as a
function of time. The polarization state, which may be
linear, circular, or elliptical, is governed by the ratio of

the magnitudes of and the difference in phase between
the two orthogonal components of the electric field
vector.

e Media are classified as lossless, low-loss, quasi-
conducting, or good conducting on the basis of the ratio
e"/e =o/we.

e Unlike the dc case, where the current flowing through
a wire is distributed uniformly across its cross section,
the ac case has most of the current is concentrated along
the outer perimeter of the wire.

e Power density carried by a plane EM wave traveling in
an unbounded medium is akin to the power carried by
the voltage/current wave on a transmission line.
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Mathematical and Physical Models

Complex Permittivity
& =¢—je'
g=c¢

"n_ g
()

Lossless Medium

k=o./ue
=/t @

[0} 1
Mp:;:ﬁ (m/s)
_2m_w
A= =7 @

Wave Polarization

>pd
X
=N

Important Terms

attenuation constant o
attenuation rate A
auxiliary angle yp
average power density Sy
axial ratio

circular polarization
complex permittivity &
dc and ac resistances
elliptical polarization
ellipticity angle ¥

good conductor

guided wave
homogeneous wave equation

Maxwell’s Equations for Time-Harmonic Fields

V-E=0
Vxﬁz—jwuf{

V-H=0
VxH= ja)ecﬁ
Lossy Medium

- 5 1/2
ue' el
- 1/2
e’ n\ 2 /
B=0w — 1+<—/) +1 (rad/m)
_[E_ e, e\
Ne = e —\ e (1 ]8,> (Q)
1
6s = — (m)
o
Power Density
Suv = 1 RRe [E x ﬁ*} (W/m2)

in phase

inclination angle

internal or surface impedance
intrinsic impedance 1

LHC and RHC polarizations
linear polarization

lossy medium

low-loss dielectric

out of phase

phase constant 3

phase velocity

polarization state

Poynting vector S

Provide definitions or explain the meaning of the following terms:

propagation constant y
quasi-conductor
rotation angle y
skin depth &;
spherical wave
surface resistance R;
TEM wave
unbounded
unbounded wave
uniform plane wave
wave polarization
wavefront
wavenumber k
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PROBLEMS

Section 7-2: Propagation in Lossless Media

7.1 Write general expressions for the electric and magnetic
fields of a 1 GHz sinusoidal plane wave traveling in the +y-
direction in a lossless nonmagnetic medium with relative
permittivity €& = 9. The electric field is polarized along the
x-direction, its peak value is 6 V/m, and its intensity is 4 V/m
atr=0andy=2cm.

7.2 The magnetic field of a wave propagating through a
certain nonmagnetic material is given by

H=1230cos(10% —0.5y)  (mA/m)

Find the following:

*(a) the direction of wave propagation,

(b) the phase velocity,

>k(c) the wavelength in the material,
(d) the relative permittivity of the material, and

(e) the electric field phasor.

7.3 The electric field phasor of a uniform plane wave is given
by E = §10e/%% (V/m). If the phase velocity of the wave is

1.5 x 10® m/s and the relative permeability of the medium is
Uy = 2.4, find the following:
>k(a) the wavelength,

(b) the frequency f of the wave,

(c) the relative permittivity of the medium, and

(d) the magnetic field H(z,¢).

7.4 The electric field of a plane wave propagating in a
nonmagnetic material is given by

E = [§6sin(m x 10"t —0.27x)

+24cos(m x 10t —0.2nx)]  (V/m)

Determine

(a) The wavelength.
(b) &.

(¢) H.

*

7.5 A wave radiated by a source in air is incident upon a
soil surface, whereupon a part of the wave is transmitted into
the soil medium. If the wavelength of the wave is 60 cm in
air and 15 cm in the soil medium, what is the soil’s relative
permittivity? Assume the soil to be a very low-loss medium.

*
Answer(s) available in Appendix E.

7.6 The magnetic field of a plane wave propagating in a
nonmagnetic material is given by

H = %60cos(27 x 107t 4 0.17y)
230cos(2m x 10’7 +0.1wy)  (mA/m).

Determine:

>k(a) the wavelength

(b) &
(c) E
7.7 The electric field of a plane wave propagating in a

lossless, nonmagnetic, dielectric material with & = 2.56 is
given by

E=§5cos(6m x 10°r —kz)  (V/m)

Determine:
(a) f,up, A, k, and 1.
(b) The magnetic field H.

7.8 A 60-MHz plane wave traveling in the —x-direction
in dry soil with relative permittivity & =4 has an electric
field polarized along the z-direction. Assuming dry soil to be
approximately lossless, and given that the magnetic field has
a peak value of 10 (mA/m) and that its value was measured
to be 7 (mA/m) at t = 0 and x = —0.75 m, develop complete
expressions for the wave’s electric and magnetic fields.

Section 7-3: Wave Polarization

7.9 An RHC-polarized wave with a modulus of 2 (V/m) is
traveling in free space in the negative z direction. Write the
expression for the wave’s electric field vector, given that the
wavelength is 3 cm.

7.10 For a wave characterized by the electric field
E(z,t) =Xacos(wt — kz) + §aycos(wt —kz+ 0)

identify the polarization state, determine the polarization
angles (7, ), and sketch the locus of E(0,7) for each of the
following cases:

(a) ax=3V/m,a,=4V/m,and § =0

(b) ay=3V/m,ay, =4 V/m,and § = 180°
(¢) ax=3V/m, ay, =3 V/m, and § =45°
(d) ax=3V/m,a,=4V/m,and 6 = —135°

7.11 The magnetic field of a uniform plane wave propagating
in a dielectric medium with & = 36 is given by

H=60(§+ jz)e /™/°  (mA/m).
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Specify the modulus and direction of the electric field intensity
at the x = 0 plane at # = 0 and 5 ns.

7.12  The electric field of a uniform plane wave propagating
in free space is given by

E = (R+ j§)20e /™/°  (V/m)

Specify the modulus and direction of the electric field intensity
atthe z=0planeatr =0, 5, and 10 ns.

7.13 Compare the polarization states of each of the following
pairs of plane waves:

(a) Wave 1: E| = %2cos(@t — kz) + §2sin(wr — kz).
Wave 2: E; = %2 cos(wt + kz) + §2sin(wr + kz).
( )-

)

)

(b) Wave 1: E; = &%2cos(wt — kz)
Wave 2: E; = %2 cos(wr +kz)

(

(
§2sin(or — kz
y2sin(or + kz).

*7.14 The electric field of an elliptically polarized plane wave
is given by

E(z,t) = [-%10sin( @t — kz — 60°)

+§30cos(wr — kz)] (V/m)

Determine the following:

(a) The polarization angles (7, x).

(b) The direction of rotation.

7.15 A linearly polarized plane wave of the form
E =%a.e/® can be expressed as the sum of an RHC
polarized wave with magnitude ag, and an LHC polarized

wave with magnitude ap. Prove this statement by finding
expressions for ag and ar, in terms of a,.

7.16  Plot the locus of E(0,#) for a plane wave with
E(z,t) = &sin(or + kz) + § 2 cos(wr + kz)

Determine the polarization state from your plot.
Sections 7-4: Propagation in a Lossy Medium

7.17 For each of the following combinations of parameters,
determine if the material is a low-loss dielectric, a quasi-
conductor, or a good conductor, and then calculate o, 3, A,
up, and 1):

“(a) Glass with jt; = 1, & =5, and 6 = 10~12 S/m at 10 GHz.

(b) Animal tissue with g, =1, & =12, and 0 = 0.3 S/m at
100 MHz.

(¢) Wood with y; =1, & =3,and 6 = 10~* S/m at 1 kHz.

7.18 Dry soil is characterized by & = 2.5, u. =1, and
o = 107* (S/m). At each of the following frequencies, deter-
mine if dry soil may be considered a good conductor, a quasi-
conductor, or a low-loss dielectric, and then calculate o, 3, A,
Up, and 7e:

(a) 60 Hz
(b) 1kHz
(c) 1 MHz
(d) 1GHz

>:<7.19 In a medium characterized by & =9, y,=1,and 6 =
0.1 S/m, determine the phase angle by which the magnetic field
leads the electric field at 100 MHz.

7.20 Ignoring reflection at the air-water boundary, if the
amplitude of a 1 GHz incident wave in air is 20 V/m at the
water surface, at what depth will it be down to 1 £V/m? Water
has yu; = 1 and at 1 GHz, & =80 and 6 = 1 S/m.

©7.21 Ignoring reflection at the air—soil boundary, if the am-
plitude of a 3-GHz incident wave is 10 V/m at the surface of
a wet soil medium, at what depth will it be down to 1 mV/m?
Wet soil is characterized by u, =1, & =9,and 6 =5 X 1074
S/m.

7.22 Generate a plot for the skin depth § versus frequency
for seawater for the range from 1 kHz to 10 GHz (use log-log
scales). The constitutive parameters of seawater are U, = 1,
& =80,and 6 =4 S/m.

*7.23  The skin depth of a certain nonmagnetic conducting
material is 2 um at 2 GHz. Determine the phase velocity in
the material.

7.24 Based on wave attenuation and reflection measurements
conducted at 1 MHz, it was determined that the intrinsic
impedance of a certain medium is 28.1/45° (Q) and the skin
depth is 2 m. Determine the following:

(a) The conductivity of the material.
(b) The wavelength in the medium.
(¢) The phase velocity.

“7.25 The electric field of a plane wave propagating in a
nonmagnetic medium is given by

E =1225¢%cos(27 x 10t —40x)  (V/m)

Obtain the corresponding expression for H.
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7.26 At 2 GHz, the conductivity of meat is on the order of
1 (S/m). When a material is placed inside a microwave oven
and the field is activated, the presence of the electromagnetic
fields in the conducting material causes energy dissipation in
the material in the form of heat.

(a) Develop an expression for the time-average power per
mm? dissipated in a material of conductivity o if the peak
electric field in the material is Ej.

(b) Evaluate the result for an electric field Ey = 4 x 10*
(V/m).

7.27 The magnetic field of a plane wave propagating in a
nonmagnetic medium is given by

H=§60e %cos(2m x 10% — 12z)  (mA/m).

Obtain the corresponding expression for E.

Section 7-5: Current Flow in Conductors

7.28 In a nonmagnetic, lossy, dielectric medium, a 300-MHz
plane wave is characterized by the magnetic field phasor

H=(%—jd4z)e Pe /™  (A/m)
Obtain time-domain expressions for the electric and magnetic
field vectors.

729 A rectangular copper block is 60 cm in height (along z).
In response to a wave incident upon the block from above,
a current is induced in the block in the positive x direction.
Determine the ratio of the ac resistance of the block to its dc
resistance at 1 kHz. The relevant properties of copper are given
in Appendix B.

7.30 Repeat Problem 7.29 at 10 MHz.

7.31 The inner and outer conductors of a coaxial cable have
radii of 0.5 cm and 1 cm, respectively. The conductors are
made of copper with & =1, y; =1, and 0 =5.8 x 107 S/m,
and the outer conductor is 0.5 mm thick. At 10 MHz:

(a) Are the conductors thick enough to be considered infi-
nitely thick as far as the flow of current through them is
concerned?

(b) Determine the surface resistance R.

(c) Determine the ac resistance per unit length of the cable.

7.32 Repeat Problem 7.31 at 1 GHz.

Section 7-6: EM Power Density

7.33 A wave traveling in a nonmagnetic medium with & =9
is characterized by an electric field given by

E = [§3cos(m x 107t 4 kx)

—22cos(m x 10’ +kx)]  (V/m)

Determine the direction of wave travel and average power
density carried by the wave.

“7.34 The magnetic field of a plane wave traveling in air is

given by H = £50sin(27 x 107t — ky) (mA/m). Determine the
average power density carried by the wave.

7.35 The electric-field phasor of a uniform plane wave trav-
eling downward in water is given by

E =&5¢0%7/022  (V/m)

where Z is the downward direction and z = O is the water
surface. If 0 =4 S/m,

(a) Obtain an expression for the average power density.

(b) Determine the attenuation rate.

>k(c) Determine the depth at which the power density has been
reduced by 40 dB.

7.36 A wave traveling in a lossless, nonmagnetic medium

has an electric field amplitude of 24.56 V/m and an average
power density of 2.4 W/m?. Determine the phase velocity of
the wave.

7.37 The amplitudes of an elliptically polarized plane wave
traveling in a lossless, nonmagnetic medium with & = 4 are
Hyy =3 (mA/m) and H,y = 4 (mA/m). Determine the average
power flowing through an aperture in the y—z plane if its area
is 20 m?.

7.38 At microwave frequencies, the power density consid-
ered safe for human exposure is 1 (mW/cm?). A radar radiates
a wave with an electric field amplitude E that decays with
distance as E(R) = (3,000/R) (V/m), where R is the distance
in meters. What is the radius of the unsafe region?
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7.39 Consider the imaginary rectangular box shown in
Fig. P7.39.

Z
Ib _____
s ,’:
a, ’
’ | , 1
(:__+ _______ ’ 1
1 ! - :
| ! - 1
c! e = - e e —— Y
| 4 /

Figure P7.39 Imaginary rectangular box of Problems 7.39 and
7.40.

(a) Determine the net power flux P(r) entering the box due to
a plane wave in air given by

E =R Eycos(wt — ky) (V/m).

* (b) Determine the net time-average power entering the box.

7.40 Repeat Problem 7.39 for a wave traveling in a lossy
medium in which

E = £100e 2¥ cos(2m x 10°t —40y)  (V/m)
H = —20.64¢ % cos (27 x 10°1 — 40y — 36.85°)
(A/m)

The box has dimensionsa =1 cm, b =2 cm, and ¢ = 0.5 cm.

7.41 A team of scientists is designing a radar as a probe
for measuring the depth of the ice layer over the antarctic
land mass. In order to measure a detectable echo due to the
reflection by the ice-rock boundary, the thickness of the ice
sheet should not exceed three skin depths. If & = 3 and
€/’ =107 for ice and if the maximum anticipated ice thickness
in the area under exploration is 1.2 km, what frequency range
is useable with the radar?

7.42  Given a wave with E = XEj cos(ot — kz),

*(a) Calculate the time-average electric energy density

1 [T 1 T 5
(We)aV:T/O Wedt:ﬁ/o eE“ dt.

(b) Calculate the time-average magnetic energy density

( )—I/T dt—l/T H? dt
Wmav—TOWm _ZT()‘u .

(c) Show that (We)ay = (Wm)av-
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Objectives

Upon learning the material presented in this chapter, you
should be able to:

1. Characterize the reflection and transmission behavior of
plane waves incident upon plane boundaries for both
normal and oblique incidence.

2. Calculate the transmission properties of optical fibers.

3. Characterize wave propagation in a rectangular wave-
guide.

4. Determine the behavior of resonant modes inside a rect-
angular cavity.
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EM Waves at Boundaries

Figure 8-1 depicts the propagation path traveled by a signal
transmitted by a shipboard antenna and received by an antenna
on a submerged submarine. Starting from the transmitter
(denoted Tx in Fig. 8-1), the signal travels along a transmission
line to the transmitting antenna. The relationship between
the transmitter (generator) output power, P, and the power
supplied to the antenna is governed by the transmission-line
equations of Chapter 2. If the transmission line is approx-
imately lossless and properly matched to the transmitting
antenna, then all of P, is delivered to the antenna. If the antenna
itself is lossless too, it will convert all of the power P, in the
guided wave provided by the transmission line into a spherical
wave radiated outward into space. The radiation process is the
subject of Chapter 9. From point 1, denoting the location of the
shipboard antenna, to point 2, denoting the point of incidence
of the wave onto the water’s surface, the signal’s behavior is
governed by the equations characterizing wave propagation in
lossless media, which was covered in Chapter 7. As the wave
impinges upon the air—water boundary, part of it is reflected
by the surface while another part gets transmitted across the
boundary into the water. The transmitted wave is refracted,
wherein its propagation direction moves closer toward the
vertical, compared with that of the direction of the incident
wave. Reflection and transmission processes are treated in
this chapter. Wave travel from point 3, representing a point
just below the water surface, to point 4, which denotes the
location of the submarine antenna, is subject to the laws of
wave propagation in lossy media, which also was treated in

Transmitter
antenna
\ 1
1
P t 1
1
Tx 2i Air
ANNAANAANA_/
\3 Water
1
' Receiver
antenna

Figure 8-1 Signal path between a shipboard transmitter (Tx)
and a submarine receiver (Rx).

Chapter 7. Finally, some of the power carried by the wave
traveling in water towards the submarine is intercepted by the
receiving antenna. The received power, P, is then delivered to
the receiver via a transmission line. The receiving properties
of antennas are covered in Chapter 9. In summary, each wave-
related aspect of the transmission process depicted in Fig. 8-1
is treated in this book, starting with the transmitter and ending
with the receiver.

This chapter begins by examining the reflection and trans-
mission properties of plane waves incident upon planar bound-
aries and concludes with sections on waveguides and cavity
resonators. Applications discussed along the way include fiber
and laser optics.

Wave Reflection and Transmission at
Normal Incidence

8-1

We know from Chapter 2 that, when a guided wave encoun-
ters a junction between two transmission lines with different
characteristic impedances, the incident wave is partly reflected
back toward the source and partly transmitted across the
junction onto the other line. The same happens to a uniform
plane wave when it encounters a boundary between two
material half-spaces with different characteristic impedances.
In fact, the situation depicted in Fig. 8-2(b) has an exact
analogue in the transmission-line configuration of Fig. 8-2(a).
The boundary conditions governing the relationships between
the electric and magnetic fields in Fig. 8-2(b) map one-to-one
onto those we developed in Chapter 2 for the voltages and
currents on the transmission line.

For convenience, we divide our treatment of wave reflection
by and transmission through planar boundaries into two parts.
In this section, we confine our discussion to the normal-
incidence case depicted in Fig. 8-3(a), and in Sections 8-2
to 8-4, we examine the more general oblique-incidence case
depicted in Fig. 8-3(b). We will show the basis for the analogy
between the transmission-line and plane-wave configurations
so that we may use transmission-line equivalent models, tools
(e.g., Smith chart), and techniques (e.g., quarter-wavelength
matching) to expeditiously solve plane-wave problems.

Before proceeding, however, we should explain the notion
of rays and wavefronts and the relationship between them,
as both are used throughout this chapter to represent electro-
magnetic waves. A ray is a line representing the direction of
flow of electromagnetic energy carried by a wave; therefore,
it is parallel to the propagation unit vector k. A wavefront is
a surface across which the phase of a wave is constant; it is
perpendicular to the wavevector k. Hence, rays are perpendic-
ular to wavefronts. The ray representation of wave incidence,
reflection, and transmission shown in Fig. 8-3(b) is equivalent
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Lo Incident plane wave
Transmission line 1
| Transmission line2 Transmitted plane wave
Incident wave
— Transmitted Reflected plane wave
o —vave —
Reflected wave wav Zy
-~ | - Medium 1 Medium 2
M )
z=0
z=0
(a) Boundary between transmission lines (b) Boundary between different media
Figure 8-2 Discontinuity between two different transmission lines is analogous to that between two dissimilar media.
Reflected
Incident wave T tod wave ,
S —— ransmitted wave . i
Reflected wave —_— Transmitted \ ','é: '
wave "
e /i
_—
-
. \\
——
—
N2
. ) Incident /\ 4
Medium 1 Medium 2 wave N
g 2 Medium 1 Medium 2 Medium 1 Medium 2
m M ) M

(a) Normal incidence

(b) Ray representation of
oblique incidence

(c) Wavefront representation of
oblique incidence

Figure 8-3 Ray representation of wave reflection and transmission at (a) normal incidence and (b) oblique incidence. (c) Wavefront

representation of oblique incidence.

to the wavefront representation depicted in Fig. 8-3(c). The
two representations are complementary; the ray representation
is easier to use in graphical illustrations, whereas the wavefront
representation provides greater physical insight into what hap-
pens to a wave when it encounters a discontinuous boundary.

8-1.1 Boundary between Lossless Media

A planar boundary located at z = 0 (Fig. 8-4(a)) separates
two lossless, homogeneous, dielectric media. Medium 1 has
permittivity € and permeability u; and fills the half-space

7 < 0. Medium 2 has permittivity & and permeability u, and
fills the half-space z > 0. An x-polarized plane wave, with
electric and magnetic fields (E',H') propagates in medium 1
along direction k; = 2 toward medium 2. Reflection and trans-
mission at the boundary at z = 0 result in a reflected wave, with
electric and magnetic fields (E",H"), traveling along direction
ﬁr = —7 in medium 1, and a transmitted wave, with electric
and magnetic fields (E',H'), traveling along direction k; =
in medium 2. On the basis of the formulations developed in
Sections 7-2 and 7-3 for plane waves, the three waves are
described in phasor form by:
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(o)y—» z
od,

Medium 1 (81,,[11)

Medium 2 (&3, (2)
z=0
(a) Boundary between dielectric media

Infinite line

z=0

(b) Transmission-line analogue

Figure 8-4 The two dielectric media separated by the
x—y plane in (a) can be represented by the transmission-line
analogue in (b).

Incident Wave

Ei(z) = %Ebe /1%, (8.1a)
Hi(z) =2x E;;IZ) —¥ n—? eIk, (8.1b)
Reflected Wave
E'(z) = REje’™17, (8.22)
H'(z) = (—2) x % =—3 5—? ez, (8.2b)
Transmitted Wave
E'(z) = RE} e /*2, (8.3a)
H'(z) =2x % =y 5—3 e k2, (8.3b)

The quantities EJ, E{, and E are, respectively, the amplitudes
of the incident, reflected, and transmitted electric fields at
7z =10 (the boundary between the two media). The wavenumber
and intrinsic impedance of medium 1 are k; = w./i;€ and

M1 = /M1 /€, and those for medium 2 are k, = ©./[1; & and
M2 =4/ H2/& .

The amplitude E(i) is imposed by the source responsible for
generating the incident wave; therefore, it is assumed known.
Our goal is to relate Ej and Ej to Eé. We do so by applying
boundary conditions for the total electric and magnetic fields
at z = 0. According to Table 6-2, the tangential component of
the total electric field is always continuous across a boundary
between two contiguous media, and in the absence of current
sources at the boundary, the same is true for the total magnetic
field. In the present case, the electric and magnetic fields of the
incident, reflected, and transmitted waves are all tangential to
the boundary.

The total electric field E (z) in medium 1 is the sum of the
electric fields of the incident and reflected waves, and a similar
statement applies to the magnetic field H, (z). Hence,

Medium 1

E|(z) = E'(z) + E'(z) = &(Eje /M7 + Eje/M17), (8.4a)

~ . ~ 1 L )
H (z)=H(z) +H'(z) =¥ P (Ele k2 — Efe/fiz) (8.4b)

With only the transmitted wave present in medium 2, the total
fields are

Medium 2

E>(z) = E'(z) = REje /%7, (8.52)

_ _ EU
Hy(z) =H'(z) =§ n—ge”kﬂ-

(8.5b)

At the boundary (z = 0), the tangential components of the
electric and magnetic fields are continuous. Hence,

E (0)=E;(0) or E)+Ej=E), (8.6a)

~ ~ E, E; E}

H (0) =H;(0) or 2920 (8.6b)
m m N2

Solving these equations for Ejj and Ej; in terms of E} gives

T m—m i i
E, = E,=TE,, (8.7a)
0 (T]2+Th> 0 0
2m2 ) i i
E) = E\ = TE), (8.7b
’ (nz vy )00 )
where
Ej -
r=-2-= l—m (normal incidence), (8.8a)
Ey, m+m
E} 2
0 b (normal incidence). (8.8b)

T=—2=—"=
Ey m+m
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The quantities I" and 7 are called the reflection and fransmis-
sion coefficients. For lossless dielectric media, 1n; and 1, are
real; consequently, both I'" and 7 are real also. As we see in
Section 8-1.4, the expressions given by Egs. (8.8a) and (8.8b)
are equally applicable when the media are conductive, even
though in that case 1; and 1, may be complex. Hence, I" and 7
may be complex as well. From Egs. (8.8a) and (8.8b), it is
easily shown that I" and 7 are interrelated as

t=1+T (normal incidence). (8.9)

For nonmagnetic media,

Mo Mo
Ve Ve

where 7 is the intrinsic impedance of free space. In this case,
Eq. (8.8a) may be expressed as

m = and N =

re V& —ve
Ve o

(nonmagnetic media). (8.10)

8-1.2 Transmission-Line Analogue

The transmission-line configuration shown in Fig. 8-4(b)
consists of a lossless transmission line with characteristic
impedance Zj; connected at z = 0 to an infinitely long lossless
transmission line with characteristic impedance Zy;. The input
impedance of an infinitely long line is equal to its characteristic
impedance. Hence, at z = 0, the voltage reflection coefficient
(looking toward the boundary from the vantage point of the
first line) is
r— Zoy — 2o ’
Zo2 +Zon

which is identical in form to Eq. (8.8a). The analogy between
plane waves and waves on transmission lines does not end
here. To demonstrate the analogy further, equations pertinent
to the two cases are summarized in Table 8-1. Comparison of
the two columns shows that there is a one-to-one correspon-

dence between the transmission-line quantities (\77 B,Zp) and
the plane-wave quantities (E,H,k,1n).

» This correspondence allows us to use the techniques
developed in Chapter 2, including the Smith-chart method
for calculating impedance transformations, to solve plane-
wave propagation problems. <

The simultaneous presence of incident and reflected waves
in medium 1 (Fig. 8-4(a)) gives rise to a standing-wave pattern.

By analogy with the transmission-line case, the standing-wave
ratio in medium 1 is defined as

_ |Bilmax 1T
|E1 ‘min = ‘F|

(8.15)

» If the two media have equal impedances (1) = 12),
then ' = 0 and S = 1, and if medium 2 is a perfect
conductor with 12 = 0 (which is equivalent to a short-
circuited transmission line), then ' = —1 and § = . «

The distance from the boundary to where the magnitude of the
electric field intensity in medium 1 is a maximum (denoted
Imax) 1s described by the same expression as that given by
Eq. (2.70) for the voltage maxima on a transmission line,
namely

. 6, +2nm . 0.1 niy

el — _ iy 8.16
£ fma %, ar T2 (8.16)
n=1,2, if 6, <0,
n=0,12, ... if6, >0,

where A; = 27/k; and 6, is the phase angle of I' (ie.,
I = |T'|e/%, and 6, is bounded in the range —7 < 6, < 7).
The expression for /5 is valid not only when the two media
are lossless dielectrics, but also when medium 1 is a low-loss
dielectric. Moreover, medium 2 may be either a dielectric or a
conductor. When both media are lossless dielectrics, 6, = 0 if
n2 > M, and 6, = wif ny < 1ny.

The spacing between adjacent maxima is A;/2, and the
spacing between a maximum and the nearest minimum is
A1/4. The electric-field minima occur at

if lmax < 11/4,

o = lmax+ll/47
s if Loy > A1 /4.

I — A1/ (8.17)

8-1.3 Power Flow in Lossless Media

Medium 1 in Fig. 8-4(a) is host to the incident and reflected
waves, which together comprise the total electric and magnetic
fields E|(z) and H,(z) given by Eqgs. (8.11a) and (8.12a) of
Table 8-1. Using Eq. (7.100), the net average power density
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Table 8-1 Analogy between plane-wave equations for normal incidence and transmission-line equations with both under lossless

conditions.

Plane Wave (Fig. 8-4(a))

Transmission Line (Fig. 8-4(b))

E|(z) = RE} (e /M7 4 Telt1z) (8.11a)
0 S E(l) —jk ik
Hi(z)=% n—(e iz _Tehzy  (8.12a)
1
E;(z) = kTEje oz (8.13a)
_ Ei .
Hy(z) =7 71_0 e ks (8.14a)
2

C=(m-m)/(n2+m)
T=1+4T
k[zw

e, k=0

N =+/t/e,

H2&

M =+/la/&

Vi(z2) =V, (e P12 4 TelPrz) (8.11b)
~ vt . )
Li(z)= 2 (ePz_TeP?)y  (8.12b)
Zo1
Va(z) =tV e P2 (8.13b)
~ vt .
h(z) =1L ¢ /B2 (8.14b)
Zy
T = (Zo2 —Zn)/(Zo2 + Zo1)
T=1+4+T
Bi=oy/me , Bh=o0/ms

Zp1 and Zp, depend on
transmission-line parameters

flowing in medium 1 is

Sav, (z) = %i)‘ie[ﬁl(z) X ITII (2)]
o . El . .
= $%Re |REj(e M7+ Te/M1%)y n—ol(ef"lz —Tre /M)
Ei 2
_, Bl

1— T,
2m( T%)

(8.18)

which is analogous to Eq. (2.106) for the lossless transmission-
line case. The first and second terms inside the bracket in
Eq. (8.18) represent the average power density of the incident
and reflected waves, respectively. Thus,

Sav, = Shy + S, (8.19a)
with
1B
S, =2 : (8.19b)
av 2771
S, =217 L2 — %St (8.19¢)
av 27']1 av* °

Even though I" is purely real when both media are lossless
dielectrics, we chose to treat it as complex, thereby providing
in Eq. (8.19¢) an expression that is also valid when medium 2
is conducting.

The average power density of the transmitted wave in

medium 2 is

S21V2 (z) = %%e[Ez(z) X ﬁ;(z)]

) ) Ei* ) Ei 2
:lg{e f(TE(l)e*jkzzxyT*n_Oe]kzz :i|7|2| 0‘
2

2m
(8.20)

2

Through the use of Egs. (8.8a and b), it can be easily shown
that for lossless media

?  1-T7? .
— = , (lossless media)
2 M

8.21)

which leads to

Sav1 = S'dV2'

This result is expected from considerations of power conserva-
tion.

Example 8-1: Radar Radome Design

A 10 GHz aircraft radar uses a narrow-beam scanning antenna
mounted on a gimbal behind a dielectric radome, as shown in
Fig. 8-5. Even though the radome shape is far from planar, it is
approximately planar over the narrow extent of the radar beam.
If the radome material is a lossless dielectric with & =9 and
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Antenna beam

Antenna ~Dielectric

radome
d

Figure 8-5 Antenna beam “looking”
radome of thickness d (Example 8-1).

through an aircraft

Incident wave Radome Transmitted wave
Medium 1 (air) Medium 2 Medium 3 (air)
un My Mo
1 1
1 1
z=—d z=0
(@)

1 ‘ 1
. Line 2 :
Line 1
Z Mo Zm_> ZO2 My ZLZHO
z=—d z=0
(b)

Figure 8-6 (a) Planar section of the radome of Fig. 8-5 at an
expanded scale and (b) its transmission-line equivalent model
(Example 8-1).

U = 1, choose its thickness d such that the radome appears
transparent to the radar beam. Structural integrity requires d to
be greater than 2.3 cm.

Solution: Figure 8-6(a) shows a small section of the radome

on an expanded scale. The incident wave can be approximated
as a plane wave propagating in medium 1 (air) with intrinsic
impedance 1. Medium 2 (the radome) is of thickness d and
intrinsic impedance 7);, and medium 3 (air) is semi-infinite
with intrinsic impedance 7. Figure 8-6(b) shows an equiv-
alent transmission-line model with z = 0 selected to coincide
with the outside surface of the radome, and the load impedance
Z1, = no represents the input impedance of the semi-infinite air
medium to the right of the radome.

For the radome to “appear” transparent to the incident wave,
the reflection coefficient must be zero at z = —d, thereby
guaranteeing total transmission of the incident power into
medium 3. Since Z;, = 1y in Fig. 8-6(b), no reflection takes
place at z = —d if Z;, = 1o, which can be realized by choosing
d = nlAy/2 [see Section 2-8.4], where A, is the wavelength
in medium 2 and n is a positive integer. At 10 GHz, the
wavelength in air is A9 = ¢/f = 3 cm, while in the radome
material it is

Ao 3cm
2,2 = ——= —
Ve 3
Hence, by choosing d = 54,/2 = 2.5 c¢m, the radome is both
nonreflecting and structurally stable.

=1cm.

Example 8-2: Yellow Light Incident

upon a Glass Surface

A beam of yellow light with wavelength 0.6 um is normally

incident in air upon a glass surface. Assume the glass is

sufficiently thick as to ignore its back surface. If the surface

is situated in the plane z = 0 and the relative permittivity of

glass is 2.25, determine:

(a) the locations of the electric field maxima in medium 1
(air),

(b) the standing-wave ratio, and

(¢) the fraction of the incident power transmitted into the
glass medium.

Solution: (a) We begin by determining the values of 11, 1,
and I':

m = /%:1/@@207:(9
. 12071:
- / / ~

- 807r71207r7
T]2+T]1 - 807+ 1207

=807 (Q),

=

2.
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Hence, |I'| = 0.2 and 6; = . From Eq. (8.16), the electric-field
magnitude is maximum at

00 Mk ki
Ax 2 4 2

lII]aX -

n=0,1,2,..)

with A; = 0.6 um.
(b)
1+ 1402
11— 1-02
(c) The fraction of the incident power transmitted into the
glass medium is equal to the ratio of the transmitted power

density given by Eq. (8.20) to the incident power density,
Sa = |Egl*/2m:

Sa, _ 2 B [|E(1)|2] _2m
Shv 2m 2m m

In view of Eq. (8.21),

S
SaTVZ =1-|=1-(0.2)*=0.96, or 96%.
av

8-1.4 Boundary between Lossy Media

In Section 8-1.1, we considered a plane wave in a lossless
medium incident normally on a planar boundary of another
lossless medium. We now generalize our expressions to lossy
media. In a medium with constitutive parameters (g, U, o),
the propagation constant Y = a + jf and the intrinsic impe-
dance 7. are both complex. General expressions for o, f,
and 7. are given by Egs. (7.66a), (7.66b), and (7.70), respec-
tively, and approximate expressions are given in Table 7-2
for the special cases of low-loss media and good conductors.
If media 1 and 2 have constitutive parameters (€;,U;,0)
and (&, M, 0,) (Fig. 8-7), then expressions for the electric
and magnetic fields in media 1 and 2 can be obtained from
Egs. (8.11) through (8.14) of Table 8-1 by replacing jk with y
and n with 7. Thus,

Medium 1
E|(z) = REj(e "* 4 Teh?), (8.22a)
~ El
H)(z) =§ —2 (e "% —Teh?), (8.22b)
€1
Medium 2
E>(z) = KTEhe 77, (8.23a)
~ . E(i) B
Hy(z) = §71 =2 ¢ 7%, (8.23b)

2

E x
l A El
Hi kl Ht( I )-» Rt
EI

Medium 1 (g1, 11, 01) Medium 2 (&3, 2, 02)
z=0

(a) Boundary between dielectric media

Infinite line

1
1
|
1
21 = 1e, ]
1
|
1
1

z=0
(b) Transmission-line analogue

Figure 8-7 Normal incidence at a planar boundary between
two lossy media.

Here, y1 = a1 + jB1, 12 = 0 + jB, and

_ ncz B Tlc1
Ney +Me;
2Mc,

Ney +Te,

(8.24a)

T=1+T= (8.24b)

Because 1, and 1, are, in general, complex, I" and 7 may be
complex as well.

Normal Incidence on a Metal
Surface

Example 8-3:

A 1 GHz x-polarized plane wave traveling in the +z direction
is incident from air upon a copper surface. The air-to-copper
interface is at z = 0, and copper has & =1, u. =1, and
0 = 5.8 x 107 S/m. If the amplitude of the electric field of
the incident wave is 12 (mV/m), obtain expressions for the
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instantaneous electric and magnetic fields in the air medium.
Assume the metal surface to be several skin depths deep.

Solution: In medium 1 (air), oc =0,

o 2mrx10° 207

k=—=— = —— d

P=h==3 00 = (rad/m),
2

M =no =377 (Q), ).:k—n:O.Z%m.
1

At f = 1 GHz, copper is an excellent conductor because

£_ o _ 58 107 =1x10">1
g wgg 2mx109x(1079/36m) '

Use of Eq. (7.77c) gives

412
 nfu [rx10°%x4mrx1077
T = (144 =5 (J”){ 58 %107

=825(1+j)  (mQ).

Since 1, is so small compared to 1o = 377 (Q) for air, the
copper surface acts, in effect, like a short circuit. Hence,

M, — Mo

— ~
~

" Ne, +Mo

Upon setting I' = —1 in Egs. (8.11) and (8.12) of Table 8-1,
we obtain

E|(z) = REj(e /17 — /M%) = _Rj2Ebsink;z,  (8.25a)
~ El ) ) El
H (z)=y n—(l’ (e 7Rz 4 ethizy = 92 n—? coskiz.  (8.25b)

With E(i) = 12 (mV/m), the instantaneous fields associated with
these phasors are

E)(z,1) = Re[E) (2) €]

= R2E sink; zsin ot

= %245in(207z/3) sin(27 x 10°7)  (mV/m),
H(z,1) = ‘Re[fl] () ejcot}
- Eb
= §2 — coskjzcos ot
m
= §64cos(20mz/3) cos(2m x 10%1)  (uA/m).

Ei(z ¢
wim3mn  AEED
i\ = - - 424 mV/m)

(=]
101onpuo)

=24 (mV/m)

(=}
101onpuo)

L 64 (1A/m)

Figure 8-8 Wave patterns for fields E|(z,¢) and H;(z,t) of
Example 8-3.

Plots of the magnitude of E(z,7) and H,(z,7) are shown in
Fig. 8-8 as a function of negative z for various values of r.
The wave patterns exhibit a repetition period of /2, and E
and H are in phase quadrature (90° phase shift) in both space
and time. This behavior is identical with that for voltage and
current waves on a shorted transmission line.

Concept Question 8-1: What boundary conditions
were used in the derivations of the expressions for I

and 7?

Concept Question 8-2: In the radar radome design of
Example 8-1, all the incident energy in medium 1 ends up
getting transmitted into medium 3, and vice versa. Does
this imply that no reflections take place within medium 2?
Explain.
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Module 8.1 Incidence on Perfect Conductor Observe the standing-wave pattern created by the combination of a wave
incident normally onto the plane surface of a conductor and its reflection.

Incidence on |E|/Eo Standing Wave Patterns
Vector Diagrams ~
I LI Perfect Conductor | ‘ | 20 |
medium 1 Parallel medium 2
P x
£.4=10 Polarization (i |H|/Eo
THA] 0, = & m
Hoq=10 m 2 200
oy =0.0[Sim]
r
EJ’J’
K, H,rl, WD T . T
8, i z-coordinate
9 y Input Output  [FETEINETETS -
H! ki plot-zoom
i Incident Angle Refraction Angle
7 = [10E8 Hz < > 6, =00° B, =A
gl £r =10 Elecric Field
i pp =10 Update Reflection Coefficient I =10+j00
Medium 1 Transmission Coefficient T=00+j00
. B L IMagnetic Field
At normal incidence there is no longer distinction Polarization: Incident Transverse Field Reflection Coefficient I =10+j00
between parallel and perpendicular polarization ol } & i @ « out O Transmission Coefficient T=00+j00
Power
- Angle of Incidence: 0° Reflectivity R =10

4 8 il e ] ; [ >] Transmissivity T =0
Ay= 3.0 x 107 [m] hyg = 30 x 107 m] E 5

Concept Question 8-3:  Explain on the basis of bound-
ary conditions why it is necessary that I' = —1 at the
boundary between a dielectric and a perfect conductor.

Exercise 8-1: To eliminate reflections of normally inci-
dent plane waves, a dielectric slab of thickness d and
relative permittivity &, is to be inserted between two
semi-infinite media with relative permittivities &, = 1 and
&, = 16. Use the quarter-wave transformer technique to
select d and &,. Assume f = 3 GHz.

Answer: &, =4 and d = (1.25 +2.51) (cm), with
n=0,1,2,....(See @)

Exercise 8-2: Express the normal-incidence reflection
coefficient at the boundary between two nonmagnetic,
conducting media in terms of their complex permittivities.

Answer: For incidence in medium 1 (g;,1p,01) onto
medium 2 (&, o, 02),

Ve — V&,

Ve VR
with &, = (€] — jo1/®) and &, = (&, — jor / ®). (See &)
Exercise 8-3: Obtain expressions for the average power
densities in media 1 and 2 for the fields described by

Egs. (8.22a) through (8.23b), assuming medium 1 is
slightly lossy with 1., approximately real.

Answer: (See &)

Ei 2
i | O‘
21,

EL? 1
Sav, = 2|7|? 1Eol” e 207 Re <—> .
2 ncz

Savl _ (6‘720611 . |F‘2€20611) ,
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Technology Brief 15: Lasers

Lasers are used in CD and DVD players, bar-code
readers, eye surgery, and multitudes of other systems
and applications (Fig. TF15-1).

» A laser—acronym for Light Amplification by
Stimulated Emission of Radiation—is a source
of monochromatic (single wavelength), coherent
(uniform wavefront), narrow-beam light. <«

This is in contrast with other sources of light (such
as the sun or a light bulb), which usually encompass
waves of many different wavelengths with random phase
(incoherent). A laser source generating microwaves is
called a maser. The first maser was built in 1953 by
Charles Townes, and the first laser was constructed in
1960 by Theodore Maiman.

Basic Principles

Despite its complex quantum-mechanical structure, an
atom can be conveniently modeled as a nucleus (con-
taining protons and neutrons) surrounded by a cloud
of electrons. Associated with the atom or molecule
of any given material is a specific set of quantized
(discrete) energy states (orbits) that the electrons can
occupy. Supply of energy (in the form of heat, expo-
sure to intense light, or other means) by an external
source can cause an electron to move from a lower
energy state to a higher energy (excited) state. Excit-
ing the atoms is called pumping because it leads to

increasing the population of electrons in higher states
(Fig. TF15-2(a)). Spontaneous emission of a photon
(light energy) occurs when the electron in the excited
state moves to a lower state (Fig. TF15-2(b)), and
stimulated emission (Fig. TF15-2(c)) happens when an
emitted photon “entices” an electron in an excited state of
another atom to move to a lower state, thereby emitting
a second photon of identical energy, wavelength, and
wavefront (phase).

Principle of Operation

» Highly amplified stimulated emission is called
lasing. «

The lasing medium can be solid, liquid, or gas. Laser
operation is illustrated in Fig. TF15-3 for a ruby crystal
surrounded by a flash tube (similar to a camera flash).
A perfectly reflecting mirror is placed on one end of
the crystal and a partially reflecting mirror on the other
end. Light from the flash tube excites the atoms; some
undergo spontaneous emission, generating photons that
cause others to undergo stimulated emission; photons
moving along the axis of the crystal bounce back and
forth between the mirrors, causing additional stimulated
emission (i.e., amplification), with only a fraction of the
photons exiting through the partially reflecting mirror.

» Because all of the stimulated photons are iden-
tical, the light wave generated by the laser is of a
single wavelength. «

Figure TF15-1 A few examples of laser applications.
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ground state ~— excited state

(@) Pumping electron to excited state

(b) Spontaneous emission
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Figure TF15-2 Electron excitation and photon emission.
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Figure TF15-3 Laser schematic.

Wavelength (Color) of Emitted Light

The atom of any given material has unique energy
states. The difference in energy between the excited
high energy state and the stable lower energy state

determines the wavelength of the emitted photons
(EM wave). Through proper choice of lasing material,
monochromatic waves can be generated with wave-

lengths in the ultraviolet, visible, infrared or microwave
bands.
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Figure 8-9 Wave reflection and refraction at a planar boundary
between different media.

8-2 Snell’s Laws

In the preceding sections, we examined reflection and trans-
mission of plane waves that are normally incident upon a
planar interface between two different media. We now con-
sider the oblique-incidence case depicted in Fig. 8-9, and for
simplicity, we assume all media to be lossless. The z = 0 plane
forms the boundary between media 1 and 2 with constitutive
parameters (€1, U;) and (&, Uy ), respectively. The two lines
in Fig. 8-9 with direction k; represent rays drawn normal to
the wavefront of the incident wave, and those along directions
ﬁr and Rt are similarly associated with the reflected and
transmitted waves. The angles of incidence, reflection, and
transmission (or refraction), which are defined with respect
to the normal to the boundary (the z axis), are 6;, 6;, and 6,
respectively. These three angles are interrelated by Snell’s
laws, which we derive shortly by considering the propagation
of the wavefronts of the three waves. Rays of the incident
wave intersect the boundary at O and O'. Here A;O represents
a constant-phase wavefront of the incident wave. Likewise,
A;0" and A0’ are constant-phase wavefronts of the reflected
and transmitted waves, respectively (Fig. 8-9). The incident
and reflected waves propagate in medium 1 with the same
phase velocity u, = 1/,/11€;, while the transmitted wave in
medium 2 propagates with a velocity u,, = 1/,/12€,. The time
it takes for the incident wave to travel from A; to O’ is the same
as the time it takes for the reflected wave to travel from O to A;,
and also the time it takes the transmitted wave to travel from O
to A. Since time equals distance divided by velocity, it follows

that

A0 OA, _ OA (8.26)

up

Up, Up, 2

From the geometries of the three right triangles in Fig. 8-9, we
deduce that

AiO' = 00'sin 6;, (8.27a)
OA; = 00'sin 6,, (8.27b)
OA, = 00'sin 6. (8.27¢)
Use of these expressions in Eq. (8.26) leads to
6, = 6., (Snell’s law of reflection) (8.28a)
siné _ up _ [Hi€1 (8.28b)
s 91 Up, 125X5)

(Snell’s law of refraction)

» Snell’s law of reflection states that the angle of reflec-
tion equals the angle of incidence, and Srell’s law of
refraction provides a relation between sin 6; and sin 6; in
terms of the ratio of the phase velocities. <

The index of refraction of a medium, n, is defined as the
ratio of the phase velocity in free space (i.e., the speed of
light ¢) to the phase velocity in the medium. Thus,

G ue
n=—=,/— = /I;&. (8.29)
Up Ho&o H
(index of refraction)
In view of Eq. (8.29), Eq. (8.28b) may be rewritten as
Sinb _ i [Hafn (8.30)
sin6; e, &,

For nonmagnetic materials, U, = U,, = 1, in which case

sin 6; ny & 2
L0 S s . NG = ).
Sne w0 e, (for 1y = o)

(8.31)

Usually, materials with higher densities have higher permittiv-
ities. Air, with i, = & = 1, has an index of refraction ng = 1.
Since for nonmagnetic materials n = \/€;, a material is often
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Inward refraction Outward refraction

0> 0;

ny

(@) n1<m (b) n1>mny

No transmission

"\ = 90°

)
(c) n1>nyand ;= 0,

Figure 8-10 Snell’s laws state that 6, = 6; and
sinB; = (ny/ny)sinB;. Refraction is (a) inward if n; < np
and (b) outward if n; > ny; (c) the refraction angle is 90° if
n1 > ny and 6; is equal to or greater than the critical angle
6. =sin~(ny /ny).

referred to as more dense than another material if it has a
greater index of refraction.

At normal incidence (6; = 0), Eq. (8.31) gives 6, = 0, as
expected. At oblique incidence 6; < 6; when ny > n; and
6, > 6, when ny < n;.

» If a wave is incident on a more dense medium
(Fig. 8-10(a)), the transmitted wave refracts inwardly
(toward the z axis), and the opposite is true if a wave is
incident on a less dense medium (Fig. 8-10(b)). «

A case of particular interest is when 6, = 7/2, as shown in
Fig. 8-10(c); in this case, the refracted wave flows along the
surface and no energy is transmitted into medium 2. The value
of the angle of incidence 6; corresponding to 6, = 7r/2 is called

the critical angle 6. and is obtained from Eq. (8.30) as

sin 6, = 8 sin 6; _ (8.32a)
ni 6=n/2 Ny
- 2% (for 11 = f12). (8.32b)

1

(critical angle)

If 6; exceeds 6., the incident wave is totally reflected, and
the refracted wave becomes a nonuniform surface wave that
travels along the boundary between the two media. This wave
behavior is called fotal internal reflection.

Example 8-4: Light Beam Passing through

a Slab

A dielectric slab with index of refraction n, is surrounded by a
medium with index of refraction n;, as shown in Fig. 8-11. If
6; < 6., show that the emerging beam is parallel to the incident
beam.

Figure 8-11 The exit angle 65 is equal to the incidence
angle O if the dielectric slab has parallel boundaries and is
surrounded by media with the same index of refraction on both
sides (Example 8-4).

Solution: At the slab’s upper surface, Snell’s law gives

sin@ = Line,. (8.33)
ny
Similarly, at the slab’s lower surface,
sin 63 = 2 sin6, = el sin 6,. (8.34)
n3 ni

Substituting Eq. (8.33) into Eq. (8.34) gives

sin 63 = <n_2) (ﬂ) sin O; = sin 0.
ni ny
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Hence, 63 = 6. The slab displaces the beam’s position, but the
beam’s direction remains unchanged.

Exercise 8-4: In the visible part of the electromagnetic
spectrum, the index of refraction of water is 1.33. What is
the critical angle for light waves generated by an upward-
looking underwater light source?

Answer: 6, =48.8°. (See &.)

Exercise 8-5: If the light source of Exercise 8-4 is situated
at a depth of 1 m below the water surface and if its beam
is isotropic (radiates in all directions), how large a circle
would it illuminate when observed from above?

Answer: Circle’s diameter = 2.28 m. (See ©).)

8-3 Fiber Optics

By successive total internal reflections, as illustrated in
Fig. 8-12(a), light can be guided through thin dielectric rods
made of glass or transparent plastic known as opfical fibers.
Because the light is confined to traveling within the rod, the
only loss in power is due to reflections at the sending and
receiving ends of the fiber and absorption by the fiber material
(because it is not a perfect dielectric). Optical fibers are useful
for the transmission of wide-band signals as well as many
imaging applications.

An optical fiber usually consists of a cylindrical fiber
core with an index of refraction n¢, surrounded by another
cylinder of lower index of refraction, n., called the cladding
(Fig. 8-12(b)). The cladding layer serves to optically isolate
the fiber when a large number of fibers are packed in close
proximity, thereby avoiding leakage of light from one fiber
into another. To ensure total internal reflection, the incident
angle 6 in the fiber core must be equal to or greater than the

Acceptance cone

(a) Optical fiber

critical angle 6, for a wave in the fiber medium (with 7y) inci-
dent upon the cladding medium (with n.). From Eq. (8.32a),
we have "

sinf, = —. (8.35)

ng

To meet the total reflection requirement 8; > 6., it is necessary
that sin 03 > n. /n¢. The angle 6, is the complement of angle 65;
hence, cos 8, = sin 63. The necessary condition therefore may
be written as

e
cos6, > —.
ng

(8.36)

Moreover, 6, is related to the incidence angle on the face of
the fiber, 6;, by Snell’s law:

. no .
sin6, = —sin6;,
ng

(8.37)

where ny is the index of refraction of the medium surrounding
the fiber (ng = 1 for air and ny = 1.33 if the fiber is in water)

or
5 1/2
cos6, = [1 — (@) sin® Gi] .

ng

Using Eq. (8.38) on the left-hand side of Eq. (8.36) and then
solving for sin 6; gives

(8.38)

. 1
sin@; < — (n? —n?)'/2.
1o

(8.39)

8-3.1 Maximum Acceptance Cone

The acceptance angle 0, is defined as the maximum value
of 6, for which the condition of total internal reflection remains
satisfied:

1
sinf, = — (n? —n?)'/2. (8.40)

no
no
e ’
[N
[
- .2 é nf ) =75 -
3 Fiber core 11 0;
ne Cladding \
no

(b) Successive internal reflections

Figure 8-12 Waves can be guided along optical fibers as long as the reflection angles exceed the critical angle for total internal reflection.
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Figure 8-13 Distortion of rectangular pulses caused by modal dispersion in optical fibers.

The angle 6, is equal to half the angle of the acceptance cone
of the fiber. Any ray of light incident upon the face of the
core fiber at an incidence angle within the acceptance cone
can propagate down the core. This means that there can be a
large number of ray paths, called modes, by which light energy
can travel in the core. Rays characterized by large angles 6;
travel longer paths than rays that propagate along the axis of
the fiber, as illustrated by the three modes shown in Fig. 8-13.
Consequently, different modes have different transit times
between the two ends of the fiber. This property of optical
fibers is called modal dispersion and has the undesirable effect
of changing the shape of pulses used for the transmission of
digital data. When a rectangular pulse of light incident upon
the face of the fiber gets broken up into many modes and the
different modes do not arrive at the other end of the fiber at the
same time, the pulse gets distorted—both in shape and length.
In the example shown in Fig. 8-13, the narrow rectangular
pulses at the input side of the optical fiber are of width 7
separated by a time duration 7. After propagating through the
fiber core, modal dispersion causes the pulses to look more
like spread-out sine waves with spread-out temporal width 7.
If the output pulses spread out so much that T > T, the output
signals will smear out, making it impossible to decipher the
transmitted message from the output signal. Hence, to ensure
that the transmitted pulses remain distinguishable at the output
side of the fiber, it is necessary that T be shorter than 7. As a
safety margin, it is common practice to design the transmission
system such that 7 > 27.

The spread-out width 7 is equal to the time delay Az between
the arrival of the slowest ray and the arrival of the fastest ray.
The slowest ray is the one traveling the longest distance and
corresponds to the ray incident upon the input face of the fiber
at the acceptance angle 6,. From the geometry in Fig. 8-12(b)
and Eq. (8.36), this ray corresponds to cos 6, = n./n;. For an
optical fiber of length /, the length of the path traveled by such
aray is

!
1 (8.41)

.
AT C0s 6y T

and its travel time in the fiber at velocity u, = ¢/ny is

. lmax _
tmax - - .
up cne

In?
o (8.42)

The minimum time of travel is realized by the axial ray and is
given by

l l
tmin = — = — Af. (8.43)
b C
The total time delay is therefore
l -1
T = At =ty — fmin = <”f ) (). (8.44)
c ne

As we stated before, to retrieve the desired information from
the transmitted signals, it is advisable that 7, which is the
interpulse period of the input train of pulses, be no shorter than
27. This in turn means that the maximum data rate (in bits per
second), or equivalently the number of pulses per second, that
can be transmitted through the fiber is limited to

1 1 cne .
- = = ¢ bits/s). 8.45
Jo T 2t 2ne(ne—ne) (bits/s) (845)
Example 8-5: Transmission Data Rate

on Optical Fibers

A 1-km long optical fiber (in air) is made of a fiber core with
an index of refraction of 1.52 and a cladding with an index of
refraction of 1.49. Determine
(a) the acceptance angle 6, and
(b) the maximum usable data rate of signals that can be
transmitted through the fiber.

Solution: (a) From Eq. (8.40),

sin6, = i(n% —n2)1? = [(1.52)> = (1.49)%)'/2 = 0.3,
no
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Module 8.2 Multimode Step-Index Optical Fiber Choose the indices on the fiber core and cladding and then observe

the zigzag pattern of the wave propagation inside the fiber.

_ _ _ Angle of Entrance: 6j = 12°
Module 8.2 Input ¢ = 10 e = [285 =i = 240 Fs Cn o ‘ 5
Multimode Step-Index Optical Fiber H=lo 7 - [ooEi2 Hz R = [1000E8 m = >]
medium 1 - Air X Guided Mode medium 3 - Cladding
=10 £ =24
_7-‘ o medium 2 - Core
. .. 6, 05 €= 255 4
| =
—=5 | ;
medium 3 - Cladding
. = o N
Bimax = 22.7865 7 - 3500 The £, =24

Propagation Properties

Wavelength - medium 1 Index of Refraction - medium 1 Ray Angles Acceptance Angle Numerical Aperture
Jo = 857143 x 101 pm ng=1.0 6;=120° 0 max = 22.7865° NA = ng sin (8 o ) = (& -5 )05
Wavelength - medium 2 Index of Refraction - medium 2 63 =7.4811° 02 max = 14.0362° NA = 0.387298
= -1 = 03 =825189° = 2
lf 5.36764 x 10" um ng = 1.596872 63 Critical Angle R 1.0 x 10° pym
Phase Velocity Index of Refraction - medium 3 t= undef. = 1863 x 102 &

03, =75.9638°

Uy = 1.878 % 108 [ms] n = 1.549193
Wavelength - medium 3
Ac = 553283 x 10-1 pm
GOTO == Modal Dispersion ”
which corresponds to 6, = 17.5°. angle of the entrance cone. Per Eq. (8.38), 6,(max) is related
to 6;(max) by
(b) From Eq. (8.45),
5 1/2
on. 3% 108 x 1.49 cos 6, (max) = [1 - (@) sin’ Gi(max)] .
= < = i ng
Jo 2Ine(ng—ne) 2% 103 % 1.52(1.52 —1.49)
Repetition of th Eqgs. (8.41 45)1
— 4.9 (Mbls). epetition of the steps between Eqgs. (8.41) and (8.45) leads to

8-3.2 Confined Acceptance Cone

The expression for the data rate given by Eq. (8.45) pertains to
the case where the light coupled to the fiber is confined to the
acceptance cone defined by the acceptance angle 6, given by
Eq. (8.40). If the entrance cone is larger than the acceptance
cone, then some of the light will leak out of the fiber through
the cladding, which not only reduces the power carried by the
light but may also cause interference with signals carried by
neighboring fibers.

On the other hand, if the entrance cone can be made to
be smaller than the acceptance cone, the data rate can be
safely increased. Let us denote 6;(max) as the maximum

c [ cos 6 (max)

— i ] (6;(max) < 6,).

o

1 — cos 6, (max)

Exercise 8-6: If the index of refraction of the cladding
material in Example 8-5 is increased to 1.50, what would
be the new maximum usable data rate?

Answer: 7.4 (Mb/s). (See €.)
8-4 Wave Reflection and Transmission
at Oblique Incidence

In this section, we develop a rigorous theory of reflection
and refraction of plane waves obliquely incident upon planar
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boundaries between different media. Our treatment parallels
that in Section 8-1 for the normal-incidence case and goes
beyond that in Section 8-2 on Snell’s laws, which yielded
information on only the angles of reflection and refraction.

For normal incidence, the reflection and transmission coef-
ficients I and 7 at a boundary between two media are inde-
pendent of the polarization of the incident wave, because both
the electric and magnetic fields of a normally incident plane
wave are tangential to the boundary regardless of the wave
polarization. This is not the case for obliquely incident waves
traveling at an angle 6, # 0 with respect to the normal to the
interface.

» The plane of incidence is defined as the plane con-
taining the normal to the boundary and the direction of
propagation of the incident wave. <«

A wave of arbitrary polarization may be described as the
superposition of two orthogonally polarized waves: one with
its electric field parallel to the plane of incidence (parallel
polarization) and the other with its electric field perpendic-
ular to the plane of incidence (perpendicular polarization).
These two polarization configurations are shown in Fig. 8-14,
where the plane of incidence is coincident with the x—z plane.
Polarization with E perpendicular to the plane of incidence is
also called transverse electric (TE) polarization because E is
perpendicular to the plane of incidence and with E parallel
to the plane of incidence is called transverse magnetic (TM)
polarization because in that case it is the magnetic field that is
perpendicular to the plane of incidence.

For the general case of a wave with an arbitrary polarization,
it is common practice to decompose the incident wave (E, H')
into a perpendicularly polarized component (El’Hlﬁ and a
parallel polarized component (Ei”,Hi”). Then, after determin-
ing the reflected waves (E' ,H", ) and (EhHTI) due to the two

incident components, the reflected waves are added together
to give the total reflected wave (E*,H") corresponding to
the original incident wave. A similar process can be used to
determine the total transmitted wave (E',H").

8-4.1 Perpendicular Polarization

Figure 8-15 shows a perpendicularly polarized incident plane
wave propagating along the x; direction in dielectric medium 1.

The electric field phasor ElL points along the y direction, and
the associated magnetic field phasor Hl is along the yj axis.

The directions of I?Zl and H'| are such that E| x H' points
along the propagation direction &;. The electric and magnetic

Medium 1
(&1, 1)

Medium 2
(&2, 2)

z=0

(a) Perpendicular polarization

Hj
Medium 1
(&1, 1)

Medium 2
(&2, 12)

z=0

(b) Parallel polarization

Figure 8-14 The plane of incidence is the plane containing
the direction of wave travel, Ri, and the surface normal to the
boundary. In the present case, the plane of incidence containing
ki and % coincides with the plane of the paper. A wave is
(a) perpendicularly polarized when its electric field vector is
perpendicular to the plane of incidence and (b) parallel polarized
when its electric field vector lies in the plane of incidence.

fields of such a plane wave are given by

E| = §E| je 7k, (8.46a)
. El )
=9 —nm ek, (8.46b)
1
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X; = x sin 6; + z cos 6;

N

=—X cos 6 + Z sin 6;

Y
N

Medium 1 (g1, u1)

¥i =—X cos 6; + Z sin 6;

Medium 2 (g7, u2)

Figure 8-15 Perpendicularly polarized plane wave incident at an angle 6; upon a planar boundary.

where EiLO is the amplitude of the electric field phasor at x; =0

and k; = ©,/U1€ and 1M =+/U1/€ are the wavenumber
and intrinsic impedance of medium 1. From Fig. 8-15, the
distance x; and the unit vector §; may be expressed in terms
of the (x,y,z) global coordinate system as

X; = xsin 6, + zcos 6;, (8.47a)
yi = —Xcos 6 +2sin 6;. (8.47b)
Substituting Egs. (8.47a) and (8.47b) into Egs. (8.46a) and
(8.46b) gives

Incident Wave

El — yEloefjkl (xsin9;+zcosei)’ (848a)

~ E' N
H!| = (—Xcos 6 +2sin 6;) ﬁ e hilxsinGitzcosB) (g 4gh)
1

With the aid of the directional relationships given in Fig. 8-15
for the reflected and transmitted waves, these fields are given
by the following:

Reflected Wave

17]1 = §ET e~ k1% = gET ¢~ Ii(xsinb—zcos8), (8.492)

~ E" .
T g 10 —jkix;
H =y —e /"

T

m
E" . .
_ ()’Z cos 6, + Zsin 91_) nLO e*]kl (xsin 6. —zcos Or)’ (8.49b)
1
Transmitted Wave
E| = JE' je /% = B! (o Jlsinbizeost), (8.49¢)
_ E'. .
Htl =¥, —10 e Jkaxe
Up
E! . .
= (—Rcos 6,4 25in 6,) —= ¢ JRalxsinbi+zcosb) (g 49q)

where 6, and 6, are the reflection and transmission angles
shown in Fig. 8-15 and k, and 7, are the wavenumber and
intrinsic impedance of medium 2. Our goal is to describe the
reflected and transmitted fields in terms of the parameters
that characterize the incident wave, namely the incidence
angle 6, and the amplitude Elo- The four expressions given
by Egs. (8.49a) through (8.49d) contain four unknowns: E'| ,
Eio’ 6:, and 6,. Even though angles 6; and 6, are related to 6;
by Snell’s laws (Egs. (8.28a) and (8.28b)), here we choose to
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treat them as unknown for the time being because we intend
to show that Snell’s laws also can be derived by applying
field boundary conditions at z = 0. The total electric field in
medium 1 is_the sum of the incident and reflected electric
fields: ElL = Ell +E' ; a similar statement holds true for the

total magnetic field in medium 1: H! = i-vI‘l + ITIrl Boundary
conditions state that the tangential components of E and H
each must be continuous across the boundary between the two
media. Field components tangential to the boundary extend
along % and §. Since the electric fields in media 1 and 2 have §
components only, the boundary condition for E is

(B, +E)|_ = E,

z=0

(8.50)

z=0 '

Upon using Egs. (8.48a), (8.49a), and (8.49¢) in Eq. (8.50) and
then setting z = 0, we have
Eiloefjklxsin& + Eioefjklxsinﬂ _ Eloefjkzxsinﬂ. (851)

Since the magnetic fields in media 1 and 2 have no § compo-
nents, the boundary condition for H is

(HL +HL)| = HL| (8.52)
or
i T
. %COS 6, efjklxsinei + h cos 6, efjklxsiner
m m
El() — jkoxsin 6,
= fﬁcosete . (8.53)

To satisfy Egs. (8.51) and (8.53) for all possible values of x

(i.e., all along the boundary), it follows that the arguments of

all three exponentials must be equal. That is,
ki sin 6; = k; sin 6, = ko sin 6, (8.54)

which is known as the phase-matching condition. The first
equality in Eq. (8.54) leads to

6. =6, (Snell’s law of reflection) (8.55)
while the second equality leads to
sinGt . kl . ./ & . }’l_l (856)

sinGi o kz B ./ U & B }’12.

(Snell’s law of refraction)

The results expressed by Eqgs. (8.55) and (8.56) are identical
with those derived previously in Section 8-2 through consid-
eration of the ray path traversed by the incident, reflected, and
transmitted wavefronts.

In view of Eq. (8.54), the boundary conditions given by
Egs. (8.51) and (8.53) reduce to

E\\+Ey=E\,, (8.57a)

cos 6

cos 6, -
~(—E'y+El) =— N Elp.

(8.57b)

These two equations can be solved simultaneously to yield
the following expressions for the reflection and transmission
coefficients in the perpendicular polarization case:

E', ~ M2cos 6 — 1y cos b

r =— s 8.58
L E\, Mzcos 6, + nycos 6, ( 2)
E! 2 o
7 =l 1205 . (8.58b)
E', Macos6;+mn;cosb

These two coefficients are known formally as the Fresnel
reflection and transmission coefficients for perpendicular
polarization and are related by

T, =1+4T1). (8.59)

If medium 2 is a perfect conductor (1, = 0), Egs. (8.58a and b)
reduce to I') = —1 and 7, = 0, respectively, which means
that the incident wave is totally reflected by the conducting
medium.

For nonmagnetic dielectrics with @ = up = tp and with the
help of Eq. (8.56), the expression for I'; can be written as

cos 6 — 1/ (&/€&) —sin® 6;
) — (8.60)
cos 6+ 1/ (&/€&) —sin® 6;

(for uy = uy).

Since (&2/€1) = (na/ny)?, this expression also can be written
in terms of the indices of refraction n; and n».
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Example 8-6: Wave Incident Obliquely

on a Soil Surface

Using the coordinate system of Fig. 8-15, a plane wave
radiated by a distant antenna is incident in air upon a plane
soil surface located at z = 0. The electric field of the incident
wave is given by
E' = §100cos(wt — zx— 1.73xz)  (V/m), (8.61)
and the soil medium may be assumed to be a lossless dielectric
with a relative permittivity of 4.
(a) Determine ki, k;, and the incidence angle 6;.
(b) Obtain expressions for the total electric fields in air and
in the soil.
(¢) Determine the average power density carried by the wave
traveling in soil.

Solution: (a) We begin by converting Eq. (8.61) into phasor
form, akin to the expression given by Eq. (8.46a):

Ei = §100e /™ /173 = 9100¢ /%1% (V/m),  (8.62)

where x; is the axis along which the wave is traveling and

kixi = x4+ 1.737z. (8.63)
Using Eq. (8.47a), we have
kix; = kyxsin 6; + kyzcos 6;. (8.64)

Hence,

kisin6; = 1,
kicos6 =1.73m,

which together give

ky=+/m2+(1.737)2 =21 (rad/m),
6, =tan"! ( ﬂ ) =30°.
1.73%
The wavelength in medium 1 (air) is
21
M=-—=1m,
1= m
and the wavelength in medium 2 (soil) is
A
ly=—=—=05m

B
s

The corresponding wavenumber in medium 2 is
=%
Since Ei is along §, it is perpendicularly polarized (¥ is

perpendicular to the plane of incidence containing the surface
normal Z and the propagation direction X;).

ky 4r (rad/m).

(b) Given that 6; = 30°, the transmission angle 6 is obtained
with the help of Eq. (8.56):

k 2
sin6 = L sin6 = = §in30° = 0.25
k2 4r
or
0, = 14.5°.

With & = &) and & = &, & = 4¢&, the reflection and transmis-
sion coefficients for perpendicular polarization are determined
with the help of Egs. (8.59) and (8.60),

cos6 —/(&/€1) — sin® 6,
r = =-0.38,
cos6 +/(&/€1) — sin® 6,

T, =1+T, =0.62.

Using Eqs. (8.48a) and (8.49a) with Elo =100 V/m and 6, =
0,, the total electric field in medium 1 is

E| =E +E|
= yEiOefjkl (xsin 6;-+zcos 6) + yl"EiLOefjkl (xsin6,—zcos ;)
= §100¢/(F¥H1.7372) _ 938, i(mx—1.73m2)

and the corresponding instantaneous electric field in medium 1
is

E! (x,z,1) = Re [Eiejwt}
= §[100cos(wr — x — 1.737z)
—38cos(wt — wx+1.731z)]  (V/m).
In medium 2, using Eq. (8.49¢) with E' ; = 7| E' , gives
Etl _ )A,,L.Eloefjkz(xsin9[+zcost9[) _ y6267j(7tx+3.877tz)
and, correspondingly,
E' (x,7,1) = Re {Eiejwt}
= §62cos(wt — wx —3.877z)

(¢) In medium 2, M, = 0o/ /&, ~ 1207/v/4 = 607 (Q), and

the average power density carried by the wave is

St — ‘E10|2 — (62)2
v 21, 2x 607

(V/m).

=102  (W/md).
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Technology Brief 16:
Bar-Code Readers

A bar code consists of a sequence of parallel bars of
certain widths, usually printed in black against a white
background, configured to represent a particular binary
code of information about a product and its manufac-
turer. Laser scanners can read the code and transfer the
information to a computer, a cash register, or a display
screen. For both stationary scanners built into checkout
counters at grocery stores and handheld units that can
be pointed at the bar-coded object like a gun, the basic
operation of a bar-code reader is the same.

Basic Operation

The scanner uses a laser beam of light pointed at
a multifaceted rotating mirror, spinning at a high
speed on the order of 6,000 revolutions per minute
(Fig. TF16-1). The rotating mirror creates a fan beam
to illuminate the bar code on the object. Moreover,
by exposing the laser light to its many facets, it
deflects the beam into many different directions,
allowing the object to be scanned over a wide range
of positions and orientations. The goal is to have
one of those directions be such that the beam reflected

Central store
computer

Cash register

-

| |

[

Sensor

4

Electrical signal A \UL_A_N_NNNU

Bar code

Digital code MMMl N 1AM LA
10110100010001000110010

Figure TF16-2 Bar code contained in reflected laser beam.

by the bar code ends up traveling in the direction of,
and captured by, the light detector (sensor), which then
reads the coded sequence (white bars reflect laser light
and black ones do not) and converts it into a binary
sequence of ones and zeros (Fig. TF16-2). To eliminate
interference by ambient light, a glass filter is used as
shown in Fig. TF16-1 to block out all light except for a
narrow wavelength band centered at the wavelength of
the laser light.

Bar code ‘ W‘Mﬂwm
/1

Glass filter

Rotating mirror
(6,000 rpm)

v

Figure TF16-1 Elements of a bar-code reader.
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X; = x sin 6; + z cos 6;
¥; =X cos 6; — Z sin 6;

Xp = Xx sin 6. —z cos 6,
¥ =X cos 6, + 7 sin 6,

X¢ = x sin 0; + z cos 6;
V¢ =X cos 6 — Z sin 6;

Medium 1 (g, 1)

Medium 2 (g3, u2)

Figure 8-16 Parallel-polarized plane wave incident at an
angle 6; upon a planar boundary.

8-4.2 Parallel Polarization

If we interchange the roles played by E and H in the perpendic-
ular polarization scenario covered in the preceding subsection,
while keeping in mind the requirement that E X H must point in
the direction of propagation for each of the incident, reflected,
and transmitted waves, we end up with the parallel polarization
scenario shown in Fig. 8-16. Now the electric fields lie in the
plane of incidence, while the associated magnetic fields are
perpendicular to the plane of incidence. With reference to the
directions indicated in Fig. 8-16, the fields of the incident,
reflected, and transmitted waves are given by

Incident Wave

E| = §iE|oe /"

= (%cos 6, — isin 6, ) Eje /F1(in0tzcos®) (g 65q)

~ Ei Ei
H — ¥ ﬂ e*jklxi _ }A’ﬂ

_ efjlq (xsin 6;+zcos 6;)
I i m

(8.65b)

Reflected Wave

E} = §,Ejoe /0

= (Rcos 6, + Zsin 6 Efje F1binbecost), (8.65¢)
T T
~1“‘ — 73, % efjklx,- — 73, % efjkl(xsinerfzcosa.)’ (865d)
1 1
Transmitted Wave
Eh = ytE‘t‘Oeijkzxt
= (%cos 6, — isin ) Efe /2rinftzcos) (8 65¢)
E} E}
ﬁh _ y % efjkzxL _ y % efjkz(xsin9t+zcosel). (8.65f)
2 2

By matching the tangential components of E and H in both
media at z = 0, we again obtain the relations defining Snell’s
laws, as well as the following expressions for the Fresnel
reflection and transmission coefficients for parallel polariza-
tion:

T = EﬁO ~ Macos 6 —Mycos6,
- E|i|0 ~ MpcosB+1ncos 6’

(8.66a)

S E|t|o _ 21, cos 6,
= EIiIO © MpcosB +1mcos6;

(8.66b)

The preceding expressions can be shown to yield the relation

(8.67)

We noted earlier in connection with the perpendicular-
polarization case that, when the second medium is a perfect
conductor with 1, = 0, the incident wave gets totally reflected
at the boundary. The same is true for the parallel polarization
case; setting 1, = 0 in Eqgs. (8.66a and b) gives I'| = —1 and
7 = 0.

: For nonmagnetic materials, Eq. (8.66a) becomes

—(&/€1)cos 6, + & /€ — sin? 6;
e (©2/2) .

(82/81)COS 0, + (82/81) — sin? 6

(for wy = o).
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0.84

I |0,6..Wet soil
Y (e=25)

or
T
0.

0271

0 ) T U ) )
10 20 30 40 50

s0 70  J80f 90

(0 dry soil) (6 wet soil) (O water)
Incidence angle 6; (degrees)

Figure 8-17 Plots for [I'; | and |I')| as a function of 6; for a
dry soil surface, a wet soil surface, and a water surface. For each
surface, |[| = 0 at the Brewster angle.

To illustrate the angular variations of the magnitudes of I"|
and I'|, Fig. 8-17 shows plots for waves incident in air onto
three different types of dielectric surfaces: dry soil (& = 3),
wet soil (¢, = 25), and water (&, = 81). For each of the surfaces,
(1) 'y =I') at normal incidence (6; = 0), as expected; (2)
IT.[ = |Ty| =1 at grazing incidence (6; = 90°); and (3) [
goes to zero at an angle called the Brewster angle in Fig. 8-17.
Had the materials been magnetic too (i # W), it would have
been possible for I' to vanish at some angle as well. However,
for nonmagnetic materials, the Brewster angle exists only for
parallel polarization, and its value depends on the ratio (&;/€;),
as we see shortly.

> At the Brewster angle, the parallel-polarized com-
ponent of the incident wave is totally transmitted into
medium 2. <«

8-4.3 Brewster Angle

The Brewster angle 85 is defined as the incidence angle 6; at
which the Fresnel reflection coefficient I' = 0.

Perpendicular Polarization

For perpendicular polarization, the Brewster angle 0 | can be
obtained by setting the numerator of the expression for I' |,
given by Eq. (8.58a), equal to zero. This happens when

M2 cos 6; = 1My cos b,. (8.69)

By (1) squaring both sides of Eq. (8.69), (2) using Eq. (8.56),
(3) solving for 6;, and then denoting 6; as 8y | , we obtain

1— (W& /e)

1—(u/m)* - (870

sinGBL:

Because the denominator of Eq. (8.70) goes to zero when
W1 = U, Og| does not exist for nonmagnetic materials.

Parallel Polarization

For parallel polarization, the Brewster angle 6g at which
') =0 can be found by setting the numerator of I} in
Eq. (8.66a) equal to zero. The result is identical to Eq. (8.70),
but with u and € interchanged. That is,

1 —(e12/82141)

i = 8.71
sin Og|| —(a/8) ( )
For nonmagnetic materials,
1
Og =sin 'y ———
Bl 1+ (a1/e)
1 &
=tan ",/ o (for t; = ). (8.72)
1

The Brewster angle is also called the polarizing angle. This
is because, if a wave composed of both perpendicular and
parallel polarization components is incident upon a nonmag-
netic surface at the Brewster angle 6|, the parallel polarized
component is totally transmitted into the second medium, and
only the perpendicularly polarized component is reflected by
the surface. Natural light, including sunlight and light gener-
ated by most manufactured sources, is unpolarized because
the direction of the electric field of the light waves varies
randomly in angle over the plane perpendicular to the direction
of propagation. Thus, on average, half of the intensity of
natural light is perpendicularly polarized and the other half is
parallel polarized. When unpolarized light is incident upon a
surface at the Brewster angle, the reflected wave is strictly per-
pendicularly polarized. Hence, the surface acts as a polarizer.
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Concept Question 8-4: Can total internal reflection
take place for a wave incident from medium 1 (with n;)
onto medium 2 (with n,) when ny, > n;?

Concept Question 8-5:  What is the difference between
the boundary conditions applied in Section 8-1.1 for
normal incidence and those applied in Section 8-4.1 for
oblique incidence with perpendicular polarization?

Concept Question 8-6: Why is the Brewster angle also
called the polarizing angle?

Concept Question 8-7: At the boundary, the vector
sum of the tangential components of the incident and
reflected electric fields has to equal the tangential com-
ponent of the transmitted electric field. For &, = 1 and
&, = 16, determine the Brewster angle and then verify the
validity of the preceding statement by sketching to scale
the tangential components of the three electric fields at the
Brewster angle.

Exercise 8-7: A wave in air is incident upon a soil surface
at 6; = 50°. If soil has & =4 and y, = 1, determine I' |,
T, FH’ and T”.

Answer: I') = —0.48, 7, =0.52, FH =—0.16, T = 0.58.
(See @.)

Exercise 8-8: Determine the Brewster angle for the
boundary of Exercise 8-7.

Answer: 0 = 63.4°. (See @.)

Exercise 8-9: Show that the incident, reflected, and trans-
mitted electric and magnetic fields given by Egs. (8.652a)
through (8.65f) all have the same exponential phase func-
tion along the x direction.

Answer: With the help of Egs. (8.55) and (8.56), all six
fields are shown to vary as e /¥1*i06 (See @)

8-5 Reflectivity and Transmissivity

The reflection and transmission coefficients derived earlier are
ratios of the reflected and transmitted electric field amplitudes
to the amplitude of the incident electric field. We now exam-
ine power ratios, starting with the perpendicular polarization
case. Figure 8-18 shows a circular beam of electromagnetic

\Pi / Pr

N Medium 1 (g, 41) -

& %

(xS 1 &67
>\ 1 >

1
\ 91|‘9r /
N 1 /
— - O\ - - G
/ 2 \
N [ . 7
R

. N
A== LV“m

X 49

\ [
\ 10 ‘\
AY A
\ ¥ R
\ \ \
\ \
\ B —
. \ - O
Medium 2 (&2, o) \ ,~ 00%6 v
A\ W2 A o
- .-
Pt

Figure 8-18 Reflection and transmission of an incident circu-
lar beam illuminating a spot of size A on the interface.

energy incident upon the boundary between two contiguous,
lossless media. The area of the spot illuminated by the beam
is A, and the incident, reflected, and transmitted beams have
electric-field amplitudes Elo’ E' . and E‘m, respectively. The
average power densities carried by the incident, reflected, and
transmitted beams are

_ELP
S = , (8.73a)
* 2m

_EP
2m
_ELP

St = ,
2m

) (8.73b)

(8.73¢)

where 711 and 7, are the intrinsic impedances of media 1
and 2, respectively. The cross-sectional areas of the incident,
reflected, and transmitted beams are

A; =Acos6;, (8.74a)
Ar=Acos6, (8.74b)
Ay =Acos 6, (8.74¢)
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and the corresponding average powers carried by the beams
are

i i EL?
P, =81A = n Acos6;, (8.75a)
|
ETof
PL= 8140 = 52 Acost, (8.75b)
Eol
P =S A= 1 Acos 6. (8.75¢)

The reflectivity R (also called reflectance in optics) is defined
as the ratio of the reflected to the incident power. The reflec-
tivity for perpendicular polarization is then

2

R, , (8.76)

P |ETgPeost |EY,
~ P |E| |’cos®  |E,

where we used the fact that 6, = 6; in accordance with Snell’s
law of reflection. The ratio of the reflected to incident electric
field amplitudes, |E'/E |, is equal to the magnitude of the
reflection coefficient I | . Hence,

Ry =T (8.77)
and similarly, for parallel polarization
A _rp
RH = = = |FH| . (8.78)

1
P

The transmissivity T (or transmittance in optics) is defined as
the ratio of the transmitted power to incident power:

& |Eio|2 N1 Acos 6,
T ="L= i

P\ |E| > m Acos6

5 ( M1cos 6
= =, 8.79
|7 (nzcosei) (8.79a)
Pt
I 5 [ M1 cos b
I Plll |‘L’H| (nz coS 91) (8 79b)

» The incident, reflected, and transmitted waves do not
have to obey any such laws as conservation of electric
field, conservation of magnetic field, or conservation of
power density, but they do have to obey the law of
conservation of power. <

In fact, in many cases, the transmitted electric field is larger
than the incident electric field. Conservation of power requires
that the incident power equals the sum of the reflected and
transmitted powers. That is, for perpendicular polarization,

Pl =P +P, (8.80)

or

Ei 2 E" 2 Et 2
@ Acos6; = @ Acos 6, + @ Acos6. (8.81)
27"1 27]1 27"2

Use of Egs. (8.76), (8.79a), and (8.79b) leads to

R +T =1, (8.82a)
R+T) =1, (8.82b)
or
o
TP+ (mﬂ> 1, (8.83a)
1 cos 6;
Ty 2+ 2 (e _ (8.83b)
I [ M2 cos 6; ' '

Figure 8-19 shows plots for (R, 7]) as a function of 6; for an
air—glass interface. Note that the sum of R and 7 is always
equal to 1, as mandated by Eq. (8.82b). We also note that, at
the Brewster angle Og, RH =0and T” =1.

Table 8-2 provides a summary of the general expressions
forI', 7, R, and T for both normal and oblique incidence.

1 S
5 _ ] T
Es 1 |
=2 T
£ 505t
38 1
= <
O = -
& = R
t O
0 ——— s e R
0 30 60 90

6; (degrees)

Figure 8-19 Angular plots for (R, 7}) for an air-glass inter-
face.
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Table 8-2 Expressions for I, 7, R, and T for wave incidence from a medium with intrinsic impedance 1, onto a medium with
intrinsic impedance 7;. Angles 6; and 6; are the angles of incidence and transmission, respectively.

Normal Incidence Perpendicular Parallel
Property 6, =6,=0 Polarization Polarization
— 0, — 6, 6 — 6
Reflection coefficient r=m-Mm | = M2€08 6 — M1 cos b = M2.€08 & — 11 o B
m+m 12 cos 6; + M1 cos 6 M2 cos 6; + 1y cos 6;
2 2 6, 2 6
Transmission coefficient | 7= ——1> B = S T = L
M+ M M2 cos 6; + 1y cos 6; M2 cos 6; + 11 cos 6;
. cos 6;
Relation of I to 7 T=1+4+T 7, =1+4T, 7 =(1+I))
cos 6
Reflectivity R=1I? R, =, R =Ty
6, 6,
Transmissivity T =|7)? (m> T, =|7, | R T =l ? RS,
m My cos 6; 1M cos 6;
Relation of R to T T=1-R T, =1-R, Iy =1-R

Notes: (1) sin 6 = /1€ /a& sin ;5 (2) N1 = /U1 /€15 B) M2 = \/ U2 /€25 (4) for nonmagnetic media, 1 /1) = ny /no.

Module 8.3 Oblique Incidence Upon specifying the frequency, polarization and incidence angle of a plane wave incident
upon a planar boundary between two lossless media, this module displays vector information and plots of the reflection and
transmission coefficients as a function of the incidence angle.

{* PlotT  Plott ¢ ric Fi i ici
. . ITCE)]| Electric Field - Reflection Coefficient Magnitucle
I Module 8.3 Oblique Incidence | B T ol
Parallel 52
Polarization
(M)
Kt
Ht
) 0.0 T
- 0o° Angle of Incidence 90.0°
8,
N t =z Input o101/ 1V Sl crachion Behavior w
EJ’J’ F = [10e0 Hz Update Incident Angle Refraction Angle
- B, =450° B, = 26.2831°
er =[1o er = [258 Electric Field
pp =10 pe =10 Reflection Coefficient T =-04148+j00
Medium 1 Medium 2 Transmission Coefficient T = 08981 +j0.0
Polarization Incident Transverse Field Magnetic Field .
Reflection Coefficient T =01148+j00
CL &y “in @ Cou @ Transmission Cosfficiernt T =1.1148+]0.0
& Eleciric " Magnetic Powver
£ olot F\eld{.‘ - oot Reflectivity R =0013177
. _ plot g T * plo 1. plot . issi =
o TR T .T Transmissivity T =0.986623
_ _ B Total Transmission Angle 8= 57.9442°
£4=10 (Z5 = BT Angle of Incidence: 45 (Brewster Angle)
Hq=1.0 H2=1.0 [« > Total Reflection Angle 8, = Undefined
S = 1.0 GHz | < > ‘ (Critical Angle)
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Module 8.4 Oblique Incidence in Lossy Medium This module extends the capabilities of Module 8.1 to situations in

which medium 2 is lossy.

Module 8.4 ) [Veao Dagams ] ® PlotT " Plot ITCE)| Electric Field - Reflection Coefficient Magnitude
Oblique Incidence on Lossy Med " Plot Standing Wave a4
Parallel
Polarization
]
00 T
0o° Angle of Incidence 20.0°
Input Output  |FEEEEEEETE ~
7 =[1oEs Hz Update Incident Angle Effective Refraction Angle
B, =45.0° B, =125539°
g =10 Sim
_ Electric Field
Er = [10 sr = [255 Reflaction Cofficient T =-05511 +j0.2645
Reflection and transmissian coefficients Br = |1 0 Rr = \1.0 Transmission Coefficient T=03154+j01917
are complex. To review the fields, select AlE G Lz Magnetic Field
. Polarization: Incident Transverse Field Reflection Coefficient T =05511-j02645
Oulput = Field Phasors at (0,0,0) rL e Fm @ Cot @ Transmission Coefficient T =15511 -] 0.2645
- - Power
. ol
medium 1 medium 2 Field: ® Electric Magnetic Reflectivity R = 0373705
Cplot R, T ®plot |ol,ld Coplot Tt Transmissivity T -0626285
£,4=1.0 £, =288 " "
iz 2 Angle of Incidence: 45 Maximum Transmission 8, =7651°
Hq=10 Hpz=1.0 ‘( )l Angle
_ _ _ Total Reflection Angle = Undefined
B SN ED f =10 GHz = 1D EHD [« >] || ecium 2 Losstess) i

Example 8-7: Beam of Light

A 5 W beam of light with circular cross section is incident
in air upon the plane boundary of a dielectric medium with
index of refraction of 5. If the angle of incidence is 60° and the
incident wave is parallel polarized, determine the transmission
angle and the powers contained in the reflected and transmitted

beams.
Solution: From Eq. (8.56),

|
sin@, = Msing, = = 5in60° = 0.17

na
or

Qt == 100.
With & /& = n3/n} = (5)> = 25, the reflection coefficient for
parallel polarization follows from Eq. (8.68) as

—(&2/€1)cos 6 + 1/ (€2/€1) — sin® ;

(e2/€1)cos6; +

—25¢0860° +

(62/61) — Sin2 91

25 — sin? 60°

25¢0860° + /25 — sin? 60°

0.435.

The reflected and transmitted powers therefore are
" = Pj|T > =5(0.435)> = 0.95 W,
P|‘| :P‘“ —P‘r‘:5—0.95=4.05W.

8-6 Waveguides

Earlier in Chapter 2, we considered two families of
transmission lines, namely those that support fransverse-
electromagnetic (TEM) modes, and those that do not. Trans-
mission lines belonging to the TEM family (Fig. 2-4), includ-
ing coaxial, two-wire, and parallel-plate lines, support E and H
fields that are orthogonal to the direction of propagation. Fields
supported by lines in the other group—often called higher-
order transmission lines—may have E or H orthogonal to the
direction of propagation k, but not both simultaneously. Thus,
at least one component of E or H is along k.

» If E is transverse to k but H is not, we call it a
transverse electric (TE) mode, and if H is transverse
to k but E is not, we call it a transverse magnetic (TM)
mode. <«
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(c) Rectangular waveguide

Figure 8-20 Wave travel by successive reflections in (a) an
optical fiber, (b) a circular metal waveguide, and (c) a rectangular
metal waveguide.

Among all higher-order transmission lines, the two most
commonly used are optical fiber and the metal waveguide.
As noted in Section 8-3, a wave is guided along an optical
fiber through successive zigzags by taking advantage of the
total internal reflection at the boundary between the (inner)
core and the (outer) cladding (Fig. 8-20(a)). Another way to
achieve internal reflection at the core’s boundary is to have
its surface coated by a conducting material. Under the proper
conditions (we shall elaborate later) a wave excited in the

Waveguide
Y 1
1 X
A .
. al »
b ,r _______________ T
7
o -—Probe
M
7/
e

Coaxial line

(a) Coax-to-waveguide coupler

Electric field
y=>b
é A, f + ’.A/ EM wave
‘\\\ “\\ i 'l" ,II J \/ >
y=0 T —_—

(b) Cross-sectional view at x = a/2

Figure 8-21 The inner conductor of a coaxial cable can excite
an EM wave in the waveguide.

interior of a hollow conducting pipe, such as the circular
or rectangular waveguides shown in Figs. 8-20(b) and (c),
undergoes a process similar to that of successive internal
reflection in an optical fiber, resulting in propagation down the
pipe. Most waveguide applications call for air-filled guides, but
in some cases, the waveguide may be filled with a dielectric
material used to alter its propagation velocity or impedance, or
it may be vacuum-pumped to eliminate air molecules in order
to prevent voltage breakdown, thereby increasing its power-
handling capabilities.

Figure 8-21 illustrates how a coaxial cable can be connected
to arectangular waveguide. With its outer conductor connected
to the metallic waveguide enclosure, the coaxial cable’s inner
conductor protrudes through a tiny hole into the waveguide’s
interior (without touching the conducting surface). Time-
varying electric field lines extending between the protruding
inner conductor and the inside surface of the guide provide
the excitation necessary to transfer a signal from the coaxial
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line to the guide. Conversely, the center conductor can act like
a probe, coupling a signal from the waveguide to the coaxial
cable.

For guided transmission at frequencies below 30 GHz, the
coaxial cable is by far the most widely used transmission line.
At higher frequencies, however, the coaxial cable has a number
of limitations: (a) in order for it to propagate only TEM modes,
the cable’s inner and outer conductors have to be reduced
in size to satisfy a certain size-to-wavelength requirement,
making it more difficult to fabricate, (b) the smaller cross sec-
tion reduces the cable’s power-handling capacity (limited by
dielectric breakdown), and (c) the attenuation due to dielectric
losses increases with frequency. For all of these reasons, metal
waveguides have been used as an alternative to coaxial lines
for many radar and communication applications that operate
at frequencies in the 5-100 GHz range, particularly those re-
quiring the transmission of high levels of radio-frequency (RF)
power. Even though waveguides with circular and elliptical
cross sections have been used in some microwave systems, the
rectangular shape has been the more prevalent geometry.

8-7 General Relations for E and H

The purpose of the next two sections is to derive expressions
for E and H for the TE and TM modes in a rectangular wave-
guide and to examine their wave properties. We choose the
coordinate system shown in Fig. 8-22, where the propagation
occurs along Z. For TE modes, the electric field is transverse to
the direction of propagation. Hence, E may have components
along X and ¥ but not along 2. In contrast, H has a 2-directed
component and may have components along either X or § or
along both. The converse is true for TM modes.

Our solution procedure consists of four steps:

(1) Maxwell’s equations are manipulated to develop general
expressions for the phasor-domain transverse field com-
ponents Ey, Ey, Hy, and Hy in terms of E; and H,. When

/ YA

a 0

X <

Figure 8-22 Waveguide coordinate system.

specialized to the TE case, these expressions become
functions of H, only, and the converse is true for the TM
case.

(2) The homogeneous wave equations given by Eqs. (7.15)
and (7.16) are solved to obtain valid solutions for E; (TM
case) and H, (TE case) in a waveguide.

3) Ihe Expressigns derived in step 1 are then used to find Ex,
Ey, H,, and H,.

(4) The solutions obtained in step 3 are analyzed to determine
the phase velocity and other properties of the TE and TM
waves.

The intent of the present section is to realize the stated goals
of step 1. We begin with a general form for the E and H fields
in the phasor domain:

E=RE, +VE, +12E,, (8.84a)
(8.84b)

In general, all six components of E and H may depend on
(x,y,2), and while we do not yet know how they functionally
depend on (x,y), our prior experience suggests that E and H
of a wave traveling along the +z direction should exhibit a
dependence on z of the form ¢ /% where B is a yet-to-be
determined phase constant. Hence, we adopt the form

Ex(x,y,z) =ex(x,y) e Pz, (8.85)
where ,(x,y) describes the dependence of E.(x,y,z) on (x,y)
only. The form of Eq. (8.85) can be used for all other compo-

nents of E and H as well. Thus,

E= (Ré, +§e,+12¢,)e /P, (8.86a)

H = Ri, +§hy +2h)e 7P (8.86b)
The notation is intended to clarify that, in contrast to E and H,
which vary with (x,y,z), the lower case candh vary with (x,y)
only.

In a lossless, source-free medium (such as the inside of a
waveguide) characterized by permittivity € and permeability u
(and conductivity o = 0), Maxwell’s curl equations are given
by Egs. (7.2b and d) with J =0,

VxE=—jouH, (8.87a)

V x H= jweE. (8.87b)

Upon inserting Eqgs. (8.86a and b) into Egs. (8.87a and b) and
recalling that each of the curl equations actually consists of
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three separate equations—one for each of the unit vectors X, ¥,
and Z, we obtain the following relationships:

‘?;Z +jBe, = — jouhs, (8.884a)
as e L=
—jBex— Fri —jophy, (8.88b)
de, de, .~
aa—h +][3h = jweey, (8.88d)
_jﬁzx _ % = joee,, (8.88¢)
X
oh, by . _

Equations (8.88a-f) incorporate the fact that differentiation
with respect to z is equivalent to multiplication by —jB.
By manipulating these equations algebraically, we can obtain
expressions for the x and y components of E and H in terms of
their z components, namely

E.= . ( %E; ou a;}) , (8.89a)
( B—— %ﬁf) , (8.89b)
I8 = kj_g (cos E: _ a;i ) (8.89¢)
- k_zj <a)g E . 81; > . (8.89d)

Here
k2 =k> - B? = o’*ue — B2, (8.90)

where k is the unbounded-medium wavenumber earlier

defined as
k= w\/uE.

For reasons that become clear later (in Section 8-8), the
constant k. is called the cutoff wavenumber. In view of

Eqgs. (8.89a-d), the x and y components of E and H now can be
found readily—so long as we have mathematical expressions
for E and H For the TE mode, E =0, so all we need to know
is HZ, and the converse is true for the TM case.

(8.91)

8-8 TM Modes in Rectangular
Waveguide

In the precedmg section, we developed express10ns for Ey, E},
H,, and H in terms of E and H Since Hq =0 for the TM
mode, our task reduces to obtaining a valid solution for Ez.

Our starting point is the homogeneous wave equation for E.

For a lossless medium characterized by an unbounded-medium

wavenumber k, the wave equation is given by Eq. (7.19) as
V2E + k*E = 0. (8.92)

To satisfy Eq. (8.92), each of its X, ¥, and Z components has to
be satisfied independently. Its Z component is given by
0*E. 90%*E. O°E,
> o2+
ox dy 072

+KE, = 0. (8.93)

By adopting the mathematical form given by Eq. (8.85),
namely,

E (x.y.2) = &(x.y) e /P, (8.94)
Eq. (8.93) reduces to
e I 122 =0, (8.95)
oxz  ody? :

where k? is as defined by Eq. (8.90).

The form of the partial differential equation (separate,
uncoupled derivatives with respect to x and y) allows us to
assume a product solution of the form

= X(x) Y ().

Substituting Eq. (8.96) into Eq. (8.95) and then dividing all
terms by X (x) Y (y) leads to:

ex(x,y) (8.96)

1 d%y
Y dy?

1 d?x

2
X a2 +h=0.

(8.97)
To satisfy Eq. (8.97), each of the first two terms has to equal a

constant. Hence, we define separation constants k, and k, such
that

d*x
77 +12X =0, (8.98a)
d2
Pl +kY =0, (8.98b)
and
k2 =13 +k;. (8.99)
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Before proposing solutions for Egs. (8.98a and b), we should
consider the constraints that the solutions must meet. The elec-
tric field E; is parallel to all four walls of the waveguide. Since
E = 0 in the conducting walls, the boundary conditions require
E- in the waveguide cavity to go to zero as x approaches 0 and
a and as y approaches 0 and b (Fig. 8-22). To satisfy these
boundary conditions, sinusoidal solutions are chosen for X (x)
and Y (y) as

e, =X (x) Y(y) = (Acoskux + Bsink.x)(Ccoskyy + Dsinkyy).

(8.100)
These forms for X (x) and Y (y) definitely satisfy the differ-
ential equations given by Egs. (8.98a and b). The boundary
conditions for ¢; are
e:=0
e:=0

atx =0 and a, (8.101a)

aty=0and b. (8.101b)

Satisfying e, = 0 at x = 0 requires that we set A = 0, and
similarly, satisfying e; = 0 at y = 0 requires C = 0. Satisfying
¢; = 0 at x = a requires

mmw

ke=—. m=123 .. (8.102a)
and similarly, satisfying e, = 0 at y = b requires

ky:%, n=12.3, ... (8.102b)
Consequently,

E.=¢e /P = Eysin (m—m) sin ("Tﬂy) e P (8.103)
a

where Ey = BD is the amplitude of the wave in the guide.
Keeping in mind that H = 0 for the TM mode, the transverse

components of E and H now can be obtained by applying
Eq. (8.103) to Egs. (8.89a-d),

N GLC
£ ()

) m(”T”y) ¢ B (8.104a)
)cos (?) e /B%. (8.104b)
H, ]](:;8 ( 5 )Eosm( )cos (n_ny) e Bz (8.104c)

= (7 ) Eoeos (M) sin (")
H Eycos sin e Pz,
TR a b

(8.104d)

Each combination of the integers m and n represents a viable
solution—or a mode—denoted TM,,,. Associated with each
mn mode are specific field distributions for the region inside
the guide. Figure 8-23 depicts the E and H field lines for the
TM;i; mode across two different cross sections of the guide.

a1
Side view _w':
. ', 1
Front view . 1
N e
(| '/' 2 1
1 ’ ’ 1
1 ’ . 1
1 L L 1
) ’, 1
com bl ma
U . b
1 ¢’
0o YA
1
. Z
1,
a “ <
X 0

(a) Cross-sectional planes

H ﬁeld

y
E field T

(b) Field lines for front view

y
‘ ®H ﬁeld into page  E field

}8 ®|®\® © [0)
®|® [O) O}
(o} KO ® ®
(TNK\ ele @M@ § §ﬁ z
© H field out of page
(c) Field lines for side view

Figure 8-23 TMy; electric and magnetic field lines across two
cross-sectional planes.

According to Egs. (8.103) and (8.104e), a rectangular wave-
guide with cross section (a x b) can support the propagation
of waves with many different, but discrete, field configurations
specified by the integers m and n. The only quantity in the
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fields’ expressions that we have yet to determine is the propa-
gation constant 8, which is contained in the exponential e /5%
By combining Eqgs. (8.90), (8.99), and (8.102), we obtain the
following expression for f3:

== o= () - ()"

(TE and TM)

(8.105)

Even though the expression for f was derived for TM modes,
it is equally applicable to TE modes.

The exponential ¢ /8% describes a wave traveling in the
+z direction—provided that 3 is real—which corresponds to
k> k.. If k < ke, P becomes imaginary: f = —ja with o
real, in which case e /Pz = ¢=%2, yielding evanescent waves
characterized by amplitudes that decay rapidly with z due to
the attenuation function e~ *. Corresponding to each mode
(m,n), there is a cutoff frequency f,, at which B = 0. By
setting B = 0 in Eq. (8.105) and then solving for f, we have

=2 -
(TE and TM)

(8.106)

where up, = 1/./I€ is t}}e phase‘velocity of a TEM wave in
an unbounded medium with constitutive parameters € and U.

» A wave in a given mode can propagate through
the guide only if its frequency f > fu,, as only then
B = real. <

The mode with the lowest cutoff frequency is known as
the dominant mode. The dominant mode is TM, among TM
modes and TE oy among TE modes. Whereas a value of zero
for m or n is allowed for TE modes, it is not for TM modes
[because if either m or n is zero, EZ in Eq. (8.103) becomes
zero and all other field components vanish as well].

By combining Egs. (8.105) and (8.106), we can express 3
in terms of fy,,,

po @

Up,

I 2
= <%> . (TE and TM) (8.107)

The phase velocity of a TE or TM wave in a waveguide is

Up= 2 =% ___ (TE and TM)

B V1= (fum/ )

(8.108)

The transverse electric field consists of components Ex
and Ey given by Egs. (8.104a and b). For a wave traveling
in the +z direction, the magnetic field associated with Ex
is ﬁy [according to the right hand rule given by Eq. (7.39a)].
Similarly, the magnetic field associated with Ey is —H,. The
ratios, obtained by employing Eq. (8.104e), constitute the
wave impedance in the guide,

E E,
ZTM:sziT):ﬁ_n:n 1(
H, H, k

fom

2
, 8.109
7 ) ( )

where 1 = \/ /¢ is the intrinsic impedance of the dielectric
material filling the guide.

Example 8-8: Mode Properties

A TM wave propagating in a dielectric-filled waveguide of un-
known permittivity has a magnetic field with the y component
given by

H, = 6cos(25mx)sin(1007y)

xsin(1.57 x 10'% —1097z)  (mA/m).
If the guide dimensions are a = 2b = 4 c¢m, determine (a) the
mode numbers, (b) the relative permittivity of the material
in the guide, and (c) the phase velocity, and (d) obtain an
expression for E,.

Solution: (a) By comparison with the expression for ﬁy given
by Eq. (8.104d), we deduce that the argument of x is (mm/a)
and the argument of y is (n7/b). Hence,

nmw

257 = o
& 2x10 2

mrw
—_—, 100 =
4% 102 &
which yield m = 1 and n = 2. Therefore, the mode is TM 5.

(b) The second sine function in the expression for Hy repre-
sents sin(@r — Bz), which means that

o = 1.5m x 10'° (rad/s) or f = 7.5 GHz,
B = 1097 (rad/m).

By rewriting Eq. (8.105) to obtain an expression for & = €/¢&
in terms of the other quantities, we have

m e () ()]
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where c is the speed of light. Inserting the available values, we
obtain

(3% 10%)?

~ (151 x 1010)2

' [(109n)z+ <4X7502)2+ <2x21n()2>2] N

o 157x10"
B 109%

which is slower than the speed of light. However, as explained
later in Section 8-10, the phase velocity in a waveguide may

exceed c, but the velocity with which energy is carried down
the guide is the group velocity u,, which is never greater than c.

(d) From Eq. (8.109),

(0

T =1.38 x 10° m/s,

1—(fi2/f)*.

Application of Eq. (8.106) yields fj» = 5.15 GHz for the TM,
mode. Using that in the expression for Zry, in addition to
f=7.5GHz and

Ztm =M

Vo€ 377
= £= = =125.67 Q,
n=+u/ N
gives
Ztvm =91.3 Q.
Hence,

E, =ZtmH, =91.3 x 6cos(257x) sin(1007y)

x sin(1.57 x 10'% —1097z)  (mV/m)
= 0.55cos(257x) sin(1007y)
x sin(1.57 x 10'% — 1097z)  (V/m).

Concept Question 8-8: What are the primary limita-
tions of coaxial cables at frequencies higher than 30 GHz?

Concept Question 8-9: Can a TE mode have a zero
magnetic field along the direction of propagation?

Concept Question 8-10: What is the rationale for
choosing a solution for e; that involves sine and cosine
functions?

Concept Question 8-11: What is an evanescent wave?

Exercise 8-10: For a square waveguide with a = b, what
is the value of the ratio E,/Ey for the TM;; mode?

Answer: tan(my/a)/tan(mx/a).

Exercise 8-11: What is the cutoff frequency for the dom-
inant TM mode in a waveguide filled with a material with
=47 The waveguide dimensions are a = 2b =5 cm.

Answer: For TM;, f11 = 3.35 GHz.

Exercise 8-12: What is the magnitude of the phase veloc-
ity of a TE or TM mode at ' = f,;,?

Answer: u, = oo ! [See explanation in Section 8-10.]

8-9 TE Modes in Rectangular Waveguide

In the TM case, where the wave has no magnetic field com-
ponent along the z direction (i.e., FNIZ = 0), we started our
treatment in the preceding section by obtaining a solution
for EZ, and then we used it to derive expressions for the
tangential components of E and H. For the TE case, the same
basic procedure can be applied, except we reversed the roles
of E and H Such a process leads to:

E, - {OH ( - )Ho (me)sin (”bﬂ) e B2 (8.110a)

k2
B () (7 e ()
(8.110b)

k?
("T”y) e IB (8.110¢)

— 15 (%) Husin (") co
=" (7”) ( )sin ("T”y) ¢ IB7 (8.110d)
H. = Hycos (m—m) cos (%) e Pz,

a
and of course, EZ = 0. The expressions for fy,, B, and u,
given earlier by Egs. (8.106), (8.107), and (8.108) remain
unchanged.

(8.110e)

» Because not all of the fields vanish if m or n assume a
value of zero, the lowest order TE mode is TE g if a > b or
TEq; if a < b. It is customary to assign a to be the longer
dimension, in which case the TE;o mode is the de facto
dominant mode. <
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Table 8-3 Wave properties for TE and TM modes in a rectangular waveguide with dimensions a x b that are filled with a dielectric
material with constitutive parameters € and (. The TEM case—shown here for reference—pertains to plane-wave propagation in

an unbounded medium.

Rectangular Waveguides Plane Wave
TE Modes TM Modes TEM Mode
o= 188 () Hucos (22)sin (52) e | Eo= P (2) Epcos (252) in (52) e | Ei= e I
Ey = =I9% (=) Hosin (222) cos (482) e | E, = P (3) Eysin (") cos (") /% | E, = Eyge /%
E.=0 Eszosm(%)sm(@) e IBz E.=0
H.=—E,/Zry Hy = —Ey/Zru Hi=—Ey/n
H,=E;/Zrg H,=E;/Ztv Ik = 1B/
H, = Hycos ("2%) cos ("2 ¢~ /B= H.=0 H.=0
ZTE:T]/ ]_<fc/f>2 ZTM:T] ]_<fc/f>2 n= .u/8
Properties Common to TE and TM Modes
U 2 2
=) o
4 applicable
B=ky1—(fe/f) k=wo\/ue
[0}
=g = up, /1)1 = (fe/f)? up, = 1/\/HE
Another difference between the TE and TM modes relates E TE
. . 02
to the expression for the wave impedance. For TE, TEyo TEq, %lEzo TEy, TEsp TEs
TE12
E. E n
Imp=—=—2=— L (8.111) GH
Hy Hx \V4 1*(fmn/f)2 : : : } {mn(: Z)
0 5 A10 15 20
A summary of the expressions for the various wave attributes
of TE and TM modes is given in Table 8-3. As a reference,
. . . ™5,
corresponding expressions for the TEM mode on a coaxial T™M;; TMy;  TM;»TMj,

transmission line are included as well.

Example 8-9: Cutoff Frequencies

For a hollow rectangular waveguide with dimensions a = 3 cm
and b = 2 cm, determine the cutoff frequencies for all modes
up to 20 GHz. Over what frequency range will the guide
support the propagation of a single dominant mode?

Figure 8-24 Cutoff frequencies for TE and TM modes in
a hollow rectangular waveguide with a =3 cm and b =2 cm
(Example 8-9).

Solution: A hollow guide has u = py and € = &. Hence,
up, = 1/y/Ho€ = c. Application of Eq. (8.106) gives the cutoff
frequencies shown in Fig. 8-24, which start at 5 GHz for
the TE;p mode. To avoid all other modes, the frequency of
operation should be restricted to the 5-7.5 GHz range.
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Gaussian pulse High-frequency

\\ carr%ir
Il

(a)

Amplitude-
modulated
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Figure 8-25 The amplitude-modulated high-frequency wave-
form in (b) is the product of the Gaussian-shaped pulse with the
sinusoidal high-frequency carrier in (a).

8-10 Propagation Velocities

When a wave is used to carry a message through a medium
or along a transmission line, information is encoded into the
wave’s amplitude, frequency, or phase. A simple example is
shown in Fig. 8-25, where a high-frequency sinusoidal wave
of frequency f is amplitude-modulated by a low-frequency
Gaussian pulse. The waveform in Fig. 8-25(b) is the result of
multiplying the Gaussian pulse shape in Fig. 8-25(a) by the
carrier waveform.

By Fourier analysis, the waveform in Fig. 8-25(b) is equiv-
alent to the superposition of a group of sinusoidal waves with
specific amplitudes and frequencies. Exact equivalence may
require a large (or infinite) number of frequency components,
but in practice, it is often possible to represent the modulated
waveform to a fairly high degree of fidelity with a wave group
that extends over a relatively narrow bandwidth surrounding
the high-frequency carrier f. The velocity that the envelope—
or equivalently the wave group—travels through the medium
is called the group velocity ug. As such, ug is the velocity of
the energy carried by the wave group and of the information

encoded in it. Depending on whether or not the propagation
medium is dispersive, u, may or may not be equal to the
phase velocity up. In Section 2-1.1, we described a dispersive
transmission line as one “on which the phase velocity is not a
constant as a function of frequency,” and as a result the shape
of a pulse transmitted through it gets progressively distorted as
it moves down the line. A rectangular waveguide constitutes
a dispersive transmission line because the phase velocity of a
TE or TM mode propagating through it is a strong function of
frequency [per Eq. (8.108)], particularly at frequencies close to
the cutoff frequency f,,,. As we see shortly, if f > f,,,, the TE
and TM modes become approximately TEM in character—not
only in terms of the directional arrangement of the electric and
magnetic fields but also in terms of the frequency dependence
of the phase velocity.

We now examine u, and u, in more detail. The phase
velocity defined as the velocity of the sinusoidal pattern of the
wave is given by

(8.112)

Up = —,
"B
while the group velocity u, is given by

1
=—. 8.113
“e T 4B jdw (8.113)
Even though we will not derive Eq. (8.113) in this book, it
is nevertheless important that we understand its properties for
TE and TM modes in a metal waveguide. Using the expression
for B given by Eq. (8.107),

ug:m:upovl_(fmn/fya

where—as before—u,, is the phase velocity in an unbounded
dielectric medium. In view of Eq. (8.108) for the phase
velocity up,

(8.114)

Uplty = Uy . (8.115)

Above cutoff (f > fiun), up > upy and ug < upy. As f — oo, or
more precisely as (fiu/f) — 0, TE and TM modes approach
the TEM case for which u, = ug = u,.

A useful graphical tool for describing the propagation prop-
erties of a medium or transmission line is the w-f diagram.
In Fig. 8-26, the straight line starting at the origin represents
the -f relationship for a TEM wave propagating in an
unbounded medium (or on a TEM transmission line). The
TEM line provides a reference to which the w-f curves of
the TE/TM modes can be compared. At a given location on
the @-f line or curve, the ratio of the value of @ to that of
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y

f (rad/m)

P

Figure 8-26 - diagram for TE and TM modes in a hollow
rectangular waveguide. The straight line pertains to propagation
in an unbounded medium or on a TEM transmission line.

B defines u, = w/B, whereas it is the slope dw/d of the
curve at that point that defines the group velocity u,. For
the TEM line, the ratio and the slope have identical values
(hence, up = ug), and the line starts at @ = 0. In contrast, the
curve for each of the indicated TE/TM modes starts at a cutoff
frequency specific to that mode below which the waveguide
cannot support the propagation of a wave in that mode. At
frequencies close to cutoff, u, and u, assume very different
values; in fact, at cutoff up, = oo and u, = 0. On the other
end of the frequency spectrum—at frequencies much higher
than f,,,—the @-f curves of the TE/TM modes approach the
TEM line. We should note that for TE and TM modes, u,
may easily exceed the speed of light, but us will not. Since
it is u, that represents the actual transport of energy, Einstein’s
assertion that there is an upper bound on the speed of physical
phenomena is not violated.

So far, we have described the fields in the guide, but we
have yet to interpret them in terms of plane waves that zigzag
along the guide through successive reflections. To do just that,
consider the simple case of a TE g mode. Form =1 and n = 0,
the only nonzero component of the electric field given by
Eq. (8.110) is E,, s0

(8.116)

Using the identity sin @ = (e/® —¢=79) /2 j for any argument 6,
we obtain

~ ounHy . . .
Ey:( Zkga )(6 jﬂrx/a_e]n'x/a)e JjBz

_ B} (e IBErm/Ba) _ g jBlamy/pa))

= Ej(e IP¢ — o IBYy, (8.117)
where we have consolidated the quantities multiplying the two
exponential terms into the constant Ej). The first exponential
term represents a wave with propagation constant 3 traveling
in the 7’ direction, where

, X
Z=2+45,

Ba

and the second term represents a wave traveling in the 7’
direction with

(8.118a)

M=z— 2", 8.118b
7=z Ba ( )
From the diagram shown in Fig. 8-27(a), it is evident that the
7 direction is at an angle 6’ relative to z, and the 7’ direction is
atan angle 6” = —6'. This means that the electric field E, (and

its associated magnetic field ﬁ) of the TE |y mode is composed
of two TEM waves shown in Fig. 8-27(b) with both traveling
in the 4z direction by zigzagging between the opposite walls
of the waveguide. Along the zigzag directions (' and z”), the
phase velocity of the individual wave components is uy,, but
the phase velocity of the combination of the two waves along
Z1s up.

Example 8-10: Zigzag Angle

For the TEjo mode, express the zigzag angle 8’ in terms of the
ratio (f/fi0), and then evaluate it at f = fjo and for f > fo.

Solution: From Fig. 8-27,

n
0], = tan! (—) ,
Bioa

where the subscript 10 has been added as a reminder that the
expression applies to the TE |y mode specifically. For m = 1
and n = 0, Eq. (8.106) reduces to fio = uy,/2a. After replacing
B with the expression given by Eq. (8.107) and replacing a
with up /2 f10, we obtain

6’ = tan~! l%]
(f/fr0)* =1
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AX

z' =xsin@ + zcosd
9[
9//

A\
N

2" = —xsin@" + z cos 6"

From Eq. (8.118a), 2’ = 57 + 2.
Hence, §' = tan—!(7/S3a).

From Eq. (8.118b), 2" = — % + 2.
—tan~'(7/fa).

Hence, 6" =

(a) z'and z" propagation directions

— I
Up = Up,/cosb

\ A

(b) TEM waves

Figure 8-27 The TE g mode can be constructed as the sum of
two TEM waves.

At f = fi9, 0’ =90°, which means that the wave bounces back
and forth at normal incidence between the two side walls of the
waveguide, making no progress in the z direction. At the other
end of the frequency spectrum, when f > fj9, 6’ approaches
0 and the wave becomes TEM-like as it travels straight down
the guide.

Concept Question 8-12: For TE waves, the dominant
mode is TE o, but for TM the dominant mode is TM;;.
Why is it not TM(?

Concept Question 8-13:  Why is it acceptable for uj, to
exceed the speed of light ¢, but not so for uy?

Exercise 8-13: What do the wave impedances for TE and
TM look like as f approaches f,,?

Answer: At f = fiu,, Z7g looks like an open circuit, and
Z1M looks like a short circuit.

Exercise 8-14: What are the values for (a) up, (b) u,, and
(c) the zigzag angle ' at f = 2f( for a TE|o mode in a
hollow waveguide?

Answer: (a) up = 1.15¢, (b) ug =0.87¢c, (c) 6’ =30°.

8-11 Cavity Resonators

A rectangular waveguide has metal walls on four sides. When
the two remaining sides are terminated with conducting walls,
the waveguide becomes a cavity. By designing cavities to
resonate at specific frequencies, they can be used as circuit
elements in microwave oscillators, amplifiers, and bandpass
filters.

The rectangular cavity shown in Fig. 8-28(a) with dimen-
sions (a x b x d) is connected to two coaxial cables that feed
and extract signals into and from the cavity via input and
output probes. As a bandpass filter, the function of a resonant
cavity is to block all spectral components of the input signal
except for those with frequencies that fall within a narrow
band surrounding a specific center frequency fp, which is the
cavity’s resonant frequency. Comparison of the spectrum in
Fig. 8-28(b), which describes the range of frequencies that
might be contained in a typical input signal, with the narrow
output spectrum in Fig. 8-28(c) demonstrates the filtering
action imparted by the cavity.

In a rectangular waveguide, the fields constitute standing
waves along the x and y directions and a propagating wave
along Z. The terms TE and TM were defined relative to the
propagation direction; TE meant that E was entirely transverse
to z, and TM meant that H had no component along 2.
In a cavity, there is no unique propagation direction, as no
fields propagate. Instead, standing waves exist along all three
directions. Hence, the terms TE and TM need to be modified
by defining the fields relative to one of the three rectangular
axes. For the sake of consistency, we will continue to define
the transverse direction to be any direction contained in the
plane whose normal is 7.

The TE mode in the rectangular waveguide consists of a
single propagating wave whose I-~IZ component is given by
Eq. (8.110e) as

ﬁz = Hycos (m—m) cos (nTn?y) e Pz, (8.119)
a
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Hollow or dielectric-filled resonant cavity

L7

z

/)-___%E ______ i _ d  Output
4 .
L’ K signal

Input signal
(a) Resonant cavity

/ﬁv\ ,
fo

(b) Input spectrum

Jo
(c) Output spectrum

Figure 8-28 A resonant cavity supports a very narrow band-
width around its resonant frequency fp.

where the phase factor e /A< signifies propagation along +2.
Because the cavity has conducting walls at both z = 0 and
z =d, it will contain two such waves: one with amplitude Hy
traveling along +Z and another with amplitude H; traveling
along —Z. Hence,

~ mmx
C

H. = (Hye 1P +H5€jﬁz)cos<_ os<”7”y)_ (8.120)
a

Boundary conditions require the normal component of H to be

zero at a conducting boundary. Consequently, ﬁz must be zero
at z =0 and z = d. To satisfy these conditions, it is necessary
that H,” = —Hp and Bd = px, with p = 1,2,3, .... In this case,
Eq. (8.120) becomes

I-~IZ = —2jHycos (m—m) cos (n_ny) sin (p_nz) . (8.121)
a b d

Given that EZ = 0 for the TE modes, all of the other compo-

nents of E and H can be derived readily through the application

of the relationships given by Eq. (8.89). A similar procedure

also can be used to characterize cavity modes for the TM case.

8-11.1 Resonant Frequency

The consequence of the quantization condition imposed on 3,
namely 8 = pm/d with p assuming only integer values, is
that for any specific set of integer values of (m,n, p) the wave
inside the cavity can exist at only a single resonant frequency,
Smnp,» Whose value has to satisfy Eq. (8.105). The resulting
expression for fy, is

o=+ G )

For TE, the indices m and n start at 0, but p starts at 1.
The exact opposite applies to TM. By way of an example,
the resonant frequency for a TE g; mode in a hollow cavity
with dimensions ¢ =2 cm, b =3 c¢cm, and d = 4 cm 1is
fi01 = 8.38 GHz.

(8.122)

8-11.2 Quality Factor

In the ideal case, if a group of frequencies is introduced into the
cavity to excite a certain TE or TM mode, only the frequency
component at exactly f,, of that mode will survive, and all
others will attenuate. If a probe is used to couple a sample
of the resonant wave out of the cavity, the output signal will
be a monochromatic sinusoidal wave at f,,,. In practice, the
cavity exhibits a frequency response similar to that shown in
Fig. 8-28(c), which is very narrow, but it is not a perfect spike.
The bandwidth Af of the cavity is defined as the frequency
range between the two frequencies (on either side of fiuup)

at which the amplitude is 1/ V2 of the maximum amplitude
(at finnp). The normalized bandwidth, defined as Af/ finp, is
approximately equal to the reciprocal of the quality factor Q
of the cavity:

menp
o~ AF

(8.123)
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Module 8.5 Rectangular Waveguide Upon specifying the waveguide dimensions, the frequency f, and the mode type
(TE or TM) and number, this module provides information about the wave impedance, cutoff frequency, and other wave
attributes. It also displays the electric and magnetic field distributions inside the guide.

TEq0

+

- e e e e i
- e e e e e

Rt e R

B e R e e
- -

z Transverse Electric Field - E(x,y) ¥

Module 8.5 . i X
I Rectangular Waveguide I LI I naiiEs Instructions
%] = 209.4395 [ | F= 100 6Hz The fundamental mode is the TE ;5
A= 0.03[m] cutoff frequency  f, = 7.5[GHz]
grD=1 o cutoff wavelength A =004 [m]
wp=1.0 a=002[m] Atthe frequency of operation
©0=0.00801 [m] phase velocity 1, = 453557 [10° mis]
- = group velocity 1. =1.98431 [108 mis ]
guide wavelength lg =0.045356 [m]
guide impedance g = 568.957 [0]
Wave vector components
ke, =13853121 [m]
a I, =157.07963 [m-1]
ky =0.0 [m7]
sz L il > Total number of propagating modes = 1
v [a—=| Monomaode Condition
- ¥ b
Input Mode Selector & TE M
Width a = |0.02 m
Range | [X 5] =] =] =2]_>=]h
Ralioa/b = [2.22 =< =3 = il -
Range | | < > ‘
Frequency = |1.0E10 Hz
Range | | < > ‘
g= 1.0 Update | W,= 1.0
Plot
@ mode 1
r SZ @. Exy) ¢ mode2
" mode 3

10.0 GHz

» The quality factor is defined in terms of the ratio of the
energy stored in the cavity volume to the energy dissipated
in the cavity walls through conduction. <«

For an ideal cavity with perfectly conducting walls, no energy
loss is incurred, as a result of which Q is infinite and Af ~ 0.
Metals have very high (but not infinite) conductivities, so a real
cavity with metal walls stores most of the energy coupled into
it in its volume. However, it also loses some energy to heat
conduction. A typical value for Q is on the order of 10,000,
which is much higher than can be realized with lumped RLC
circuits.

Example 8-11: Q of a Resonant Cavity

The quality factor for a hollow resonant cavity operating in the
TE101 mode is

1 abd(a®+ d*)
0= 5 Pd+2b) 1+ dat2b)]’

(8.124)

where &6, = 1/./7rf,,1,1p,uoac is the skin depth and o, is the
conductivity of the conducting walls. Design a cubic cavity

with a TEj¢; resonant frequency of 12.6 GHz and evaluate its
bandwidth. The cavity walls are made of copper.

Solution: Fora=b=d, m=1, n=0, p=1, and
up, = ¢ =3 x 10% m/s, Eq. (8.122) simplifies to

3v2 % 108
fior = —
a

For f191 = 12.6 GHz, this gives

(Hz).

a=1.68 cm.

At fio1 = 12.6 GHz, the skin depth for copper (with
Oc = 5.8 x 107 S/m) is

1
 [mfio1 Moo /2
- 1
[Tx12.6 x 109%x 47 x 1077 x 5.8 x 107]1/2
=5.89x 107" m.
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Upon setting a = b = d in Eq. (8.124), the expression for Q of

a cubic cavity becomes

Hence, the cavity bandwidth is

a 1.68 x 102
0= 35, 3x5.89x107 9,500.

fior  12.6 x10°
Af il 227~ ~ 1.3 MHz
=7 9,500 z

Chapter 8 Summary

Concepts

e The relations describing the reflection and transmission
behavior of a plane EM wave at the boundary between
two different media are the consequence of satisfying
the conditions of continuity of the tangential compo-
nents of E and H across the boundary.

Snell’s laws state that 6; = 6, and

sin 6, = (ny/ny)sin 6.

For media such that n, < nj, the incident wave is
reflected totally by the boundary when 6; > 6., where
6. is the critical angle given by 6, = sin~! (na/ny).

By successive multiple reflections, light can be guided
through optical fibers. The maximum data rate of digital
pulses that can be transmitted along optical fibers is
dictated by modal dispersion.

At the Brewster angle for a given polarization, the inci-
dent wave is transmitted totally across the boundary.
For nonmagnetic materials, the Brewster angle exists
for parallel polarization only.

Any plane wave incident on a plane boundary can be
synthesized as the sum of a perpendicularly polarized
wave and a parallel polarized wave.

Transmission-line equivalent models can be used to
characterize wave propagation, reflection by, and trans-
mission through boundaries between different media.
Waves can travel through a metal waveguide in the form
of transverse electric (TE) and transverse magnetic
(TM) modes. For each mode, the waveguide has a
cutoff frequency below which a wave cannot propagate.
A cavity resonator can support standing waves at spe-
cific resonant frequencies.

Important Terms

- diagram
acceptance angle 6,
angles of incidence, reflection,
and transmission
Brewster angle 63
cladding
critical angle 6,
cutoff frequency fu,
cutoff wavenumber k.
dominant mode
evanescent wave
fiber core
grazing incidence
group velocity u,

index of refraction n
modal dispersion

modes

optical fibers

parallel polarization
perpendicular polarization
phase-matching condition
plane of incidence
polarizing angle

quality factor Q

reflection coefficient I'
reflectivity (reflectance) R
refraction angle

resonant cavity

Provide definitions or explain the meaning of the following terms:

resonant frequency

Snell’s laws

standing-wave ratio S

surface wave

total internal reflection

transmission coefficient T

transmissivity (transmittance) 7

transverse electric (TE)
polarization

transverse magnetic (TM)
polarization

unbounded-medium wavenumber

unpolarized

wavefront
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Mathematical and Physical Models

Normal Incidence

r_B_m-—m

CE) m+m
c_E_ 2m
Ey, m+m
T=1+4T
Ve —VE .
D= Y——"2= (if g =)
V& /&,
Snell’s Laws
6, =6,
sin 6; . Mﬂ . H1E1
sin 91 B Up, B U2 &
Oblique Incidence

Perpendicular Polarization

E', ~ Macos 6 — 1y cos 6,

F - — =
+ E', M2cos6;+1ncosb
S A B 21, cos 6,
L= E\,  macos6;+m;cosb

Parallel Polarization

Ty = Eﬁo __ T cos 6, — 1y cos ;i
i E|i|0 B 1M cos 6 + 1M1 cos 6;

E|t|0 _ 21, cos 6
B M2 cos 6, + M cos 6,

PROBLEMS

Section 8-1: Reflection and Transmission at Normal Incidence

8.1 A plane wave traveling in medium 1 with & =2.25 is
normally incident upon medium 2 with €, = 4. Both media are
made of nonmagnetic, non-conducting materials. If the electric

field of the incident wave is given by

E' = §8cos(6m x 10’ —30mx)  (V/m).

Brewster Angle

. 1 _ &
GBHZS1n1 —  —tan! o

Waveguides

2
w Up,
Uy = — =
B V1= (fm/F)?
Uplily = ugo
TE = N —
l= (fmn/f)2

2
- (5)

Resonant Cavity

un =5 () + () + (B)
-

(a) Obtain time-domain expressions for the electric and mag-
netic fields in each of the two media.

(b) Determine the average power densities of the incident,
reflected and transmitted waves.

“82 A plane wave in air with an electric field amplitude of
20 V/m is incident normally upon the surface of a lossless,
nonmagnetic medium with & = 25. Determine:

(a) the reflection and transmission coefficients.

*x
Answer(s) available in Appendix E.
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(b) the standing-wave ratio in the air medium.

(c) the average power densities of the incident, reflected, and
transmitted waves.

8.3 A plane wave traveling in a medium with &, =9 is
normally incident upon a second medium with &, = 4. Both
media are made of nonmagnetic, non-conducting materials. If
the magnetic field of the incident plane wave is given by
H =22cos(27 x 10°r —ky)  (A/m).
(a) Obtain time-domain expressions for the electric and mag-
netic fields in each of the two media.

“(b) Determine the average power densities of the incident,
reflected, and transmitted waves.

8.4 A 200-MHz, left-hand circularly polarized plane wave
with an electric field modulus of 5 V/m is normally incident
in air upon a dielectric medium with & = 4, and occupies the
region defined by z > 0.

(a) Write an expression for the electric field phasor of the
incident wave, given that the field is a positive maximum
atz=0andr=0.

(b) Calculate the reflection and transmission coefficients.

(c) Write expressions for the electric field phasors of the
reflected wave, the transmitted wave, and the total field
in the region z < 0.

(d) Determine the percentages of the incident average power
reflected by the boundary and transmitted into the second
medium.

8.5 Repeat Problem 8.4, but replace the dielectric medium
with a poor conductor characterized by & = 2.25, u, =1, and
o=10"*S/m.

8.6 A 50-MHz plane wave with electric field amplitude of
50 V/m is normally incident in air onto a semi-infinite, perfect
dielectric medium with & = 36. Determine:

“@ T,
(b) the average power densities of the incident and reflected
waves, and

(c) the distance in the air medium from the boundary to the
nearest minimum of the electric field intensity, |E|.

8.7 Repeat Problem 8.6, but replace the dielectric medium
with a conductor with & =1, u, =1, and 6 = 2.78 x 1073
S/m.

“8.8 What is the maximum amplitude of the total electric field
in the air medium of Problem 8.6, and at what nearest distance
from the boundary does it occur?

“8.9 The three regions shown in Fig. P8.9 contain perfect
dielectrics. For a wave in medium 1, incident normally upon
the boundary at z = —d, what combination of &, and d
produces no reflection? Express your answers in terms of &,
&; and the oscillation frequency of the wave, f.

[——d ——I

Medium 1 Medium 2 Medium 3
—
---------------- —> 7
((:rl 8]'2 €r3
z=—d z=0

Figure P8.9 Dielectric layers for Problems 8.9 to 8.11.

8.10 For the configuration shown in Fig. P8.9, use
transmission-line equations (or the Smith chart) to calculate
the input impedance at z = —d for &, =1, &, =9, &, =4,
d =1.2 m, and f = 50 MHz. Also determine the fraction of
the incident average power density reflected by the structure.
Assume all media are lossless and nonmagnetic.

*8.11 Repeat Problem 8.10, but interchange &, and &.

812 A plane wave of unknown frequency is normally inci-
dent in air upon the surface of a perfect conductor. Using an
electric-field meter, it was determined that the total electric
field in the air medium is always zero when measured at a
distance of 3 m from the conductor surface. Moreover, no such
nulls were observed at distances closer to the conductor. What
is the frequency of the incident wave?

8.13 Orange light of wavelength 0.61 um in air enters a
block of glass with & = 1.44. What color would it appear to
a sensor embedded in the glass? The wavelength ranges of
colors are violet (0.39 to 0.45 pum), blue (0.45 to 0.49 um),
green (0.49 to 0.58 um), yellow (0.58 to 0.60 pm), orange
(0.60 to 0.62 pm), and red (0.62 to 0.78 wm).

8.14 Consider a thin film of soap in air under illumination
by yellow light with A = 0.6 um in vacuum. If the film is
treated as a planar dielectric slab with & = 1.72, surrounded
on both sides by air, what film thickness would produce strong
reflection of the yellow light at normal incidence?
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“8.15 A 5-MHz plane wave with electric field amplitude of
10 (V/m) is normally incident in air onto the plane surface
of a semi-infinite conducting material with & =4, u. =1,
and o = 100 (S/m). Determine the average power dissipated
(lost) per unit cross-sectional area in a 2-mm penetration of
the conducting medium.

8.16 A 0.5-MHz antenna carried by an airplane flying over
the ocean surface generates a wave that approaches the water
surface in the form of a normally incident plane wave with
an electric-field amplitude of 3,000 (V/m). Seawater is char-
acterized by & =72, u. =1, and 6 =4 (S/m). The plane is
trying to communicate a message to a submarine submerged at
a depth d below the water surface. If the submarine’s receiver
requires a minimum signal amplitude of 0.01 (1 V/m), what is
the maximum depth d to which successful communication is
still possible?

Sections 8-2 and 8-3: Snell’s Laws and Fiber Optics

“8.17 A light ray is incident on a prism in air at an angle 6
as shown in Fig. P8.17. The ray is refracted at the first surface
and again at the second surface. In terms of the apex angle ¢ of
the prism and its index of refraction n, determine the smallest
value of 6 for which the ray will emerge from the other side.
Find this minimum 6 for n = 1.6 and ¢ = 60°.

Figure P8.17 Prism of Problem 8.17.

8.18 For some types of glass, the index of refraction varies
with wavelength. A prism made of a material with

4 .
n:1.7lf%20 (Ao in pm),

where Aq is the wavelength in vacuum, was used to disperse
white light as shown in Fig. P8.18. The white light is incident
at an angle of 50°, the wavelength A of red light is 0.7 pm, and
that of violet light is 0.4 m. Determine the angular dispersion
in degrees.

8.19 A parallel-polarized plane wave is incident from air at
an angle 6; = 30° onto a pair of dielectric layers as shown in
Fig. P8.19.

(a) Determine the angles of transmission 6,, 65, and 6;.

(b) Determine the lateral distance d.

;!
: Air
T =1
5 cm Y1
WL :& 6= 6.25
TR —
| Ig Hr
> im | & =225
I
|
| Air
|
|
[

Figure P8.19 Problem P8.19.

“8.20 The two prisms in Fig. P8.20 are made of glass with
n = 1.5. What fraction of the power density carried by the ray
incident upon the top prism emerges from the bottom prism?
Neglect multiple internal reflections.

Figure P8.20 Periscope prisms of Problem 8.20.
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8.21 A lightray incident at 45° passes through two dielectric
materials with the indices of refraction and thicknesses given
in Fig. P8.21. If the ray strikes the surface of the first dielectric
at a height of 2 cm, at what height will it strike the screen?

n=1.5

Screen

l— | =
3cm 4cm

Figure P8.21 Light incident on a screen through a multilay-
ered dielectric (Problem 8.21).

"8.22 Figure P8.22 depicts a beaker containing a block of
glass on the bottom and water over it. The glass block contains
a small air bubble at an unknown depth below the water
surface. When viewed from above at an angle of 60°, the air
bubble appears at a depth of 6.81 cm. What is the true depth of
the air bubble?

60°_
3 : .
Water \\ 6.81 cm
10cm n:133 ~“~~
Apparent position — .
of air bubble :
Glass Air bubble |
n=16 ®
\. J

Figure P8.22 Apparent position of the air bubble in Prob-
lem 8.22.

8.23 A glass semicylinder with n = 1.4 is positioned such
that its flat face is horizontal, as shown in Fig. P8.23, and its
horizontal surface supports a drop of oil, as also shown. When
light is directed radially toward the oil, total internal reflection
occurs if 6 exceeds 53°. What is the index of refraction of the
0il?

Oil drop

Nglass

Figure P8.23 Oil drop on the flat surface of a glass
semicylinder (Problem 8.23).

8.24 Suppose that the optical fiber of Example 8-5 is sub-
merged in water (with n = 1.33) instead of air. Determine 6,
and f}, in that case.

825 A penny lies at the bottom of a water fountain at a depth
of 30 cm. Determine the diameter of a piece of paper which,
if placed to float on the surface of the water directly above the
penny, would totally obscure the penny from view. Treat the
penny as a point and assume that n = 1.33 for water.

“8.26 Equation (8.45) was derived for the case where the light
incident upon the sending end of the optical fiber extends over
the entire acceptance cone shown in Fig. 8-12(b). Suppose
the incident light is constrained to a narrower range extending
between normal incidence and 6, where 6’ < 6,.

(a) Obtain an expression for the maximum data rate f, in
terms of 6’

(b) Evaluate f;, for the fiber of Example 8-5 when 0’ =3°.

Sections 8-4 and 8-5: Reflection and Transmission at Oblique
Incidence

8.27 A plane wave in air with
Ei = §20e /3% (v/m)

is incident upon the planar surface of a dielectric material, with
& = 4, occupying the half-space z > 0. Determine:

(a) the polarization of the incident wave,
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>k(b) the angle of incidence,

(c) the time-domain expressions for the reflected electric and
magnetic fields,

(d) the time-domain expressions for the transmitted electric
and magnetic fields, and

(e) the average power density carried by the wave in the
dielectric medium.

8.28 Repeat Problem 8.27 for a wave in air with

H — §2 % 102~/ (8x+62) (A/m)
incident upon the planar boundary of a dielectric medium (z >
0) with & =9.

8.29 A plane wave in air with

E = (’9-§4—26)e /> (v/m)
is incident upon the planar surface of a dielectric material, with
& = 2.25, occupying the half-space z > 0. Determine:

>k(a) The incidence angle 6;.
(b) The frequency of the wave.

(¢) The field E’ of the reflected wave.

(d) The field E' of the wave transmitted into the dielectric
medium.

(e) The average power density carried by the wave into the
dielectric medium.

830 A parallel-polarized plane wave is incident from air
onto a dielectric medium with & = 9 at the Brewster angle.
What is the refraction angle?

8.31 Natural light is randomly polarized, which means that,
on average, half the light energy is polarized along any given
direction (in the plane orthogonal to the direction of propaga-
tion) and the other half of the energy is polarized along the
direction orthogonal to the first polarization direction. Hence,
when treating natural light incident upon a planar boundary,
we can consider half of its energy to be in the form of parallel-
polarized waves and the other half as perpendicularly polarized
waves. Determine the fraction of the incident power reflected
by the planar surface of a piece of glass with n = 1.5 when
illuminated by natural light at 70°.

8.32 Show that the reflection coefficient I"| can be written in
the following form:
_ sin(6,— 6)
L7 sin(6,+ 6)

8.33 A perpendicularly polarized wave in air is obliquely
incident upon a planar glass—air interface at an incidence angle

of 30°. The wave frequency is 600 THz (1 THz = 10! Hz),
which corresponds to green light, and the index of refraction
of the glass is 1.6. If the electric field amplitude of the incident
wave is 50 V/m, determine the following:

(a) The reflection and transmission coefficients.

(b) The instantaneous expressions for E and H in the glass
medium.

8.34  Show that for nonmagnetic media, the reflection coeffi-
cient I'| can be written in the following form:

ro— tan(6, — 6;)
I~ tan(6,+ 6,)

8.35 A parallel-polarized beam of light with an electric
field amplitude of 10 (V/m) is incident in air on polystyrene
with i, = 1 and & = 2.6. If the incidence angle at the air—
polystyrene planar boundary is 60°, determine the following:

(a) The reflectivity and transmissivity.

(b) The power carried by the incident, reflected, and trans-
mitted beams if the spot on the boundary illuminated by
the incident beam is 1 m? in area.

8.36 A 50-MHz right-hand circularly polarized plane wave
with an electric field modulus of 30 V/m is normally incident
in air upon a dielectric medium with & = 9 and occupying the
region defined by z > 0.

(a) Write an expression for the electric field phasor of the
incident wave, given that the field is a positive maximum
atz=0andt=0.

(b) Calculate the reflection and transmission coefficients.

(c) Write expressions for the electric field phasors of the
reflected wave, the transmitted wave, and the total field
in the region z < 0.

(d) Determine the percentages of the incident average power
reflected by the boundary and transmitted into the second
medium.

8.37 Consider a flat 5 mm thick slab of glass with & = 2.56.

>k(a) If a beam of green light (49 = 0.52 pum) is normally
incident upon one of the sides of the slab, what percentage
of the incident power is reflected back by the glass?

(b) To eliminate reflections, it is desired to add a thin layer
of antireflection coating material on each side of the
glass. If you are at liberty to specify the thickness of the
antireflection material as well as its relative permittivity,
what would these specifications be?
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Sections 8-6 to 8-11: Waveguides and Resonators

8.38 A TE wave propagating in a dielectric-filled waveguide
of unknown permittivity has dimensions ¢ =5 cm and b =
3 cm. If the x-component of its electric field is given by

E. = —36cos(407x) sin(1007y)

-sin(2.47 x 10'% —52.977),  (V/m)

determine:

(a) the mode number,

(b) & of the material in the guide,
(¢) the cutoff frequency, and

(d) the expression for Hy.

“8.39 A hollow rectangular waveguide is to be used to trans-
mit signals at a carrier frequency of 10 GHz. Choose its
dimensions so that the cutoff frequency of the dominant TE
mode is lower than the carrier by 25% and that of the next
mode is at least 25% higher than the carrier.

8.40 Derive Eq. (8.89b).

841 A waveguide filled with a material whose & = 2.25 has
dimensions a =2 cm and b = 1.4 cm. If the guide is to transmit
10.5-GHz signals, what possible modes can be used for the
transmission?

8.42 A narrow rectangular pulse superimposed on a carrier
with a frequency of 9.5 GHz was used to excite all possible
modes in a hollow guide with a =3 cm and b = 2.0 cm. If
the guide is 100 m in length, how long will it take each of the
excited modes to arrive at the receiving end?

*

8.43 A waveguide, with dimensions a¢ = 2 cm and
b=1.4cm, is to be used at 10 GHz. Determine the wave
impedance for the dominant mode when

(a) the guide is empty, and

(b) the guide is filled with polyethylene (whose & = 2.25).

8.44 For a rectangular waveguide operating in the TEjq
mode, obtain expressions for the surface charge density ps
and surface current density Js on each of the four walls of the
guide.

“8.45 1If the zigzag angle 0’ is 20° for the TE;( mode, what
would it be for the TE,y mode?

8.46 A hollow cavity made of aluminum has dimensions a =
4 cm and d = 3 cm. Calculate Q of the TEy; mode for
>k(a) b=2cmand

(b) b=3cm.

8.47 Measurement of the TEo; frequency response of an air-
filled cubic cavity revealed that its Q is 2401. If its volume

is 8 mm?, what material are its sides made of? [Hint: See
Appendix B.]
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Objectives

Upon learning the material presented in this chapter, you
should be able to:

1.

Calculate the electric and magnetic fields of waves radi-
ated by a dipole antenna.

. Characterize the radiation of an antenna in terms of its

radiation pattern, directivity, beamwidth, and radiation
resistance.

. Apply the Friis transmission formula to a free-space

communication system.

. Calculate the electric and magnetic fields of waves radi-

ated by aperture antennas.

. Calculate the radiation pattern of multi-element antenna

arrays.
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Overview

An antenna is a transducer that converts a guided wave prop-
agating on a transmission line into an electromagnetic wave
propagating in an unbounded medium (usually free space), or
vice versa. Figure 9-1 shows how a wave is launched by a
hornlike antenna with the horn acting as the transition segment
between the waveguide and free space.

Antennas are made in various shapes and sizes (Fig. 9-2)
and are used in radio and television broadcasting and recep-
tion, radio-wave communication systems, cellular telephones,
radar systems, anticollision automobile sensors, and many
other applications. The radiation and impedance properties
of an antenna are governed by its shape, size, and material
properties. The dimensions of an antenna are usually measured
in units of A of the wave it is launching or receiving; a 1-m long
dipole antenna operating at a wavelength A = 2 m exhibits the
same properties as a 1-cm long dipole operating at A = 2 cm.
Hence, in most of our discussions in this chapter, we refer to
antenna dimensions in wavelength units.

Reciprocity

The directional function characterizing the relative distribution
of power radiated by an antenna is known as the antenna ra-
diation pattern (or simply the antenna pattern). An isotropic
antenna is a hypothetical antenna that radiates equally in all
directions, and it is often used as a reference radiator when
describing the radiation properties of real antennas.

» Most antennas are reciprocal devices, exhibiting the
same radiation pattern for transmission as for reception. <«

Reciprocity means that, if in the transmission mode a given
antenna transmits in direction A 100 times the power it trans-
mits in direction B, then when used in the reception mode
it is 100 times more sensitive to electromagnetic radiation
incident from direction A than from B. All of the antennas
shown in Fig. 9-2 obey the reciprocity law, but not all antennas
are reciprocal devices. Reciprocity may not hold for some
solid-state antennas composed of nonlinear semiconductors or
ferrite materials. Such nonreciprocal antennas are beyond the
scope of this chapter; hence, reciprocity is assumed through-
out. The reciprocity property is very convenient because it
allows us to compute the radiation pattern of an antenna in
the transmission mode—even when the antenna is intended to
operate as a receiver.

To fully characterize an antenna, one needs to study its
radiation properties and impedance. The radiation properties
include its directional radiation pattern and the associated
polarization state of the radiated wave when the antenna

Electric field lines
of radiated wave \
Antenna

— — —

Transmission line )
Generator Cuided EM wave
Transition
region
Wave launched
into free space
(a) Transmission mode

Antenna
Transmission line
Detector Guided EM wave
or receiver ..
Transition
region Sl So
Incident
wave

(b) Reception mode

Figure 9-1 Antenna as a transducer between a guided electro-
magnetic wave and a free-space wave, for both transmission and
reception.

is used in the transmission mode, which is also called the
antenna polarization.

> Being a reciprocal device, an antenna, when operating
in the receiving mode, can extract from an incident wave
only that component of the wave whose electric field
matches the antenna polarization state. <

The second aspect, the antenna impedance, pertains to the
transfer of power from a generator to the antenna when the
antenna is used as a transmitter and, conversely, the transfer of
power from the antenna to a load when the antenna is used as a
receiver, as will be discussed later in Section 9-5. It should
be noted that throughout our discussions in this chapter it
will be assumed that the antenna is properly matched to the
transmission line connected to its terminals, thereby avoiding
reflections and their associated problems.
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A

(b) Biconical dipole

-
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Coaxial feed Dielectric IS Sl
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t poit —(f—
[ Slg%l::nd metal

(h) Microstrip (i) Antenna array

Figure 9-2 Various types of antennas.

Radiation Sources

Radiation sources fall into two categories: currents and aper-
ture fields. The dipole and loop antennas (Fig. 9-2(a) and (¢))
are examples of current sources; the time-varying currents
flowing in the conducting wires give rise to the radiated elec-
tromagnetic fields. A horn antenna (Fig. 9-2(g)) is an example
of the second group because the electric and magnetic fields
across the horn’s aperture serve as the sources of the radiated
fields. The aperture fields are themselves induced by time-
varying currents on the surfaces of the horn’s walls. Therefore,
all radiation ultimately is due to time-varying currents. The
choice of currents or apertures as the sources is merely a
computational convenience arising from the structure of the
antenna. We will examine the radiation processes associated
with both types of sources.

Far-Field Region

The wave radiated by a point source is spherical in nature, with
the wavefront expanding outward at a rate equal to the phase
velocity u, (or the velocity of light c if the medium is free
space). If R, which is the distance between the transmitting
antenna and the receiving antenna, is sufficiently large enough
for the wavefront across the receiving aperture to be consid-
ered planar (Fig. 9-3), then the receiving aperture is said to be

Source
\

|
F L R Receiving
/ antenna
Transmitting '
antenna Spherical wave '
Plane-wave
approximation

Figure 9-3 Far-field plane-wave approximation.

in the far-field (or far-zone) region of the transmitting point
source. This region is of particular significance because—
for most applications—the location of the observation point
is indeed in the far-field region of the antenna. The far-field
plane-wave approximation allows the use of certain mathe-
matical approximations that simplify the computation of the
radiated field and, conversely, provide convenient techniques
for synthesizing the appropriate antenna structure that would
give rise to the desired far-field antenna pattern.
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Antenna Arrays

When multiple antennas operate together, the combination is
called an antenna array (Fig. 9-2(i)), and the array as a whole
behaves as if it were a single antenna. By controlling the
magnitude and phase of the signal feeding each antenna, it
is possible to shape the radiation pattern of the array and to
electronically steer the direction of the beam electronically.
These topics are treated in Sections 9-9 to 9-11.

9-1 The Hertzian Dipole

By regarding a linear antenna as consisting of a large number
of infinitesimally short conducting elements where each is
so short that current may be considered uniform over its
length, the field of the entire antenna may be obtained by
integrating the fields from all these differential antennas with
the proper magnitudes and phases taken into account. We shall
first examine the radiation properties of such a differential
antenna, known as a Hertzian dipole, and in Section 9-3, we
will extend the results to compute the fields radiated by a half-
wave dipole, which is commonly used as a standard antenna
for many applications.

» A Hertzian dipole is a thin, linear conductor whose
length [ is very short compared with the wavelength A;
[ should not exceed A /50. <

In this case, the wire is oriented along the z direction in

Fig. 9-4 and carries a sinusoidally varying current given by

i(t) = Ipcos wt = Re[lpe’ '] (A), 9.1)
where Iy is the current amplitude. From Eq. (9.1), the phasor
current / = I. Even though the current has to go to zero at the
two ends of the dipole, we shall treat it as constant across its
entire length.

The customary approach for finding the electric and mag-
netic fields at a point Q in space (Fig. 9-4) due to radiation
by a current source is through the retarded vector potential A.
From Eq. (6.84), the phasor retarded vector potential K(R) at
a distance vector R from a volume U’ containing a phasor
current distribution J is given by

N to [ Je I

A(R) = an )y R dv’,

(9.2)

where L is the magnetic permeability of free space (because
the observation point is in air) and k= @/c =2m/A is the
wavenumber. For the dipole, the current density is simply

0=(R,0,9)

Y/ U R

x ¢ N

Figure 9-4 Short dipole placed at the origin of a spherical
coordinate system.

J = (Iy/s), where s is the cross-sectional area of the dipole

wire. Also, dV' = s dz, and the limits of integration are from
z=—1/210 z=1/2. In Fig. 9-4, the distance R’ between the
observation point and a given point along the dipole is not the
same as the distance to its center, R, but because we are dealing
with a very short dipole, we can set R’ = R. Hence,

oy e KRl Lo o—JkR
A="— lo dz =7—1yl 3
4w R 71/210 TR R )’ ©-3)

» The function (e ~/*R/R) is called the spherical propaga-
tion factor. It accounts for the 1/R decay of the magnitude

with distance as well as the phase change represented by
e R 4

The direction of A is the same as that of the current (z direc-
tion).

Because our objective is to characterize the directional
character of the radiated power at a fixed distance R from
the antenna, antenna pattern plots are presented in a spherical
coordinate system (Fig. 9-5). Its variables, R, 6, and ¢, are
called the range, zenith angle, and azimuth angle, respec-
tively. To that end, we need to write A in terms of its spherical
coordinate components, which is realized with the help of
Eq. (3.65¢) by expressing 2 in terms of spherical coordinates:

2=RcosO — Bsinb. 9.4)

Upon substituting Eq. (9.4) into Eq. (9.3), we obtain
o JkR

R

- R ~ Ipl N~ A~ e
A:(Rcos@—(-)sine)uz—;( )ZRAR+9A9+¢A¢,

9.5)
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Lo= o FPs
=47, R
.~ Radiation|

with

(9.6a)

(9.6b)

With the spherical components of A known, the next step is
straightforward; we simply apply the free-space relationships
given by Egs. (6.85) and (6.86) as

~ 1 ~
H=—VxA (9.7a)
Ho
and
~ 1 ~
E=—VxH (9.7b)
j0g
to obtain the expressions
H :%e*ﬂ"* J sin@ (9.8a)
*7 an kR (kR)? : :
~ 2l el 1 j
Eg = J - 0 .8b
R M R Gy <88 O8D)
Y Y/ S 1 i 7.
Eg=—— R L - 0 8
0= 4z M R T kR rpp S0 89

where 19 = /o /€ =~ 1207 (Q) is the intrinsic impedance of

free space. The remaining components (Hg, Hg, and Eq)) are
everywhere zero. Figure 9-6 depicts the electric field lines of
the wave radiated by the short dipole.

9-1.1 Far-Field Approximation

As was stated earlier, in most antenna applications, we are
primarily interested in the radiation pattern of the antenna at
great distances from the source. For the electric dipole, this
corresponds to distances R so that R > A or, equivalently,
kR = 2mR/A > 1. This condition allows us to neglect the
terms varying as 1/(kR)? and 1/(kR)* in Egs. (9.8a) to (9.8¢c)
in favor of the terms varying as 1 /kR, which yields the far-field
expressions

(9.9a)

~ jlolkno (e IR
Eg=——
4r R

) sin®  (V/m),

(A/m), (9.9b)

and Ep is negligible. At the observation point Q (Fig. 9-4), the
wave now appears similar to a uniform plane wave with its
electric and magnetic fields in phase, related by the intrinsic
impedance of the medium 1)y, and their directions orthogonal
to each other and to the direction of propagation (R). Both
fields are proportional to sin @ and independent of ¢ (which
is expected from symmetry considerations).

9-1.2 Power Density

Given E and H, the time-average Poynting vector of the
radiated wave, which is also called the power density, can be
obtained by applying Eq. (7.100); that is,

Su = 1e (173 x ﬁ*) (W/m2). 9.10)

For the short dipole, use of Egs. (9.9a) and (9.9b) yields

S. = RS(R,0), 9.11)
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Broadside
direction

Figure 9-6 Electric field lines surrounding an oscillating dipole at a given instant.

with

CRP
S(R.6) = <g°2n2;’€2 ) sin? 0

=Spsin”?®  (W/m?). 9.12)
The directional pattern of any antenna is described in terms of
the normalized radiation intensity F(0,¢) and is defined as
the ratio of the power density S(R, 0, ¢) at a specified range R
t0 Simax, Which is the maximum value of S(R, 6, ¢) at the same

range. Thus,

S(R.6.9)

Smax

F(6,¢)= (dimensionless) (9.13)

For the Hertzian dipole, the sin? 6 dependence in Eq. (9.12)

indicates that the radiation is maximum in the broadside
direction (6 = 7/2), corresponding to the azimuth plane, and
is given by

Smax = So =

Nok* 212 1512 [ 1\?
327:2%2 = 7] (Wm?), 9.14)

where use was made of the relations k =27 /A and 1 ~ 1207.
We observe that Syax is directly proportional to Ig and [ (with
[ measured in wavelengths) and that it decreases with distance
as 1/R%.

From the definition of the normalized radiation intensity
given by Eq. (9.13), it follows that

F(6,¢) =F(8) =sin’#. 9.15)

Plots of F(6) are shown in Fig. 9-7 in both the elevation plane
(the 6 plane) and the azimuth plane (¢ plane).
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(b) Azimuth pattern

Figure 9-7 Radiation patterns of a short dipole.

» No energy is radiated by the short dipole along the
direction of the dipole axis, and maximum radiation
(F = 1) occurs in the broadside direction (6 = 90°). Since
F(6) is independent of ¢, the pattern is doughnut-shaped
in 6—¢ space. «

Concept Question 9-1:  What does it mean to say that
most antennas are reciprocal devices?

Concept Question 9-2:  What is the radiated wave like
in the far-field region of the antenna?

Concept Question 9-3: In a Hertzian dipole, what is
the underlying assumption about the current flowing
through the wire?

Concept Question 9-4:  Outline the basic steps used to
relate the current in a wire to the radiated power density.

Exercise 9-1: A 1-m long dipole is excited by a 5 MHz
current with an amplitude of 5 A. At a distance of 2 km,
what is the power density radiated by the antenna along
its broadside direction?

Answer: Sy = 8.2 x 1078 W/m?. (See €.)

9-2 Antenna Radiation Characteristics

An antenna pattern describes the far-field directional proper-
ties of an antenna when measured at a fixed distance from the
antenna. In general, the antenna pattern is a three-dimensional
plot that displays the strength of the radiated field or power
density as a function of direction—with direction being speci-
fied by the zenith angle 8 and the azimuth angle ¢.

» By virtue of reciprocity, a receiving antenna has the
same directional antenna pattern as the pattern that it
exhibits when operated in the transmission mode. <«

Consider a transmitting antenna placed at the origin of the
observation sphere shown in Fig. 9-8. The differential power
radiated by the antenna through an elemental area dA is

dPad =Su-dA =Sy -RdA=SdA (W),  (9.16)

& R sin 0 d¢

~RdO
dA = R? sin 0 dO d¢
=R?dQ
Elevation
plane O/R
Y
¢
"734 do
Azimuth plane

X

Figure 9-8 Definition of solid angle dQ =sin0 d0 d¢.
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Module 9.1 Hertzian Dipole (I << 1) For a short dipole oriented along the z axis, this module displays the field
distributions for E and H in both the horizontal and vertical planes. It can also animate the radiation process and current

flow through the dipole.

Maodule 9.1
Hertzian Dipole ( { << L)

slower | 4

3 | faster
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ot= 0% [T r Instructions ! Plot Range 1
Plot Range = 2.0 & & Ma SEED ~ S
gnetic Field Electric Field
— . 1 )
" Horizontal Plane (* Vertical Plane " Hg [exact solution] " Hg— Hgpp [ermor]
[~ Current Animatian & Hopp [far-field approx

where S is the radial component of the time-average Poynting
vector S,y. In the far-field region of any antenna, S,y is always
in the radial direction. In a spherical coordinate system,

dA = R*sin6 d6 d¢, 9.17)

and the solid angle dQ associated with dA, which is defined as
the subtended area divided by R?, is given by

dA
dQ = o =sin6 dO d¢

(sp). 9.18)

Note that, whereas a planar angle is measured in radians and
the angular measure of a complete circle is 27 (rad), a solid
angle is measured in steradians (sr), and the angular measure
for a spherical surface is Q = (47R?)/R? = 47 (sr). The solid
angle of a hemisphere is 27 (sr).

Using the relation dA = R2dQ, dP.aq can be rewritten as

dPag = R*S(R,0,9) dQ. (9.19)

The total power radiated by an antenna through a spheri-
cal surface at a fixed distance R is obtained by integrating
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Eq. (9.19) over that surface:
2T T
Prag = Rz/ / S(R,0,0)sin® d6 d¢
$=0.J6=0

2T T
:Rszax/ / F(6,9)sin0 d6 d¢
9=0.J6=0

- R2Smax/AnF(6 0) dQ

where F (6, ) is the normalized radiation intensity defined by
Eq. (9.13). The 47 symbol under the integral sign is used as an
abbreviation for the indicated limits on 6 and ¢. Formally, P.q
is called the total radiated power.

(W), (9.20)

9-2.1 Antenna Pattern

Each specific combination of the zenith angle 6 and the
azimuth angle ¢ denotes a specific direction in the spherical
coordinate system of Fig. 9-8. The normalized radiation inten-
sity F(0,¢) characterizes the directional pattern of the energy
radiated by an antenna, and a plot of F(0,¢) as a function
of both 6 and ¢ constitutes a three-dimensional pattern—an
example of which is shown in Fig. 9-9.

Often, it is of interest to characterize the variation of F (6, ¢)
in the form of two-dimensional plots in specific planes in the
spherical coordinate system. The two planes most commonly
specified for this purpose are the elevation and azimuth planes.
The elevation plane, also called the 0 plane, is a plane
corresponding to a constant value of ¢. For example, ¢ =0
defines the x—z plane and ¢ = 90° defines the y—z plane, both
of which are elevation planes (Fig. 9-8). A plot of F(0,¢)
versus 0 in either of these planes constitutes a two-dimensional
pattern in the elevation plane. This is not to imply, however,
that the elevation-plane pattern is necessarily the same in all
elevation planes.

The azimuth plane, also called the ¢ plane, is specified by
6 = 90° and corresponds to the x—y plane. The elevation and
azimuth planes are often called the two principal planes of the
spherical coordinate system.

Some antennas exhibit highly directive patterns with narrow
beams, in which case it is often convenient to plot the antenna
pattern on a decibel scale by expressing F in decibels:

F (dB) = 10logF.

As an example, the antenna pattern shown in Fig. 9-10(a) is
plotted on a decibel scale in polar coordinates with its intensity
as the radial variable. This format permits a convenient visual
interpretation of the directional distribution of the radiation
lobes.
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Figure 9-9 Three-dimensional pattern of a narrow-beam
antenna.

Another format commonly used for inspecting the pattern
of a narrow-beam antenna is the rectangular display shown in
Fig. 9-10(b), which permits the pattern to be easily expanded
by changing the scale of the horizontal axis. These plots
represent the variation in only one plane in the observation
sphere: the ¢ = 0 plane. Unless the pattern is symmetrical in ¢,
additional patterns are required to define the overall variation
of F(0,¢) with 6 and ¢.

Strictly speaking, the polar angle 6 is always positive,
being defined over the range from 0° (z direction) to 180°
(—z direction), yet the 0 axis in Fig. 9-10(b) is shown to have
both positive and negative values. This is not a contradiction,
but rather a different form of plotting antenna patterns. The
right-hand half of the plot represents the variation of F' (dB)
with 0 because 0 is increased in a clockwise direction in the
x—z plane [see inset in Fig. 9-10(b)], corresponding to ¢ = 0.
The left-hand half of the plot represents the variation of F' (dB)
with 0 as 6 is increased in a counterclockwise direction at
¢ = 180°. Thus, a negative 6 value simply denotes that the
direction (6, ¢) is in the left-hand half of the x—z plane.

The pattern shown in Fig. 9-10(a) indicates that the antenna
is fairly directive, since most of the energy is radiated through
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Figure 9-10 Representative plots of the normalized radiation pattern of a microwave antenna in (a) polar form and (b) rectangular form.

a narrow sector called the main lobe. In addition to the
main lobe, the pattern exhibits several side lobes and back
lobes as well. For most applications, these extra lobes are
considered undesirable because they represent wasted energy
for transmitting antennas and potential interference directions
for receiving antennas.

9-2.2 Beam Dimensions

For an antenna with a single main lobe, the pattern solid angle
Q, describes the equivalent width of the main lobe of the
antenna pattern (Fig. 9-11). It is defined as the integral of the
normalized radiation intensity F (6, ¢) over a sphere:

Qp:/AnF(G,q))dQ (s1). 9.21)

F =1 within
the cone

(a) Actual pattern

(b) Equivalent solid angle

Figure 9-11 The pattern solid angle €, defines an equivalent
cone over which all of the radiation of the actual antenna is
concentrated with uniform intensity equal to the maximum of
the actual pattern.
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» For an isotropic antenna with F(6,¢) = 1 in all direc-
tions, &, = 47 (sr). <«

The pattern solid angle characterizes the directional proper-
ties of the three-dimensional radiation pattern. To characterize
the width of the main lobe in a given plane, the term used
is beamwidth. The half-power beamwidth, or simply the
beamwidth 3, is defined as the angular width of the main lobe
between the two angles at which the magnitude of F(6,¢) is
equal to half of its peak value (or —3 dB on a decibel scale).
For example, for the pattern displayed in Fig. 9-10(b), B is
given by

B=6.-0,

where 6; and 0, are the half-power angles at which
F(6,0) = 0.5 (with 6, denoting the larger value and 6,
denoting the smaller one, as shown in the figure). If the pattern
is symmetrical and the peak value of F(0,¢) is at 6 = 0,
then B = 26,. For the short-dipole pattern shown earlier in
Fig. 9-7(a), F(0) is maximum at 8 = 90°, 6, is at 135°, and
0; is at 45°. Hence, 8 = 135° —45° = 90°. The beamwidth 3
is also known as the 3 dB beamwidth. In addition to the half-
power beamwidth, other beam dimensions may be of interest
for certain applications, such as the null beamwidth By,
which is the angular width between the first nulls on the two
sides of the peak (Fig. 9-10(b)).

(9.22)

9-2.3 Antenna Directivity

The directivity D of an antenna is defined as the ratio of
its maximum normalized radiation intensity, Fy,x (Which by
definition is equal to 1), to the average value of F(0,¢) over
all directions (47 space):

Froax 1 4
D= :Q—”. (9.23)
a — F(6,0)dQ P
= || Fe.o)
(dimensionless)

Here € is the pattern solid angle defined by Eq. (9.21).
Thus, the narrower Q, of an antenna pattern is, the greater is
the directivity. For an isotropic antenna, £, = 47; hence, its
directivity Djso = 1.

By using Eq. (9.20) in Eq. (9.23), D can be expressed as

_ 47I:R2SIH&X _ Smax

D - 9
Prad Sav

(9.24)

where S,y = Praq/(47R?) is the average value of the radiated
power density and is equal to the total power radiated by

Figure 9-12 The solid angle of a unidirectional radiation
pattern is approximately equal to the product of the half-power
beamwidths in the two principal planes; that is, Q, ~ By, By..

the antenna, P,,q, divided by the surface area of a sphere of
radius R.

» Since S,, = Sis0, Where Sjg, is the power density radiated
by an isotropic antenna, D represents the ratio of the
maximum power density radiated by the antenna to the
power density radiated by an isotropic antenna, where
both are measured at the same range R and excited by the
same amount of input power. <«

Usually, D is expressed in decibels:* D (dB) = 10logD.

For an antenna with a single main lobe pointing in the z
direction shown in Fig. 9-12, &, may be approximated as the
product of the half-power beamwidths f; and B, (in radians):

Q, ~ BBz, (9.25)

and

4r 4r
D=—~-—.
Q  Buby:

(single main lobe) (9.26)

*A note of caution: Even though we often express certain dimensionless
quantities in decibels, we should always convert their decibel values to natural
values before using them in the relations given in this chapter.
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Although approximate, this relation provides a useful method
for estimating the antenna directivity from measurements of
the beamwidths in the two orthogonal planes whose intersec-
tion is the axis of the main lobe.

Example 9-1: Antenna Radiation Properties

Determine (a) the direction of maximum radiation, (b) pattern
solid angle, (c) directivity, and (d) half-power beamwidth
in the y—z plane for an antenna that radiates only into the
upper hemisphere with normalized radiation intensity given by
F(6,¢) =cos’ 6.

Solution: The statement that the antenna radiates through
only the upper hemisphere is equivalent to

cos?@ for0<O<m/2
and 0 < ¢ <2m,
0 elsewhere.

(a) The function F(0) = cos® @ is independent of ¢ and is
maximum when 6 = 0°. A polar plot of F(6) is shown in
Fig. 9-13.

X

Figure 9-13 Polar plot of F(8) = cos? 6.

(b) From Eq. (9.21), the pattern solid angle €, is given by

2 /2
Qp:// F(6,0)d0Q— U cos O'sin 0 de] ¢
4m ¢ 0

=0 =0

{cos 9} 4o

:</>=0 3 0

2r
= l do = 2—77: (sr).
0 3

(c) Application of Eq. (9.23) gives

47 3

D=—=4n|— ) =6,

Qp g ( 2n >
which corresponds to D (dB) = 10log6 = 7.78 dB.
(d) The half-power beamwidth [ is obtained by setting
F(0)=0.5. That s,

F(0) =cos’0 =0.5,

which gives the half-power angles 6; = —45° and 6, = 45°.
Hence,
B=6,—6,=90°

Example 9-2: Directivity of a Hertzian Dipole

Calculate the directivity of a Hertzian dipole.

Solution: Application of Eq. (9.23) with F(6) = sin” 6 [from
Eq. (9.15)] gives

4r
D=
/ F(6,0)sin0 d6 d¢
4
4r 4r

_ - s
2r T
/ / snt0dods o3
¢—=0Jo=0

or, equivalently, 1.76 dB.

9-2.4 Antenna Gain

Of the total power P; (transmitter power) supplied to the
antenna, a part, P,q4, is radiated out into space, and the
remainder, P, is dissipated as heat in the antenna structure.
The radiation efficiency £ is defined as the ratio of P to P:

12
€= ;‘d . (dimensionless) 9.27)
t
The gain of an antenna is defined as
4TR%S ax
G=—7—, (9.28)
k

which is similar in form to the expression given by Eq. (9.24)
for the directivity D except that it is referenced to the input
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power supplied to the antenna, P, rather than to the radiated
power Prq. In view of Eq. (9.27),

G=E&D. (dimensionless) (9.29)

» The gain accounts for ohmic losses in the antenna
material, whereas the directivity does not. For a lossless
antenna, & =1, and G = D. <«

9-2.5 Radiation Resistance

To a transmission line connected between a generator supply-
ing power P, on one end and an antenna on the other end, the
antenna is merely a load with input impedance Z;,. If the line
is lossless and properly matched to the antenna, all of P is
transferred to the antenna. In general, Z;, consists of a resistive
component R;, and a reactive component Xj,:
Zin = Rin + ])(m (930)

The resistive component is defined as equivalent to a resis-
tor Ri, that would consume an average power P, when the
amplitude of the ac current flowing through it is Iy,
P.= 1 IRy (9.31)

Since P, = P,aq + Ploss, it follows that R, can be defined as the
sum of a radiation resistance R,,q and a loss resistance Ry,

Rin = Ryaa + Rioss, (932)

with
Prag = % IgRrada (9.33a)
Ploss = % ]gRloss, (933b)

where Ij is the amplitude of the sinusoidal current exciting the
antenna. As defined earlier, the radiation efficiency is the ratio
of Paq to P, or

Prad o Praa Riaa

= = . (9.34)
Pt Prad + P]oss Rrad + Rloss

B =

The radiation resistance R.,q can be calculated by integrating
the far-field power density over a sphere to obtain P,,4 and then
equating the result to Eq. (9.33a).

Radiation Resistance and
Efficiency of a Hertzian Dipole

Example 9-3:

A 4-cm long center-fed dipole is used as an antenna at
75 MHz. The antenna wire is made of copper and has a radius
a = 0.4 mm. From Egs. (7.92a) and (7.94), the loss resistance
of a circular wire of length / is given by

e
21a O,

Rioss = > (9.35)
where (. and o, are the magnetic permeability and conductiv-
ity of the wire, respectively. Calculate the radiation resistance
and the radiation efficiency of the dipole antenna.

Solution: At 75 MHz,

¢ 3x10®

A= 27" _
£ 7.5x107

m.

The length to wavelength ratio is [/A = 4 cm/4m = 1072,
Hence, this is a short dipole. From Eq. (9.24),

4A7R?

Prad = T Smax- (936)

For the Hertzian dipole, S,ax i given by Eq. (9.14), and from
Example 9-2, we established that D = 1.5. Hence,

AR 1573 [ 1\? sa (1)
— :4 ] - . .
X </1) o 0</1) (9.37)

Equating this result to Eq. (9.33a) and then solving for the
radiation resistance R,,q leads to

Prad =

Reaa = 80m(1/A)?  (Q). (short dipole) (9.38)

Forl/A = 1072, Ryaq = 0.08 Q.

Next, we determine the loss resistance Rjs. For cop-
per, Appendix B gives p. ~ Ho = 47 x 1077 H/m and
0. = 5.8 x 107 S/m. Hence,

R L TSl
loss —= 5\ —
21a O,
_ 4x102 [mxT5x10°x4mx 1077\
S 2mx4x1074 5.8 x 107
—0.036 Q.

Therefore, the radiation efficiency is

é o Rrad o 008
" Rud+Riss  0.08+0.036

= 0.69.
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Thus, the dipole is 69% efficient.

Concept Question 9-5: What does the pattern solid
angle represent?

Concept Question 9-6: What is the magnitude of the
directivity of an isotropic antenna?

Concept Question 9-7: What physical and material
properties affect the radiation efficiency of a fixed-length
Hertzian dipole antenna?

Exercise 9-2: An antenna has a conical radiation pattern
with a normalized radiation intensity F(0) = 1 for 6
between 0° and 45° and zero for 8 between 45° and 180°.
The pattern is independent of the azimuth angle ¢. Find
(a) the pattern solid angle and (b) the directivity.

Answer: (a) &, = 1.84 sr, (b) D = 6.83 or, equivalently,
8.3 dB. (See .)

Exercise 9-3: The maximum power density radiated by
a short dipole at a distance of 1 km is 60 (nW/m?). If
Ip = 10 A, find the radiation resistance.

Answer: R,,q = 10 mQ. (See @.)

9-3 Half-Wave Dipole Antenna

In Section 9-1, we developed expressions for the electric
and magnetic fields radiated by a Hertzian dipole of length
[ < A. We now use these expressions as building blocks to
obtain expressions for the fields radiated by a half-wave dipole
antenna, so named because its length / = A /2. As shown in
Fig. 9-14, the half-wave dipole consists of a thin wire fed at
its center by a generator connected to the antenna terminals
via a transmission line. The current flowing through the wire
has a symmetrical distribution with respect to the center of the
dipole, and the current is zero at its ends. Mathematically, ()
is given by

i(t) = Iycos wt coskz = Re [Ip coskze! ], (9.39a)
whose phasor is
I(z) = Ipcoskz,  —A/4<z<A/4, (9.39b)

and k = 27/A. Equation (9.9a) gives an expression for Eg,
which is the far field radiated by a Hertzian dipole of length /
when excited by a current . Let us adapt that expression to an

Current distrubution
1(z) = Iy cos kz

fa— —~

~

AN
. \
ifransmission t i(?) Y
1
Dipole — ti(t) )
antenna e

-

—_— - -

(@

0=(R,0,9)

(b)

Figure 9-14 Center-fed half-wave dipole.

infinitesimal dipole segment of length dz, which is excited by

a current /(z) and located at a distance s from the observation
point Q (Fig. 9-14(b)). Thus,

~ ik . — jks
dEg(z) = % 1(z) dz (e - ) sin 6, (9.40a)
and the associated magnetic field is
~ dE,
dH,(z) = T‘;’(Z) . (9.40b)
0

The far field due to radiation by the entire antenna is obtained
by integrating the fields from all of the Hertzian dipoles
making up the antenna:

(9.41)

Before we calculate this integral, we make the following
two approximations. The first relates to the magnitude part
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of the spherical propagation factor, 1/s. In Fig. 9-14(b), the
distance s between the current element and the observation
point Q is considered so large in comparison with the length of
the dipole that the difference between s and R may be neglected
in terms of its effect on 1/s. Hence, we may set 1/s ~ 1/R,
and by the same argument, we set 6; ~ 0. The error A between
s and R is a maximum when the observation point is along
the z axis and it is equal to A /4 (corresponding to half of the
antenna length). If R > A, this error will have an insignificant
effect on 1/s. The second approximation is associated with the
phase factor e /% An error in distance A corresponds to an
error in phase kA = (2n/1)(A/4) = m/2. As a rule of thumb,
a phase error greater than 7/8 is considered unacceptable
because it may lead to a significant error in the computed value
of the field Eg. Hence, the approximation s &~ R is too crude for
the phase factor and cannot be used. A more tolerable option
is to use the parallel-ray approximation given by

s~ R—zcosH, 9.42)

as illustrated in Fig. 9-14(b).

Substituting Eq. (9.42) for s in the phase factor of
Eq. (9.40a) and replacing s with R and 6; with 6 elsewhere
in the expression, we obtain

—jkR

- ikNo ~ .
dEg = % 1(2) dz < ) sin O e/k2c0s0 (9.43)
After (1) inserting Eq. (9.43) into Eq. (9.41), (2) using the

expression for I(z) given by Eq. (9.39b), and (3) carrying out
the integration, the following expressions are obtained:

~ cos[(m/2)cosB] ) [ e /R
Eg = j60I 44
0 1600{ Sino 7 (9.44a)
-~ E
Hy==2. (9.44b)
o
The corresponding time-average power density is
S(R.0) = |Eg|? 15[§ {cosz[(ﬁ:/ZZ) cos 0] }
2No TR sin” 6
5 { COSZ[@/ZQ) cos ] } (Wim?).
sin“ 0
(9.45)

Examination of Eq. (9.45) reveals that S(R, 0) is maximum at
0 = /2, and its value is

158

Smax = SO 7L'R2 .

Hence, the normalized radiation intensity is

F(8) =

S(R.6) _ {COS[(ﬂ/Z)COSQ] }2, (9.46)

So sin O

The radiation pattern of the half-wave dipole exhibits roughly
the same doughnut-like shape shown earlier in Fig. 9-7 for the
short dipole. Its directivity is slightly larger (1.64 compared
with 1.5 for the short dipole), but its radiation resistance is
73 Q (as shown later in Section 9-3.2), which is orders of
magnitude larger than that of a short dipole.

9-3.1 Directivity of A /2 Dipole

To evaluate both the directivity D and the radiation resistance
R:aq of the half-wave dipole, we first need to calculate the total
radiated power P,q by applying Eq. (9.20):

Pt =R’ / S(R,6) dQ
4

1[2 2
5 / / {cos (m/2) COSG]} Sin0 d6 do.
sin 0
9.47)

The integration over ¢ is equal to 277, and numerical evaluation
of the integration over 0 gives the value 1.22. Consequently,

Paa =36.613  (W). (9.48)

From Eq. (9.45), we found that Sy.x = 1513/(7R?). Using
this in Eq. (9.24) gives the following result for the directivity D
of the half-wave dipole:

4R Smax  ATR* (1513
D= = =1.64 9.49
Prad 36.615 (nR2 ©-49)
or, equivalently, 2.15 dB.
9-3.2 Radiation Resistance of 1 /2 Dipole
From Eq. (9.33a),
2P 2x36.613
Ria = Ig = Ig ~73 Q. (9.50)

As was noted earlier in Example 9-3, because the radiation
resistance of a Hertzian dipole is comparable in magnitude
to that of its loss resistance Ry, its radiation efficiency &
is rather small. For the 4-cm long dipole of Example 9-3,
Riaa = 0.08 Q (at 75 MHz) and Rj,ss = 0.036 Q. If we keep
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the frequency the same and increase the length of the dipole to
2m (A =4m at f=75MHz), R,q becomes 73 Q and Ry
increases to 1.8 Q. The radiation efficiency increases from
69% for the short dipole to 98% for the half-wave dipole. More
significant is the fact that it is practically impossible to match
a transmission line to an antenna with a resistance on the order
of 0.1 Q, while it is quite easy to do so when R,g = 73 Q.

Moreover, since Rjoss < Rpaq for the half-wave dipole,
Rin = R;aq and Eq. (9.30) becomes

Zin ~ Rrad + ])(m (95 1)

Deriving an expression for Xj, for the half-wave dipole is fairly
complicated and beyond the scope of this book. However,
it is significant to note that Xi, is a strong function of //A
and that it decreases from 42 Q at /[/A = 0.5 to zero at
I/A = 0.48, whereas R.,q remains approximately unchanged.
Hence, by reducing the length of the half-wave dipole by 4%,
Zin becomes purely real and equal to 73 Q, thereby making
it possible to match the dipole to a 75 Q transmission line
without resorting to the use of a matching network.

9-3.3 Quarter-Wave Monopole Antenna

» When placed over a conducting ground plane, a quarter-
wave monopole antenna excited by a source at its base
(Fig. 9-15(a)) exhibits the same radiation pattern in the
region above the ground plane as a half-wave dipole in
free space. <

This is because, from image theory (Section 4-11), the con-
ducting plane can be replaced with the image of the A/4
monopole, as illustrated in Fig. 9-15(b). Thus, the A/4
monopole radiates an electric field identical to that given by
Eq. (9.44a), and its normalized radiation intensity is given
by Eq. (9.46); but the radiation is limited to the upper half-
space defined by 0 < 6 < /2. Hence, a monopole radiates
only half as much power as the dipole. Consequently, for a
A /4 monopole, Py = 18.3[3, and its radiation resistance is
Ria =365 Q.

The approach used with the quarter-wave monopole is also
valid for any vertical wire antenna placed above a conducting
plane, including a Hertzian monopole.

Concept Question 9-8:  What is the physical length of
a half-wave dipole operating at (a) 1 MHz (in the AM
broadcast band), (b) 100 MHz (FM broadcast band), and
(c) 10 GHz (microwave band)?

1 Conducting
; 1 A4 plane

Figure 9-15 A quarter-wave monopole above a conducting
plane is equivalent to a full half-wave dipole in free space.

Concept Question 9-9: How does the radiation pattern
of a half-wave dipole compare with that of a Hertzian
dipole? How do their directivities, radiation resistances,
and radiation efficiencies compare?

Concept Question 9-10: How does the radiation effi-
ciency of a quarter-wave monopole compare with that of
a half-wave dipole, assuming that both are made of the
same material and have the same cross section?

Exercise 9-4: For the half-wave dipole antenna, evaluate
F(6) versus 6 to determine the half-power beamwidth in
the elevation plane (the plane containing the dipole axis).

Answer: 3 =78°. (See @)
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Exercise 9-5: If the maximum power density radiated by
a half-wave dipole is 50 pW/m? at a range of 1 km, what
is the current amplitude 1y?

Answer: Iy =3.24 A. (See ®.)
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(a) =42 (b) I=4 (c) I=32/2

Figure 9-16 Current distribution for three center-fed dipoles.

9-4 Dipole of Arbitrary Length

So far, we examined the radiation properties of the Hertzian
and half-wave dipoles. We now consider the more general case
of a linear dipole of arbitrary length [ relative to A. For a
center-fed dipole, as depicted in Fig. 9-16, the currents flowing
through its two halves are symmetrical and must go to zero at
its ends. Hence, the current phasor T(z) can be expressed as a
sine function with an argument that goes to zero at z = +1//2:

for0<z<1/2,

9.52
for —1/2<z<0, ( )

~ o JIpsin[k(l/2—72)],
Iz) {Iosin[k(z/2+z)],

where [y is the current amplitude. The procedure for cal-
culating the electric and magnetic fields and the associated
power density of the wave radiated by such an antenna is
basically the same as that used previously in connection with
the half-wave dipole antenna. The only difference is the current

distribution /(z). If we insert the expression for I(z) given by
Eq. (9.52) into Eq. (9.43), we obtain the following expression
for the differential electric field dEg of the wave radiated by
an elemental length dz at location z along the dipole:

~ iknol, —JkR )
dEg = JKNolo (e )sinee]kzcose dz

4r R
sin[k(1/2—z)]
) { sinfk(1/2+z)]
The total field radiated by the dipole is

12 12 0o _
dEg = / dEg + / dEg
0 —1)2

12
. I —jkR
— Jknolo (e_) sin 6

for0<z<1/2,

(9.53)
for —1/2<z<0.

Eg=

4w R

2
x { /O /2030 Ginlk(1/2 — 2)] dz

+ /O k2030 Ginlk(1/2 4 7)) dz}.
o (9.54)
If we apply Euler’s identity to express e/%2¢%s9 ag
/K208 — ¢os(kzcos @) + jsin(kzcos 0)],
we can integrate the two integrals and obtain the result

_ L
Eg = j6010( = >

cos (4 cos@) — cos (4

sin O

)] . (9.55)

The corresponding time-average power density radiated by the
dipole antenna is given by

5(0) =

2T]0 TR?

_ |Eg|? 158 cos(%’cos@) —cos(%’)
N sin @

2
] , (9.56)

where we have used the relations 1o ~ 120w (Q) and
k=2m/A. For | = 1/2, Eq. (9.56) reduces to the expres-
sion given by Eq. (9.45) for the half-wave dipole. Plots of
the normalized radiation intensity, F(0) = S(R,0)/Smax, are
shown in Fig. 9-17 for dipoles of lengths A /2, A, and 31 /2.
The dipoles with / =A/2 and [ = A have similar radiation
patterns with both maxima along 6 = 90°, but the half-power
beamwidth of the wavelength-long dipole is narrower than
that of the half-wave dipole, and Sy,ax = 60]3 /(7R?) for the
wavelength-long dipole, which is four times that for the half-
wave dipole. The pattern of the dipole with length / = 31 /2
exhibits a structure with multiple lobes, and its direction of
maximum radiation is not along 6 = 90°.
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(a) [=A/2
Z
0.5 L=47°
L x—y plane
(b) I=1
zZ
x—y plane
(c) =32

Figure 9-17 Radiation patterns of dipoles with lengths of A /2,
A, and 31/2.

Module 9.2 Linear Dipole Antenna For a linear
antenna of any specified length (in units of A), this
module displays the current distribution along the antenna
and the far-field radiation patterns in the horizontal and
elevation planes. It also calculates the total power radiated
by the antenna, the radiation resistance, and the antenna
directivity.

9-5 Effective Area of a Receiving
Antenna

So far, antennas have been treated as directional radiators of
energy. Now, we examine the reverse process, namely how a
receiving antenna extracts energy from an incident wave and
delivers it to a load. The ability of an antenna to capture energy
from an incident wave of power density S; (W/m?) and convert
it into an intercepted power Py, (W) for delivery to a matched
load is characterized by the effective area A.:

P
Ae = ?‘“ (m?). (9.57)
i

Other commonly used names for A, include effective aperture

and receiving cross section. The antenna receiving process
may be modeled in terms of a Thévenin equivalent circuit
(Fig. 9-18) consisting of a voltage Vo in series with the
antenna input impedance Zj,. Here, ‘700 is the open-circuit
voltage induced by the incident wave at the antenna terminals,
and Z is the impedance of the load connected to the antenna
(representing a receiver or some other circuit). In general, both
Zin and Zj, are complex:

Zin = Ryag + jXin, (9.58a)

ZL

: Load
1

. 1

1 .

1 — Zin = Rrad T jXin #

. 1

L+ |

:Voc@ L [ZL=Ro+jXL
1

S |

! 1

! o

. Antenna equivalent circuit : Load

(b) Equivalent circuit

Figure 9-18 Receiving antenna represented by an equivalent
circuit.
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Module 9.3 Detailed Analysis of Linear Antenna This module complements Module 9.2 by offering extensive
information about the specified linear antenna, including its directivity and plots of its current and field distributions.

Madule 9.3
Select; - |

J= 10 [GHz]

Set Antenna Parameters

Dlirectivity
5011

Dipole Length  [A]

Data

Plot:
Dipole Length
Range | Bl ™
Maximum Current
Range | a ™
Frequency

Range | [ « =

Directivity

71, =Ry + jX1, (9.58b)
where R;,q denotes the radiation resistance of the antenna
(assuming Rjoss < Ryaq). To maximize power transfer to
the load, the load impedance must be chosen so that either
Zi = Z;,, or equivalently, Ri, = Rr,q and Xp = —Xj,. In that
case, the circuit reduces to a source \:/OC that is connected across
a resistance equal to 2R;,q. Since V. is a sinusoidal voltage

Wavelength

A =03[m]
Dipaole Length

b ESinLE =]
Diirectivity O = 1.64082
Radiation Impedance

R.g = 731286 [Q]
¥ g = 14254791 [0]
Input Impedance

R, = 731286 [0Q]
I%, =14254791 [Q]
Time-Average Total Radiated Power
=P == 36.5648 [W]

phasor, the time-average power delivered to the load is

1~ 1
P= §|IL|2Rrad == l

(9.59)

~ 2 = 2
|voc|] o [Vl
) rad

2Rrad B 8Rrad ’

where I, = V. /(2Ry,q) is the phasor current flowing through
the circuit. Since the antenna is lossless, all of the intercepted
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power Py, ends up in the load resistance Ry. Hence,

Pn=PR=_7— (9.60)

For an incident wave with electric field Ei parallel to the
antenna polarization direction, the power density carried by
the wave is
_|EBP _ IEP

= ) .61
2no 2407w ©-61)

The ratio of the results provided by Egs. (9.60) and (9.61) gives

307 Ve

P (9.62)

Pi
Ae:?:lt:

The open-circuit voltage Ve induced in the receiving antenna
is due to the incident field E, but the relation between them
depends on the specific antenna under consideration. By way
of illustration, let us consider the case of the short-dipole
antenna of Section 9-1. Because the length [ of the short dipole
is small compared with A4, the current induced by the incident
field is uniform across its length, and the open-circuit voltage
is simply Vi = E;l. Noting that Ry,q = 8072(1/1)? for the
short dipole (see Eq. (9.38)) and using Ve = Eil, Eq. (9.62)
simplifies to

2
L3R

o= or (m?). (short dipole)

(9.63)

In Example 9-2 it was shown that for the Hertzian dipole the
directivity D = 1.5. In terms of D, Eq. (9.63) can be rewritten
in the form

_A*D

A, = S (m?). (any antenna) (9.64)

» Despite the fact that the relation between A. and D
given by Eq. (9.64) was derived for a Hertzian dipole, it
can be shown that it is also valid for any antenna under
matched-impedance conditions. <«

Exercise 9-6: The effective area of an antenna is 9 m?.
What is its directivity in decibels at 3 GHz?

Answer: D =40.53 dB. (See &).)

Exercise 9-7: At 100 MHz, the pattern solid angle of an
antenna is 1.3 sr. Find (a) the antenna directivity D and (b)
its effective area Ae.

Answer: (a) D =9.67, (b) A. = 6.92 m?. (See &.)

A "~
;» L R . —
¢ Prad Pint Prec
Transmitting Receiving
antenna antenna

Figure 9-19 Transmitter—receiver configuration.

9-6 Friis Transmission Formula

The two antennas shown in Fig. 9-19 are part of a free-
space communication link with the separation between the
antennas, R, being large enough for each to be in the far-field
region of the other. The transmitting and receiving antennas
have effective areas A; and A, and radiation efficiencies &
and &, respectively. Our objective is to find a relationship
between F;, which is the power supplied to the transmitting
antenna, and P, which is the power delivered to the receiver.
As always, we assume that both antennas are impedance-
matched to their respective transmission lines. Initially, we
consider the case where the two antennas are oriented so that
the peak of the radiation pattern of each antenna points in the
direction of the other.

We start by treating the transmitting antenna as a lossless
isotropic radiator. The power density incident upon the receiv-
ing antenna at a distance R from an isotropic transmitting
antenna is simply equal to the transmitter power P, divided by
the surface area of a sphere of radius R:

I

Sivo = Jrg2

(9.65)
The real transmitting antenna is neither lossless nor isotropic.
Hence, the power density S; due to the real antenna is

&D\P

Sr = GtSiso = gtDtSiso = W .

(9.66)
Through the gain G, = &Dx, & accounts for the fact that only
part of the power P, supplied to the antenna is radiated out into
space, and Dy accounts for the directivity of the transmitting
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antenna (in the direction of the receiving antenna). Moreover,
by Eq. (9.64), D, is related to A, by D, = 47wA,/A?*. Hence,
Eq. (9.66) becomes
_ GAR

AR
On the receiving-antenna side, the power intercepted by the
receiving antenna is equal to the product of the incident power
density S; and the effective area A;:

(9.67)

_ &AAR
A2R?

P = Sr T (968)
The power delivered to the receiver, P, is equal to the
intercepted power P, multiplied by the radiation efficiency of
the receiving antenna, & ;. Hence, P = &Py, which leads to
the result

Prec A :
_ e c@(%) . 9.69)

Pt AZRZ

» This relation is known as the Friis transmission for-
mula, and P./P, is called the power transfer ratio. <

If the two antennas are not oriented in the direction of
maximum power transfer, Eq. (9.69) assumes the general form

rec 2’ 2
e m(—) F0.0) F(6nd).  (9.70)

P 47R

where Fi(6,¢) is the normalized radiation intensity of the
transmitting antenna at angles (6,¢;) corresponding to the
direction of the receiving antenna (as seen by the antenna
pattern of the transmitting antenna), and a similar definition
applies to F;(6;, ¢;) for the receiving antenna.

Example 9-4: Satellite Communication System

A 6 GHz direct-broadcast TV satellite system transmits 100 W
through a 2 m diameter parabolic dish antenna from a distance
of approximately 40,000 km above Earth’s surface. Each TV
channel occupies a bandwidth of 5 MHz. Due to electromag-
netic noise picked up by the antenna as well as noise generated
by the receiver electronics, a home TV receiver has a noise
level given by

P, = KTyB

(W), 9.71)

where Ty, [measured in kelvins (K)] is a figure of merit called
the system noise temperature that characterizes the noise

performance of the receiver—antenna combination, K is Boltz-
mann’s constant [1.38 x 10723 (J/K)], and B is the receiver
bandwidth in Hz.

The signal-to-noise ratio S, (which should not be confused
with the power density §) is defined as the ratio of P to Py:

Sy = Prec/Pa (dimensionless). (9.72)

For a receiver with Ty, = 580 K, what minimum diameter of a
parabolic dish receiving antenna is required for high-quality
TV reception with S, = 40 dB? The satellite and ground
receiving antennas may be assumed lossless, and their effective
areas may be assumed equal to their physical apertures.

Solution: The following quantities are given:
P=100W, f=6GHz=6x10°Hz, S,=10%
transmit antenna diameter d; = 2 m,
Tiys = 580K, R =40,000 km =4 x 10" m,
B=5MHz =5 x 10° Hz.

The wavelength A = c¢/f =5 x 1072 m, and the area of the
transmitting satellite antenna is A, = (7d”/4) = & (m?). From
Eq. (9.71), the receiver noise power is

Po=KTyB=138x10"2x580x5x10°=4x10""*W.

Using Eq. (9.69) with § = & =1,

b _ PAA 1007A,
TCTUAZR2 T (5% 1072)2(4 % 107)

The area of the receiving antenna, A;, can now be determined
by equating the ratio P /P, to S, = 10%:

> =7.85x10""A,.

104 = 185 % 1074,
T 4x10°4

which yields the value A, = 5.1 m?. The required minimum
diameter is d; = \/4A;/T =2.55 m.

Exercise 9-8: If the operating frequency of the com-
munication system described in Example 9-4 is doubled
to 12 GHz, what would then be the minimum required
diameter of a home receiving TV antenna?

Answer: d. = 1.27 m. (See &,)

Exercise 9-9: A 3 GHz microwave link consists of two
identical antennas each with a gain of 30 dB. Determine
the received power given that the transmitter output power
is 1 kW and the two antennas are 10 km apart.

Answer: P =6.33 x 107* W. (See @.)
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Technology Brief 17:
Health Risks of EM Fields

Can the use of cell phones cause cancer? Does expo-
sure to the electromagnetic fields (EMFs) associated
with power lines pose health risks to humans? Are we
endangered by EMFs generated by home appliances,
telephones, electrical wiring, and the myriad of elec-
tronic gadgets we use every day (Fig. TF17-1)? Despite
reports in some of the popular media alleging a causative
relationship between low-level EMFs and many dis-
eases, according to reports issude by governmental and
professional boards in the U.S. and Europe, the answer
is given here.

» NO, we are not at risk, so long as manufacturers
adhere to the approved governmental standards
for maximum permissible exposure (MPE) levels.
With regard to cell phones, the official reports cau-
tion that their conclusions are limited to phone use
of less than 15 years, since data for longer use is not
yet available. «

Figure TF17-1 Electromagnetic fields are emitted by power lines,
cell phones, TV towers, and many other electronic circuits and
devices.

Physiological Effects of EMFs

The energy carried by a photon with an EM frequency f
is given by E = hf, where h is Planck’s constant. The
mode of interaction between a photon passing through
a material and the material’s atoms or molecules is
very much dependent on f. If f is greater than about
10" Hz (which falls in the ultraviolet (UV) band of the
EM spectrum), the photon’s energy is sufficient to free
an electron and remove it completely, thereby ionizing
the affected atom or molecule. Consequently, the energy
carried by such EM waves is called ionizing radiation,
in contrast with non-ionizing radiation (Fig. TF17-2),
where photons may be able to cause an electron to move
to a higher energy level but not eject it from its host atom
or molecule.

Assessing health risks associated with exposure
to EMFs is complicated by the number of variables
involved, including: (1) the frequency f, (2) the intensities
of the electric and magnetic fields, (3) the exposure
duration—whether continuous or discontinuous, pulsed
or uniform—and (4) the specific part of the body that is
getting exposed. We know that intense laser illumination
can cause corneal burn, high-level X-rays can damage
living tissue and cause cancer, and in fact, any form of
EM energy can be dangerous if the exposure level and/or
duration exceed certain safety limits. Governmental and
professional safety boards are tasked with establishing
maximum permissible exposure (MPE) levels that protect
human beings against adverse health effects associated
with EMFs. In the U.S., the relevant standards are IEEE
Std C95.6 (dated 2002), which addresses EM fields in
the 1 Hz to 3 kHz range, and IEEE Std 95.1 (dated 2005),
which deals with the frequency range from 3 kHz to 300
GHz. On the European side of the Atlantic, responsibility
for establishing MPE levels resides with the Scientific
Committee on Emerging and Newly Identified Health
Risks (SCENIHR) of the European Commission.

» At frequencies below 100 kHz, the goal is to
minimize adverse effects of exposure to electric
fields that can cause electrostimulation of nerve
and muscle cells. Above 5 MHz, the main concern
is excessive tissue heating, and in the transition
region of 100 kHz to 5 MHz, safety standards are
designed to protect against both electrostimulation
and excessive heating. «
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Figure TF17-2 Different types of electromagnetic radiation.
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Figure TF17-3 Maximum permissible exposure (MPE) levels for E and H over the frequency range from 0.1 Hz to 3 kHz.

Frequency Range 0 < f <3 kHz: The plots in Fig. TF17-3
display the values of MPE for electric and magnetic fields
over the frequency range below 3 kHz. According to
IEEE Std C95.6, it is sufficient to demonstrate compli-
ance with the MPE levels for either the electric field E
or the magnetic field H. According to the plot for H,
exposure at 60 Hz should not exceed 720 A/m. The
magnetic field due to power lines is typically in the range
of 2 to 6 A/m underneath the lines, which is at least two
orders of magnitude smaller than the established safe
level for H.

Frequency Range 3 kHz < f < 300 GHz: At frequen-
cies below 500 MHz, MPE is specified in terms of the
electric and magnetic field strengths of the EM energy
(Fig. TF17-4). From 100 MHz to 300 GHz (and beyond),
MPE is specified in terms of the product of E and H,
namely the power density S. Cell phones operate in the
1 to 2 GHz band; the specified MPE is 1 W/m? (or
equivalently 0.1 mW/cm?).
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Figure TF17-4 MPE levels for the frequency range from 10 kHz to 300 GHz.

Bottom Line

We are constantly bombarded by EM energy—from
solar illumination to blackbody radiation emitted
by all matter. Our bodies absorb, reflect, and emit
EM energy all the time. Living organisms, including
humans, require exposure to EM radiation to
survive, but excessive exposure can cause adverse
effects. The term excessive exposure connotes
a complicated set of relationships among such
variables as field strength, exposure duration and mode
(continuous, pulsed, etc.), body part, etc. The emission

standards established by the Federal Communications
Commission in the U.S. and similar governmental bod-
ies in other countries are based on a combination of
epidemiological studies, experimental observations, and
theoretical understanding of how EM energy interacts
with biological material. Generally speaking, the max-
imum permissible exposure levels specified by these
standards are typically two orders of magnitude lower
than the levels known to cause adverse effects, but in
view of the multiplicity of variables involved, there is no
guarantee that adhering to the standards will avoid health
risks absolutely. The bottom line is: Use common sense!
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Exercise 9-10: The effective area of a parabolic dish
antenna is approximately equal to its physical aperture.
If its directivity is 30 dB at 10 GHz, what is its effective
area? If the frequency is increased to 30 GHz, what will
be its new directivity?

Answer: A, = 0.07 m2, D = 39.44 dB. (See ©.)

Xa Ea(xa; J’a) Y Q
R

Observation
1
sphere —— ¢

Figure 9-20 A horn antenna with aperture field distribution
Ea(xa’)’a)'

9-7 Radiation by Large-Aperture
Antennas

For wire antennas, the sources of radiation are the infinitesimal
current elements comprising the current distribution along the
wire and the total radiated field at a given point in space is
equal to the sum, or integral, of the fields radiated by all
the elements. A parallel scenario applies to aperture antennas,
except that now the source of radiation is the electric-field
distribution across the aperture. Consider the horn antenna
shown in Fig. 9-20. It is connected to a source through a
coaxial transmission line with the outer conductor of the
line connected to the metal body of the horn and the inner
conductor made to protrude through a small hole partially into
the throat end of the horn. The protruding conductor acts as
a monopole antenna, generating waves that radiate outwardly
toward the horn’s aperture. The electric field of the wave
arriving at the aperture, which may vary as a function of x,
and y, over the horn’s aperture, is called the electric-field aper-
ture distribution or illumination, E,(x,,y,). Inside the horn,
wave propagation is guided by the horn’s geometry, but as the
wave transitions from a guided wave into an unbounded wave,
every point of its wavefront serves as a source of spherical
secondary wavelets. The aperture may then be represented
as a distribution of isotropic radiators. At a distant point Q,
the combination of all the waves arriving from all of these
radiators constitutes the total wave that would be observed by

)ia Ea(xa, ya)

Collimating
lens

(a) Opening in an opaque screen

1
1 Imaginary aperture
|

(b) Parabolic reflector antenna

Figure 9-21 Radiation by apertures: (a) an opening in an
opaque screen illuminated by a light source through a collimat-
ing lens and (b) a parabolic dish reflector illuminated by a small
horn antenna.

a receiver placed at that point.

The radiation process described for the horn antenna is
equally applicable to any aperture upon which an electromag-
netic wave is incident. For example, if a light source is used
to illuminate an opening in an opaque screen through a colli-
mating lens, as shown in Fig. 9-21(a), the opening becomes a
source of secondary spherical wavelets, much like the aperture
of the horn antenna. In the case of the parabolic reflector shown
in Fig. 9-21(b), it can be described in terms of an imaginary
aperture representing the electric-field distribution across a



9-7 RADIATION BY LARGE-APERTURE ANTENNAS

425

plane in front of the reflector.

Two types of mathematical formulations are available for
computing the electromagnetic fields of waves radiated by
apertures. The first is a scalar formulation based on Kirch-
hoff’s work, and the second is a vector formulation based on
Maxwell’s equations. In this section, we limit our presentation
to the scalar diffraction technique in part because of its inher-
ent simplicity and also because it is applicable across a wide
range of practical applications.

» The key requirement for the validity of the scalar
formulation is that the antenna aperture be at least sev-
eral wavelengths long along each of its principal dimen-
sions. <

A distinctive feature of such an antenna is its high directivity
and correspondingly narrow beam, which makes it attractive
for radar and free-space microwave communication systems.
The frequency range commonly used for such applications is
the 1 to 30 GHz microwave band. Because the corresponding
wavelength range is 30 to 1 cm, respectively, it is quite

Aperture
illumination

\
\
\

A

Aperture plane 4

practical to construct and use antennas (in this frequency
range) with aperture dimensions that are many wavelengths in
size.

The x,—y, plane in Fig. 9-22 (denoted plane A) contains
an aperture with an electric field distribution E,(x,,y,). For
the sake of convenience, the opening has been chosen to
be rectangular in shape, with dimensions /; along x, and [,
along y,, even though the formulation we are about to discuss
is general enough to accommodate any two-dimensional aper-
ture distribution, including those associated with circular and
elliptical apertures. At a distance z from the aperture plane A
in Fig. 9-22, we have an observation plane O with axes (x,y).
The two planes have parallel axes and are separated by a
distance z. Moreover, z is sufficiently large that any point Q in
the observation plane is in the far-field region of the aperture.
To satisfy the far-field condition, it is necessary that

R >2d*/A, (far-field range) (9.73)

where d is the longest linear dimension of the radiating
aperture.

Observation plane O

Figure 9-22 Radiation by an aperture in the x,—y, plane at z = 0.
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The position of observation point Q is specified by the
range R between the center of the aperture and point Q and
by the angles 6 and ¢ (Fig. 9-22), which jointly define the
direction of the observation point relative to the coordinate
system of the aperture. In our treatment of the dipole antenna,
we oriented the dipole along the z axis, and we called 0 the
zenith angle. In the present context, the z axis is orthogonal
to the plane containing the antenna aperture. Also, 8 usually is
called the elevation angle. The electric field phasor of the wave
incident upon point Q is denoted E (R, 6,¢). Kirchhoff’s scalar
diffraction theory provides the following relationship between
the radiated field E(R,0,¢) and the aperture illumination

Ea(-xa,ya):

~ j (e RN ~
E(R.6.0)= 5 ( - > h(6.9), (9.74)
where
7/;(6’(}5) = f/j;ga@a’Ya)
-exp[jksin 0 (x,cos ¢ + y,sin@)] dx, dy,. (9.75)

We shall refer to h(6,¢) as the form factor of E(R,0,9).
Its integral is written with infinite limits with the under-
standing that Eq,(x,,y,) is identically zero outside the aper-
ture. The spherical propagation factor (e ~/*®/R) accounts for
wave propagation between the center of the aperture and the
observation point, and (6, ¢) represents an integration of the
exciting field Ea(xa, ya) over the extent of the aperture, taking
into account [through the exponential function in Eq. (9.75)]
the approximate deviation in distance between R and s, where
s is the distance to any point (x,,y,) in the aperture plane (see
Fig. 9-22).

» In Kirchhoff’s scalar formulation, the polarization
direction of the radiated field E(R,0,¢) is the same as
that of the aperture field E, (x,,y,). <

Also, the power density of the radiated wave is given by

ER.6,0)]> |h(6,90)
S(R,e,q)):‘ (2n0 )| |2T(]0121)€|2_

(9.76)

9-8 Rectangular Aperture with Uniform
Aperture Distribution

To illustrate the scalar diffraction technique, consider a rect-
angular aperture of height /, and width [y, both at least a few

wavelengths long. The aperture is excited by a uniform field
distribution (i.e., constant value) given by

Ey for —1,/2<x, <I/2
and —1,/2 <y, <1,/2,
0  otherwise.

Ea(an’a) = 9.77)

To keep the mathematics simple, let us confine our exam-
ination to the radiation pattern at a fixed range R in the
x—z plane, which corresponds to ¢ = 0. In this case, Eq. (9.75)
simplifies to

- ly/2 1e/2
7(0) = / / Eo expl jkxa sin 8] dx, dya. (9.78)
Va=—1ly/2 Jx,=— 1.2

In preparation for performing the integration in Eq. (9.78), we
introduce the intermediate variable u defined as

2msin 6
U= ksinf = ”;:n . (9.79)
Hence,
~ L/2 1,/2
h(0) = EO/ /"™ dx, / dy,
—1/2 —1,/2
Jule/2 _ ,—july/2
=Ey [—e - ‘ ] -y
ju
2Eql, | eltle/2 — e=iub/2 | 2EG]
= ;y 2 = L?y sin(uly/2).

(9.80)
Upon replacing u with its defining expression, we have
~ 2Eyl
h(0) = X
e sin 6
A
sin(zl,sin6 /1)
mlsin 6 /A
= EpA, sinc(ml,sin@ /1),

sin(zl,sin6 /1)

= Eol,d,

9.81)

where A, = [,], is the physical area of the aperture. Also, we
used the standard definition of the sinc function, which for any
argument ¢ is defined as

sint

sinct = - (9.82)

Using Eq. (9.76), we obtain the following expression for the
power density at the observation point:

S(R,0) = Sosinc*(nl,sinB/A) (x—zplane),  (9.83)

where Sy = E§A; /(210A%R?).
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Figure 9-23 Normalized radiation pattern of a uniformly
illuminated rectangular aperture in the x—z plane (¢ = 0).

» The sinc function is maximum when its argument is
zero; sinc(0) = 1. «

This occurs when 6 = 0. Hence, at a fixed range R,
Smax = S(0 = 0) = Sp. The normalized radiation intensity is
then given by

S(R.6

Smax

F(6)= ) = sinc?(7l, sin@ /1)

=sinc’(ny)  (x—z plane). (9.84)
Figure 9-23 shows F(0) plotted (on a decibel scale) as a
function of the intermediate variable ¥y = (I;/A)sin6. The

pattern exhibits nulls at nonzero integer values of 7.

9-8.1 Beamwidth

The normalized radiation intensity F(6) is symmetrical in the
x—z plane, and its maximum is along the boresight direction
(6 =0, in this case). Its half-power beamwidth 3, = 6, — 0,
where 6, and 6, are the values of 0 at which F(6,0) = 0.5 (or

—3 dB on a decibel scale), as shown in Fig. 9-23. Since the

pattern is symmetrical with respect to 6 =0, 6, = —6,, and

By: = 26,. The angle 6, can be obtained from a solution of
F(6,) = sinc* (L, sinB/A) = 0.5. (9.85)

From tabulated values of the sinc function, it is found that
Eq. (9.85) yields the result

1
% sin6, = 1.39, (9.86)

or .
sin 6, = 0.44 T

X

(9.87)

Because 4 /I, < 1 (a fundamental condition of scalar diffrac-
tion theory is that the aperture dimensions be much larger than
the wavelength 1), 6, is a small angle, in which case we can
use the approximation sin 6, =~ 6,. Hence,

A
By =26, ~ 2sin6, = 0.88l— (rad). (9.88a)
X
A similar solution for the y—z plane (¢ = 7/2) gives
A
Br:=088 T (rad). (9.88b)
Y

» The uniform aperture distribution (Ea = E; across
the aperture) gives a far-field pattern with the narrowest
possible beamwidth. <«

The first sidelobe level is 13.2 dB below the peak value
(see Fig. 9-23), which is equivalent to 4.8% of the peak
value. If the intended application calls for a pattern with a
lower sidelobe level (to avoid interference with signals from
sources along directions outside the main beam of the antenna
pattern), this can be accomplished by using a tapered aperture
distribution—one that is a maximum at the center of the
aperture and decreases toward the edges.

> A tapered distribution provides a pattern with lower
side lobes, but the main lobe becomes wider. <«

The steeper the taper, the lower are the side lobes and the wider
is the main lobe. In general, the beamwidth in a given plane,
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) single major lobe whose boresight is along the z direction:
Sidelobes /1
~ £ . 4
|/al/I /\ \ﬁ d Boresight D=~ % (9.90)
'z Pyz

/

(a) Pencil beam

(b) Fan beam

Figure 9-24 Radiation patterns of (a) a circular reflector and
(b) a cylindrical reflector (side lobes not shown).

say the x—z plane, is given by

A

E >

Bz = kx (9.89)

where k, is a constant related to the steepness of the taper. For
a uniform distribution with no taper, k, = 0.88, and for a highly
tapered distribution, k, = 2. In the typical case, k, ~ 1.

To illustrate the relationship between the antenna dimen-
sions and the corresponding beam shape, we show in Fig. 9-24
the radiation patterns of a circular reflector and a cylindrical
reflector. The circular reflector has a circularly symmetric
pattern, whereas the pattern of the cylindrical reflector has a
narrow beam in the azimuth plane corresponding to its long di-
mension and a wide beam in the elevation plane corresponding
to its narrow dimension. For a circularly symmetric antenna
pattern, the beamwidth f is related to the diameter d by the
approximate relation B ~ A /d.

9-8.2 Directivity and Effective Area

In Section 9-2.3, we derived an approximate expression
[Eq. (9.26)] for the antenna directivity D in terms of the half-
power beamwidths f3; and B, for antennas characterized by a

If we use the approximate relations B, ~ A /I, and B,; =~ 4 /1y,

we obtain
D~ dnlly,  4mA,
VR
For any antenna, its directivity is related to its effective area A,
by Eq. (9.64):

(9.91)

41A,
D= PR

(9.92)

» For aperture antennas, their effective apertures are
approximately equal to their physical apertures; that is,
A=A, <

Exercise 9-11: Verify that Eq. (9.86) is a solution of
Eq. (9.85) by calculating sinc¢ for = 1.39.

Exercise 9-12: With its boresight direction along z,
a square aperture was observed to have half-power
beamwidths of 3° in both the x—z and y—z planes. Deter-
mine its directivity in decibels.

Answer: D = 4,583.66 =36.61 dB. (See .)

Exercise 9-13: What condition must be satisfied in order
to use scalar diffraction to compute the field radiated
by an aperture antenna? Can we use it to compute the
directional pattern of the eye’s pupil (d ~ 0.2 cm) in the
visible part of the spectrum (A = 0.35 to 0.7 um)? What
would the beamwidth of the eye’s directional pattern be at
A =0.5um?

Answer: B~ A/d=2.5x10"*rad = 0.86 (arc minute,
with 60’ = 1°). (See &).)

9-9 Antenna Arrays

AM broadcast services operate in the 535 to 1605 kHz band.
The antennas they use are vertical dipoles mounted along
tall towers. The antennas range in height from A /6 to 54 /8,
depending on the operating characteristics desired and other
considerations. Their physical heights vary from 46 m (150 ft)
to 274 m (900 ft); the wavelength at 1 MHz, approximately
in the middle of the AM band, is 300 m. Because the field
radiated by a single dipole is uniform in the horizontal plane
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Module 9.4 Large Parabolic Reflector For any specified reflector diameter d (where d > 21) and illumination taper
factor a, this module displays the pattern of the radiated field and computes the associated beamwidth and directivity.

Madule 9.4 |
Large Parabolic Reflector (d= 234) |

Antenna illumination
10

[ECE) | /ECD |

Set Antenna Parameters
lumination factor ¢ = |

K = Wavelength

A= 03[m]
Antenna Aperture

Antenna Aperture
Range | [« ]

d=20h=06[m]

Frequency L—

E (B)/[E (D)

| Update

Elevation Angle 8= 450 [deg]

(as discussed in Sections 9-1 and 9-3), it is not possible to di-
rect the horizontal pattern along specific directions of interest,
unless two or more antenna towers are used simultaneously.
Directions of interest may include cities serviced by the AM
station, and directions to avoid may include areas serviced
by another station operating at the same frequency (thereby
avoiding interference effects). When two or more antennas are
used together, the combination is called an anfenna array.

The AM broadcast antenna array is only one example of the
many antenna arrays used in communication systems and radar
applications. Antenna arrays provide the antenna designer the
flexibility to obtain high directivity, narrow beams, low side
lobes, steerable beams, and shaped antenna patterns starting
from very simple antenna elements. Figure 9-25 shows a very
large radar system consisting of a transmitter array composed
of 5,184 individual dipole antenna elements and a receiver
array composed of 4,660 elements. The radar system, part
of the Space Surveillance Network operated by the U.S. Air
Force, operates at 442 MHz and transmits a combined peak
power of 30 MW!

= 0.03374263 = -29.4364 dB
F(8) = E(OI¥E (D)
= 0.00113857 = -29.4364 dB
F] Directivity = 37.26078
Tl | Beamwidth = 31.51°

Although an array need not consist of similar radiating
elements, most arrays actually use identical elements, such
as dipoles, slots, horn antennas, or parabolic dishes. The
antenna elements comprising an array may be arranged in
various configurations, but the most common are the lin-
ear one-dimensional configuration—wherein the elements are
arranged along a straight line—and the two-dimensional lattice
configuration in which the elements sit on a planar grid. The
desired shape of the far-field radiation pattern of the array can
be synthesized by controlling the relative amplitudes of the
array elements’ excitations.

> Also, through the use of electronically controlled solid-
state phase shifters, the beam direction of the antenna
array can be steered electronically by controlling the
relative phases of the array elements. <«

This flexibility of the array antenna has led to numerous
applications, including electronic steering and multiple-beam
generation.
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T

6 stories
high

l

9 stories
high

Figure 9-25 The AN/FPS-85 Phased Array Radar Facility in the Florida panhandle is near the city of Freeport. A several-mile no-fly
zone surrounds the radar installation as a safety concern for electroexplosive devices, such as ejection seats and munitions that are carried

on military aircraft.

The purpose of this and the next two sections is to introduce
the reader to the basic principles of array theory and design
techniques used in shaping the antenna pattern and steering
the main lobe. This presentation is confined to the one-
dimensional linear array with equal spacing between adjacent
elements.

A linear array of N identical radiators is arranged along
the z axis, as shown in Fig. 9-26. The radiators are fed by
a common oscillator through a branching network. In each
branch, an attenuator (or amplifier) and phase shifter are
inserted in series to control the amplitude and phase of the
signal feeding the antenna element in that branch.

In the far-field region of any radiating element, the ele-
ment electric-field intensity E, (R,0,0) may be expressed as
a product of two functions: the spherical propagation factor
e J*R/R, which accounts for the dependence on the range R,
and ]76(9, ¢), which accounts for the directional dependence of
the element’s electric field. Thus, for an isolated element, the
radiated field is

~ e JkR
Ec(R,0,9) = 1e(6.9), (9.93)
and the corresponding power density Se 18
1 ~
Se(R,6,¢)—2—m\Ee(R,6,¢)I 21 R2 |/(6,0)]%. (9.94)

Hence, for the array shown in Fig. 9-26(b), the far-zone field

due to element i at range R; from observation point Q is

—JkR;

Ei(Ri,0,9) = A; eT fe(0,9), (9.95)

where A; = a;e/Vi is a complex feeding coefficient represent-
ing the amplitude a; and phase y; of the excitation giving rise
to E;, which is relative to a reference excitation. In practice,
the excitation of one of the elements is used as reference. Note
that R; and A; may be different for different elements in the
array, but f.(0,¢) is the same for all of them because they are
all identical; hence, they exhibit identical directional patterns.

The total field at the observation point Q(Ry, 0, ¢) is the sum
of the fields due to the N elements:

E(Ro.0.9) = Z

7]kR

1.(6.9),
(9.96)

where Rj denotes the range of Q from the center of the
coordinate system, which is chosen to be at the location of
the zeroth element. To satisfy the far-field condition given by
Eq. (9.73) for an array of length [ = (N — 1)d, where d is the
interelement spacing, the range R, should be sufficiently large
to satisfy

i(Ri,6,9) = [ZA

27 2(N—1)%d?
Ry > ——=

1 — 1 9.97)
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Phase Amplifiers 0
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YN-2 ) | — Element N — 1
: : ' d|
i — Element N —2
— Vi aq; 1
_@ a, : — Element i
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(a) Array elements with individual
amplitude and phase control

0=(Ro, 0, 9)

— — Element N1
d|
< Element N -2

(N-1)d Element i

vdl

Element 1

Element 0

(b) Array geometry relative to
observation point

Figure 9-26 Linear-array configuration and geometry.

This condition allows us to ignore differences in the distances
from Q to the individual elements as far as the magnitudes of
the radiated fields are concerned. Thus, we can set R; = Ry
in the denominator in Eq. (9.96) for all i. With regard to the
phase part of the propagation factor, we can use the parallel-
ray approximation given by

R; ~ Ry—zjcos0 = Ry—idcosH, (9.98)

where z; = id is the distance between the ith element and the
zeroth element (Fig. 9-27). Employing these two approxima-

Figure 9-27 The rays between the elements and a faraway
observation point are approximately parallel lines. Hence, the
distance R; ~ Ry —idcos 0.

tions in Eq. (9.96) leads to

N—1 B
ZAiejldeOSG , (999)
=0

i

_ _ o~ kR0
E(Ro.0.0) = :(0.0) (“-

and the corresponding array-antenna power density is given by

S(R0,0.9) = (Ro,0.9)*

1 \E
210
N-1 2
Z Aiejikdcos 0

i=0

1

_ z 2
= oo (60

2

N—1
= Sc(Ro.0.9)| ) Ajeltdcos? (9.100)

i=0

where use was made of Eq. (9.94). This expression is a product
of two factors. The first factor, Se(Ro,0,¢), is the power
density of the energy radiated by an individual element, and the
second, called the array factor, is a function of the positions of
the individual elements and their feeding coefficients but not a
function of the specific type of radiators used.

» The array factor represents the far-field radiation inten-
sity of the N elements—had the elements been isotropic
radiators. <«
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Denoting the array factor by

2
, 9.101)

N—

1
Fa(G) _ Aiejzkdcose

i=0

the power density of the antenna array is then written as

S(R0.0.9) = Se(Ro.6.9) Fy(6). (9.102)

This equation demonstrates the patfern multiplication prin-
ciple. Tt allows us to find the far-field power density of the
antenna array by first computing the far-field power pattern
with the array elements replaced with isotropic radiators,
which yields the array factor F,(6), and then multiplying the
result by Se(Ro,0,9), which is the power density for a single
element (and is the same for all elements).

The feeding coefficient A; is, in general, a complex ampli-
tude consisting of an amplitude factor a; and a phase factor y;:

A = eV, (9.103)
Insertion of Eq. (9.103) into Eq. (9.101) leads to
N—T 2
Fo(0) =Y ajelVie/kdeos® (9.104)
i=0

The array factor is governed by two input functions: the array
amplitude distribution given by the a;’s and the array phase
distribution given by the y;’s.

I A2 >|

phase
shifter
a) = 1

w =—/2 Y (South)

(a) Dipole array

(b) Observation plane

» The amplitude distribution serves to control the shape
of the array radiation pattern, while the phase distribution
can be used to steer its direction. <

Example 9-5: Array of Two Vertical Dipoles

An AM radio station uses two vertically oriented half-
wave dipoles separated by a distance of A/2, as shown in
Fig. 9-28(a). The vector from the location of the first dipole
to the location of the second dipole points toward the east.
The two dipoles are fed with equal-amplitude excitations, and
the dipole farther east is excited with a phase shift of —m/2
relative to the other one. Find and plot the antenna pattern of
the antenna array in the horizontal plane.

Solution: The array factor given by Eq. (9.104) was derived
for radiators arranged along the z axis. To keep the coordinate
system the same, we choose the easterly direction to be the
z axis, as shown in Fig. 9-28(b), and we place the first dipole
at z = —A /4 and the second at z = A /4. A dipole radiates
uniformly in the plane perpendicular to its axis, which in this
case is the horizontal plane. Hence, S. = Sy for all angles 0
in Fig. 9-28(b), where Sy is the maximum value of the power
density radiated by each dipole individually. Consequently, the
power density radiated by the two-dipole array is

S(R,0) = Sy Fu(0).

For two elements separated by d = A /2 and excited with equal
amplitudes (a9 = a; = 1) and with phase angles yy = 0 and

£(0)

o

Y
(c) Horizontal-plane pattern

Figure 9-28 Two half-wave dipole array of Example 9-5.
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Module 9.5 Two-Dipole Array Given two vertical dipoles, the user can specify their individual lengths and current
maxima, as well as the distance between them and the phase difference between their current excitations. The module
generates plots of the field and power patterns in the far zone and calculates the maximum directivity and total radiated

power.

. 0 o =[0°
I Module 9.5 Two-dipole Array age 0 30 !
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Current A CurrentB =0 o0
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| | 1 | |
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J - 1502 150°
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v = —n/2, Eq. (9.104) becomes

2

1
Fi(6) = Zaieju/iejikdcos(J _ ’1 1 e I/24i(27/A)(3/2) cosO 2

i=0

— ’1 _i_ej(ncosefn/z)’z.

A function of the form |1 + ¢/*|? can be evaluated by factoring
out e/*/? from both terms:

|1 +ejx‘Z _ |ejx/2(efjx/2+ejx/2)|2
_ |ejx/2‘2|efjx/2+ejx/2|2

. . 2
_ |ejx/2‘2 ) [e*Jx/Z_’_eJx/z}
2

The absolute value of e/*/2 is 1, and we recognize the function
inside the square bracket as cos(x/2). Hence,

14 e™|* = 4cos? (f) .
2
Applying this result to the expression for F,(0), we have

F,(6) = 4cos’ (gcose — %) .

The power density radiated by the array is then

T T
S(R,0) = SoF,(8) =4Sy cos’ (5 cos 6 — Z) .

This function has a maximum value S,,.x = 4S¢, and it occurs
when the argument of the cosine function is equal to zero.
Thus,

T T

—cosf—— =0,

5 cos 7
which leads to the solution 8 = 60°. Upon normalizing S(R, 0)
by its maximum value, we obtain the normalized radiation
intensity given by

_ S(R,6)  ,m T
F(0)= 5 = cos <2c05074).

The pattern of F(0) is shown in Fig. 9-28(c).

Module 9.6 Detailed Analysis of Two-Dipole
Array This module extends the display and computa-
tional capabilities of Module 9.5 by offering plots for
individual components of E and H at any range from the
antenna, including the near field.

Example 9-6: Pattern Synthesis

In Example 9-5, we were given the array parameters ag, aj,
Vo, Y1, and d, and we were then asked to determine the pattern
of the two-element dipole array. We now consider the reverse
process; given specifications on the desired pattern, we specify
the array parameters to meet those specifications.

Given two vertical dipoles, as depicted in Fig. 9-28(b), spec-
ify the array parameters so that the array exhibits maximum
radiation toward the east and no radiation toward the north or
south.

Solution: From Example 9-5, we established that, because
each dipole radiates equally along all directions in the y—z
plane, the radiation pattern of the two-dipole array in that plane
is governed solely by the array factor F,(6). The shape of the
pattern of the array factor depends on three parameters: the
amplitude ratio a/ay, the phase difference y; — Wy, and the
spacing d (Fig. 9-29(a)). For convenience, we choose ag = 1
and yy = 0. Accordingly, Eq. (9.101) becomes

2
1
Zaiejlllie]lkdcose _ |1 Jra]e]lllle](ZM’/?L)cosB‘2_

i=0

Fd(e) -

Next, we consider the specification that F, be equal to zero
when 6 = 90° (north and south directions in Fig. 9-29(a)).
For any observation point on the y axis, the ranges Ry and R;
shown in Fig. 9-29(a) are equal, which means that the prop-
agation phases associated with the time travel of the waves
radiated by the two dipoles to that point are identical. Hence,
to satisfy the stated condition, we need to choose a; = aqy and
v = 7. With these choices, the signals radiated by the two
dipoles have equal amplitudes and opposite phases—thereby
interfering destructively. This conclusion can be ascertained
by evaluating the array factor at 8 = 90° with ap =a; =1 and
Y| ==+

F(6=90°) = [l + 1572 =1 - 1| =0.

The two values of vy, namely w and —7, lead to the same
solution for the value of the spacing d to meet the specification
that the array radiation pattern is maximum toward the east,
corresponding to 8 = 0°. Let us choose y; = —7 and examine
the array factor at 6 = 0°:

F(6=0)=1 +e*j7tej2nd/l|2 =1 +ej(77r+27rd/l)|2'

For F,(6 = 0) to be a maximum, we require the phase angle of
the second term to be zero or a multiple of 27. That is,

7r+2”d 2nm
_ == —onm,
A
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—y (North)
A
Ry Ry
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apg = 1 ay
Yo =0 i
d
(a) Array arrangement
F(0)
>Z
lo

y

(b) Array pattern

Figure 9-29 (a) Two vertical dipoles separated by a distance d
along the z axis; (b) normalized array pattern in the y—z plane for
ag=a; =1, Y1 =yYp=—nm, andd:/l/z.

or

A
d=(@n+1)7.  n=012 ..

In summary, the two-dipole array will meet the given specifi-
cations if ap = a1, Y1 — Yo =—x,andd = 2n+ 1)1 /2.
For d = A /2, the array factor is

Fy(0) = |1+ ITei™e0s0)2
= |1 7ej7rc059|2

Jj(m/2)cos6

= (2je

ej(ﬂ/Z)cosO _efj(ﬂ:/Z)cosG 2
2j

= 4sin’ (gcos 9) .

The array factor has a maximum value of 4, which is the
maximum level attainable from a two-element array with unit
amplitudes. The directions along which F,(0) is a maximum
are those corresponding to 6 = 0 (east) and 6 = 180° (west),
as shown in Fig. 9-29(b).

Exercise 9-14: Derive an expression for the array factor
of a two-element array excited in phase with ag = 1 and
a; = 3. The elements are positioned along the z axis and
are separated by A /2.

Answer: F,(0) = [10+6cos(mcos 0)]. (See &.)

Exercise 9-15: An equally spaced N-element array
arranged along the z axis is fed with equal amplitudes and
phases; thatis, A; = 1 fori=0,1, ...,(N —1). What s the
magnitude of the array factor in the broadside direction?

Answer: F,(8 =90°) = N2. (See &)

9-10 N-Element Array with Uniform
Phase Distribution

We now consider an array of N elements with equal spac-
ing d and equal-phase excitations; that is, y; = yp for
i=1,2,...,(N—1). Such an array of in-phase elements is
sometimes referred to as a broadside array because the main
beam of the radiation pattern of its array factor is always in
the direction broadside to the array axis. From Eq. (9.104), the
array factor is given by

2

N—1
e/ Z aie]tkdcose
i=0

Fa<6> =

N-1 2
_ |ej1//0‘2 Zaiejikdcose
i=0

2

N—1 .
Z aie]zkdcos 0
i=0

(9.105)

The phase difference between the fields radiated by adjacent
elements is

2nd
Y=kdcosO = LCOSG.

n (9.106)
In terms of ¥, Eq. (9.105) takes the compact form
N-1 |2
F(y) =) ae™ (uniform phase) (9.107)
i=0
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For a uniform amplitude distribution with a; = 1 for
i=0,1,...,(N—1),Eq. (9.107) becomes %

F(y)=[1+e"+e/2 ... dN-D72, (9.108)

This geometric series can be rewritten in a more compact form
by applying the following recipe. First, we define

E) =1L (9.109)
with
fuly) =147+ ... V=D, (9.110)
Next, we multiply f,(y) by e/” to obtain
fa(y) el = (V7 + eV 4. 4 eINY), (9.111)
Subtracting Eq. (9.111) from Eq. (9.110) gives
fuly) (1 =€) =1—eN7, 9.112)
which in turn gives
1—e/NY  @INYI2 (e=INY/2 _ (iNY/2)
fuln) = I—elt ~ ell2 (e N2—¢i1f2)
_ pitv-1yyy2 Sin(VY/2) ©.113)

sin(y/2)

After multiplying f,(y) by its complex conjugate, we obtain
the result:

B sin®(Ny/2)
T sin(y/2)
(uniform amplitude and phase)

9.114)

From Eq. (9.108), F,(y) is maximum when all terms
are 1, which occurs when ¥ = 0 (or equivalently, 6 = 7 /2).
Moreover, F,(0) = N2. Hence, the normalized array factor is
given by

Fu(y
Fan(’)/) - F ( )
) Nnd
- sin(Ny/2) - sin <—7L cos @

(9.115)

=—— = .
NZsin”(v/2) N?sin? <”Tdc059)

A polar plot of F,,(6) is shown in Fig. 9-30 for N = 6 and
d =A/2. The reader is reminded that this is a plot of the

L7

a5
Wy o h
W ee=s

Figure 9-30 Normalized array pattern of a uniformly excited
six-element array with interelement spacing d = 1 /2.

radiation pattern of the array factor alone; the pattern for the
antenna array is equal to the product of this pattern and that
of a single element, as discussed earlier in connection with the
pattern multiplication principle.

Example 9-7: Multiple-Beam Array

Obtain an expression for the array factor of a two-element
array with equal excitation and a separation d = 74 /2, and
then plot the array pattern.

Solution: The array factor of a two-element array (N = 2)
with equal excitation (ap = a; = 1) is given by

2
=|1+e?,

1

Z a;e’”

i=0

F(y) =

= |/ (e V2 4 &7/ 2
= |/ |e 172 4 /Y22 = 4cos? (v/2),

where ¥ = (2mtd /1) cos 8. The normalized array pattern shown
in Fig. 9-31 consists of seven beams; all have the same peak
value but not the same angular width. The number of beams
in the angular range between 6 = 0 and 6 = 7 is equal to the



9-11 ELECTRONIC SCANNING OF ARRAYS

437

Figure 9-31 Normalized array pattern of a two-element array
with spacing d =71 /2.

separation between the array elements, d, measured in units of

A/2.

9-11 Electronic Scanning of Arrays

The discussion in the preceding section was concerned with
uniform-phase arrays, in which the phases of the feeding
coefficients, Yy to wy_1, are all equal. In this section, we
examine the use of phase delay between adjacent elements
as a tool to electronically steer the direction of the array-
antenna beam from broadside at 6 = 90° to any desired angle
6p. In addition to eliminating the need to mechanically steer
an antenna to change its beam’s direction, electronic steering
allows beam scanning at very fast rates.

» Electronic steering is achieved by applying a linear
phase distribution across the array: yp =0, y; = —9,
Y, = —28, etc. <

As shown in Fig. 9-32, the phase of the ith element relative to
that of the zeroth element is

vi = —i8, (9.116)

QOO

Figure 9-32 The application of linear phase.

where & is the incremental phase delay between adjacent
elements. Use of Eq. (9.116) in Eq. (9.104) leads to

2

N—1
Fa(e) — aie*jiSejikdcose
i=0
N-1 2 N 2
_ Z aieji(kdcosefts) _ Z aiej”’/ _ Fa(J//),
i=0 i=0
9.117)
where we introduced a new variable given by
Y =kdcos6 — 8. (9.118)

For reasons that become clear later, we define the phase shift
0 in terms of an angle 6y, which we call the scan angle, as
follows:

0 = kd cos 6. (9.119)

Hence, ¥’ becomes

v' = kd(cos 6 — cos 6). (9.120)
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Module 9.7 N-Element Array This module displays the far-field patterns of an array of N identical, equally spaced
antennas, with N being a selectable integer between 1 and 6. Two types of antennas can be simulated: A /2-dipoles and
parabolic reflectors. This module provides visual examples of the pattern multiplication principle.

Module 9.7 N-Element Array
Set Array
Elements Spacing d = |1.0 A

[« >]

Mumber of Elements
©1 @2 3 4 85 8

Element Type
@& /2 dipole
¢ Parabolic Reflector

8 [degrees] 180

0° Fe(8)

-30° 30°

-60° 60°

80 a0°

-120° 1200

180

Fa(8 0° e

The array factor given by Eq. (9.117) has the same functional
form as the array factor developed earlier for the uniform-
phase array [see Eq. (9.107)], except that ¥ is replaced with y’.
Hence,

> Regardless of the amplitude distribution across an array,
its array factor F,(y’), when excited by a linear-phase
distribution, can be obtained from F,(7), the expression
developed for the array assuming a uniform-phase distri-
bution, by replacing y with y’. <

If the amplitude distribution is symmetrical with respect to
the array center, the array factor F,(y’) is maximum when its
argument ¥’ = 0. When the phase is uniform (6 = 0), this
condition corresponds to the direction 6 = 90°, which is why
the uniform-phase arrangement is called a broadside array.
According to Eq. (9.120), in a linearly phased array, ¥’ = 0
when 6 = 6. Thus, by applying linear phase across the array,
the array pattern is shifted along the cos 6 axis by an amount

cos 6, and the direction of maximum radiation is steered from
the broadside direction (8 = 90°) to the direction 8 = 6. To
steer the beam all the way to the end-fire direction (6 = 0), the
incremental phase shift § should be equal to kd radians.

9-11.1 Uniform-Amplitude Excitation

To illustrate the process with an example, consider the case of
the N-element array excited by a uniform-amplitude distribu-
tion. Its normalized array factor is given by Eq. (9.115). Upon
replacing y with ¥/, we have

s02 !
Fuly') = S NV/2) 9.121)
NZsin?(y’/2)

with ¥ as defined by Eq. (9.120). For an array with N = 10
and d = A /2, plots of the main lobe of F,,(0) are shown in
Fig. 9-33 for 6y = 0°, 45°, and 90°. We note that the half-
power beamwidth increases as the array beam is steered from
broadside to end-fire directions.
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Figure 9-33 Normalized array pattern of a 10-element array
with A /2 spacing between adjacent elements. All elements are
excited with equal amplitude. Through the application of linear
phase across the array, the main beam can be steered from the
broadside direction (6 = 90°) to any scan angle 6. Equiphase
excitation corresponds to 6y = 90°.

9-11.2 Array Feeding

According to the foregoing discussion, to steer the antenna
beam to an angle 6y, two conditions must be met: (1) the phase
distribution must be linear across the array and (2) the magni-
tude of the incremental phase delay 0 must satisfy Eq. (9.119).
The combination of these two conditions provides the neces-
sary tilting of the beam from 6 = 90° (broadside) to 6 = 6.
This can be accomplished by controlling the excitation of each
radiating element individually through the use of electronically
controlled phase shifters. Alternatively, a technique known as
frequency scanning can be used to provide control of the
phases of all the elements simultaneously. Figure 9-34 shows
an example of a simple feeding arrangement employed in
frequency-scanning arrays. A common feed point is connected
to the radiating elements through transmission lines of varying
lengths. Relative to the zeroth element, the path between the
common feed point and a radiating element is longer by [ for
the first element, by 2/ for the second, and by 3/ for the third.

Py

[

B //\\//_.
b=1y+2l /\/\/_.

| L=1+3l \ /\ /\
VAVAVA

Figure 9-34 An example of a feeding arrangement for
frequency-scanned arrays.

Thus, the path length for the ith element is

I = il + I, (9.122)

where [y is the path length of the zeroth element. Waves of
frequency f propagating through a transmission line of length
l; are characterized by a phase factor e Bl where B=2nf/u,
is the phase constant of the line and u, is its phase velocity.
Hence, the incremental phase delay of the ith element relative
to the phase of the zeroth element is

2 2mi
V/i(f):*ﬁ(li*lo):*_ﬂf(li*lo)ifﬂ fl. (9.123)
Mp up

Suppose that at a given reference frequency fy we choose the
incremental length [ so that

nolp

l_ ’
fo

(9.124)

where ng is a specific positive integer. In this case, the phase
delay v (fp) becomes

v (fo) = 2% (@> .= —2noT (9.125)

Up

Similarly, 5] (f()) = —4nprm and Y3 (f()) = —6nor. Thatis, at fj
all the elements have equal phase (within multiples of 27) and
the array radiates in the broadside direction. If f is changed to
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Jo+ Af, the new phase shift of the first element relative to the
zeroth element is

2
Vilfo+Af) === (fo+Af)!
P
L ()
Up Up
= —211()717 — 27’107’[ <%)
— g —§, (9.126)

where use was made of Eq. (9.124) and 9 is defined as

o= 2nom <%) .

Similarly, w2 (fo +Af) = 2y and 3 (fo +Af) = 3. Ignor-
ing the factor of 27 and its multiples (since they exercise no
influence on the relative phases of the radiated fields), we see
that the incremental phase shifts are directly proportional to
the fractional frequency deviation (Af/fy). Thus, in an array
with N elements, controlling Af provides a direct control
of 8, which in turn controls the scan angle 6y according to
Eq. (9.119). Equating Eq. (9.119) to Eq. (9.127) and then
solving for cos 6 leads to

cosfy = ZZZE (%)

9.127)

(9.128)

As f is changed from fj to fo + Af, k=2n/A =2xnf/c
also changes with frequency. However, if Af/fp is small, we
may treat k as a constant equal to 27 f/c; the error in cos 6
resulting from the use of this approximation in Eq. (9.128) is
on the order of Af/ fp.

Example 9-8: Electronic Steering

Design a steerable six-element array with the following speci-
fications:

1. All elements are excited with equal amplitudes.

2. At fy = 10 GHz, the array radiates in the broadside
direction, and the interelement spacing d = Ao/2, where

A =c/fo=3cm.

3. The array pattern is to be electronically steerable in the
elevation plane over the angular range extending between
6y = 30° and 6y = 150°.

4. The antenna array is fed by a voltage-controlled oscillator
whose frequency can be varied over the range from 9.5 to
10.5 GHz.

5. The array uses a feeding arrangement of the type shown in
Fig. 9-34, and the transmission lines have a phase velocity
u, = 0.8c.

—_— N

00 =30°

> (p=90° (broadside)

{ |
|
Op = 150°

Figure 9-35 Steerable six-element array (Example 9-8).

Solution: The array is to be steerable from 6y = 30° to
6y = 150° (Fig. 9-35). For 6y = 30° and

- (2) (5)

Eq. (9.128) gives
Af)
0.87=2np | — |.
’ ( fo

We are given that fo = 10 GHz and the oscillator frequency can
be varied between (fy — 0.5 GHz) and (fy + 0.5 GHz). Thus,
Afmax = 0.5 GHz. To satisfy Eq. (9.129), we need to choose g
so that Af is as close as possible to, but not larger than, A fi,ax.-
Solving Eq. (9.129) for ny with Af = A fmax gives

(9.129)

087 fo
nyg =

— =38.7.
2 Afmax

Since ng is not an integer, we need to modify its value by
rounding it upward to the next whole-integer value. Hence, we
set ng = 9.



9-11 ELECTRONIC SCANNING OF ARRAYS

441

Module 9.8 Uniform Dipole Array For an array of up to 50 identical vertical dipoles of selectable length and current
maximum that is excited with incremental phase delay 8 between adjacent elements, the module displays the elevation and
azimuthal patterns of the array. By varying 8, the array pattern can be steered in the horizontal plane.

Uﬂ

| . . i o =0
Module 9.8 Uniform Dipole Array age 0 300 !
T &
N B0° B0°
I,= Ijexp[-j{id}] vy .
- "
e -\'-.?--
g |R ‘ | ‘ age L 90e
Iy T T Iy
- "-L__ 7
P ‘ | ¥ . X A
o1 1 N-1 1200 1200
P
150° 150
Broadside Pattern 180°
- — < >
Maximum Directivity 10.37448
Total Radiated Power 144 57594 [W] 0 180° A=00°
2100 FaRY 150°
Plot & E-HFields ¢ Power il
240° 1207
Dipole Length
[< >| 05 A
Mumber of dipoles M
[< >| |5 270° —{> ® o age
Incremertal Phase Delay & :
[ <
Dipole Spacing d 300° E0°
[< >| [os A
. i | 1 ]
Maximum Dipole Current Vo
10 |1a] 330° R age
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Application of Eq. (9.124) specifies the magnitude of the
incremental length /:

_noup_9><O.8><3><108

[
f() 1010

=21.6cm.

In summary, with N = 6 and kd = &, Eq. (9.121) becomes

Fun(Y') = %
with
Y’ = kd(cos @ —cos6y) = m(cos O — cos bp)
and
cos 6y = 2’;2” (%) — 18 <%). (9.130)

The shape of the array pattern is similar to that shown in
Fig. 9-30, and its main-beam direction is along 6 = 6.
For f = fo = 10 GHz, 6y = 90° (broadside direction); for
f =10.48 GHz, 6y = 30°; and for f = 9.52 GHz, 6, = 150°.

For any other value of 6y between 30° and 150°, Eq. (9.130)
provides the means for calculating the required value of the
oscillator frequency f.

Concept Question 9-11:  Why are antenna arrays use-
ful? Give examples of typical applications.

Concept Question 9-12:  Explain how the pattern mul-
tiplication principle is used to compute the radiation
pattern of an antenna array.

Concept Question 9-13:  For a linear array, what roles
do the array amplitudes and phases play?

Concept Question 9-14:
steering is accomplished.

Explain how electronic beam

Concept Question 9-15:  Why is frequency scanning an
attractive technique for steering the beam of an antenna
array?

Chapter 9 Summary

Concepts

e An antenna is a transducer between a guided wave
propagating on a transmission line and an EM wave
propagating in an unbounded medium, or vice versa.

e Except for some solid-state antennas composed of non-
linear semiconductors or ferrite materials, antennas
are reciprocal devices; they exhibit the same radiation
patterns for transmission as for reception.

e In the far-field region of an antenna, the radiated energy
is approximately a plane wave.

e The electric field radiated by current antennas, such as
wires, is equal to the sum of the electric fields radiated
by all the Hertzian dipoles making up the antenna.

e The radiation resistance R;,q of a half-wave dipole is
73 Q, which can be easily matched to a transmission
line.

e The directional properties of an antenna are described
by its radiation pattern, directivity, pattern solid angle,
and half-power beamwidth.

e The Friis transmission formula relates the power
received by an antenna to that transmitted by another
antenna at a specified distance away.

e The far-zone electric field radiated by a large aper-
ture (measured in wavelengths) is related to the field
distribution across the aperture by Kirchhoff’s scalar
diffraction theory. A uniform aperture distribution pro-
duces a far-field pattern with the narrowest possible
beamwidth.

e By controlling the amplitudes and phases of the indi-
vidual elements of an antenna array, it is possible to
shape the antenna pattern and to steer the direction of
the beam electronically.

e The pattern of an array of identical elements is equal to
the product of the array factor and the antenna pattern
of an individual antenna element.
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Mathematical and Physical Models

Antenna Properties

Pattern solid angle Q= // F(6,9)dQ
4
4r

cos[(m/2)cos 6] } (eij)

R

Directivit ==
irectivity aQ,
0 Prad
Gain G=¢D, = —"
é iz Prad + Ploss
D
Effective area Ae= ——
4r )
2d
Far-field distance R > e
Short Dipole (I < 1) A /2 Dipole
~  Jjhlk —JkR ~
EGZJNZ—”T’OCR >sin6 E9:j~60]0{
~ E, ~ E
Hy==2 Hy==2
0 2 212 nO 5 2
kPR . , 1512
S(R,0) = ( 3Rz | Sin 0 S(R,0) = )
D=1.5 D=1.64
B =90° B =78°
Riaq = 8072(1/A)? Riaa =73 Q

Friis Transmission Formula

Prec
P

2 2
= GG, (m) Ft(et,(Pt> Fr<9h ¢r)

Antenna Arrays
Multiplication Principle
S(R()a 65 ¢> — SC(R03 6, (P) Fa(e)

Uniform Phase

N—1 |2
Za,-em'
i=0

2nd
F,(y) = , with y =kd cos 0 = %cos@

Linear Phase
2

F,(0) = , with ¥/ =kdcos0 — §

Nol
Y aie’'
i=0

cos?[(7/2) cos 0] }

sin 6

Rectangular Aperture (Uniform)
S(R,0) = Sosinc?(wl,sin@/A), x-z plane
S(R,0) = Spsinc*(nlysin@/1), y-z plane

A A
By =0.88 7 By, =0.88 T
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D = e ~ e



444

CHAPTER 9 RADIATION AND ANTENNAS

Important Terms

3 dB beamwidth
antenna

antenna array
antenna directivity D
antenna gain G
antenna input impedance
antenna pattern
antenna polarization
aperture distribution
array distribution
array factor F,(6,9)

elevation and azimuth planes
elevation angle

end-fire direction

far-field (or far-zone) region
feeding coefficient
frequency scanning

Friis transmission formula
half-power beamwidth
isotropic antenna

linear phase distribution
loss resistance Rjogs

Provide definitions or explain the meaning of the following terms:

radiation efficiency &
radiation intensity
(normalized) F(6,9)
radiation lobes
radiation pattern
radiation resistance Ry,q
reciprocal
scan angle
short dipole (Hertzian dipole)
signal-to-noise ratio Sy
solid angle

azimuth angle null beamwidth
beamwidth 3
broadside direction
effective area

(effective aperture) A,

electronic steering

Poynting vector
principal planes

PROBLEMS

Sections 9-1 and 9-2: Short Dipole and Antenna Radiation
Characteristics

9.1 A 50 cm long center-fed dipole directed along the z
direction and located at the origin is excited by a 1 MHz
source. If the current amplitude is Iy = 20 A, determine:

(a) The power density radiated at 2 km along the broadside
of the antenna pattern.

(b) The fraction of the total power radiated within the sector
between 6 = 85° and 6 = 95°?

“9.2 A center-fed Hertzian dipole is excited by a current Iy =
50 A. If the dipole is A /50 in length, determine the maximum
radiated power density at a distance of 1 km.

9.3 A 1 mlong dipole is excited by a 1 MHz current with an
amplitude of 24 A. What is the average power density radiated
by the dipole at a distance of 5 km in a direction that is 45°
from the dipole axis?

“9.4  Determine the following:
(a) The direction of maximum radiation.
(b) Directivity.
(¢) Beam solid angle.
(d) Half-power beamwidth in the x—z plane.

*
Answer(s) available in Appendix E.

spherical propagation factor

pattern multiplication principle steradian
pattern solid angle €,
power density S(R, 6,9)

system noise temperature gy
tapered aperture distribution
zenith angle

for an antenna whose normalized radiation intensity is given
by

_J 1, for0<6<60°and0< ¢ <27
F(6.9) _{ 0, elsewhere.

Suggestion.: Sketch the pattern prior to calculating the desired
quantities.

9.5 Repeat Problem 9.4 for an antenna with

sin®fcos?¢p for0<O<m
and —m/2< ¢ <m/2
0 elsewhere

F(6,9) =

9.6 A 2 mlong center-fed dipole antenna operates in the AM
broadcast band at 1 MHz. The dipole is made of copper wire
with a radius of 1 mm.

(a) Determine the radiation efficiency of the antenna.
>'<(b) What is the antenna gain in decibels?

(¢) What antenna current is required so that the antenna will
radiate 80 W, and how much power will the generator
have to supply to the antenna?

9.7 Repeat Problem 9.6 for a 20 cm long antenna operating
at 5 MHz.
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9.8 Determine the frequency dependence of the radiation
efficiency of the short dipole, and plot it over the range from
600 kHz to 60 MHz. The dipole is made of copper, its length
is 10 cm and its circular cross section has a radius of 1 mm.

“9.9  An antenna with a pattern solid angle of 1.5 (sr) radiates
90 W of power. At a range of 1 km, what is the maximum
power density radiated by the antenna?

9.10 An antenna with a radiation efficiency of 90% has a
directivity of 6.0 dB. What is its gain in decibels?

9.11 The normalized radiation intensity of a certain antenna
is given by

F(6) =exp(—208%) for0<6<n

where 0 is in radians. Determine:
(a) The half-power beamwidth.
(b) The pattern solid angle.

(¢) The antenna directivity.

79,12 The radiation pattern of a circular parabolic-reflector
antenna consists of a circular major lobe with a half-power
beamwidth of 2° and a few minor lobes. Ignoring the minor
lobes, obtain an estimate for the antenna directivity in dB.

Sections 9-3 and 9-4: Dipole Antennas

9.13 Repeat Problem 9.6 for a 1 m long half-wave dipole that
operates in the FM/TV broadcast band at 150 MHz.

“9.14 Assuming the loss resistance of a half-wave dipole
antenna to be negligibly small and ignoring the reactance
component of its antenna impedance, calculate the standing-
wave ratio on a 50 Q transmission line connected to the dipole
antenna.

9.15 For a short dipole with length [ such that / < A, instead
of treating the current /| (z) as constant along the dipole, as
was done in Section 9-1, a more realistic approximation that
ensures the current goes to zero at the dipole ends is to describe

I(z) by the triangular function

for0<z<1/2

I(z) = { o1~ 2/, for —1/2<2<0

10(1 +ZZ/Z),

as shown in Fig. P9.15. Use this current distribution to deter-
mine the following:

Figure P9.15 Triangular current distribution on a short dipole
(Problem 9.15).

“(a) the far-field E(R, 6, ¢),
(b) the power density S(R,0,9¢),
(¢) the directivity D, and

(d) the radiation resistance R;,q.

9.16 A 50 cm long dipole is excited by a sinusoidally
varying current with an amplitude Iy = 5 A. Determine the
time average power radiated by the dipole if the oscillating
frequency is:

(a) 1 MHz,
(b) 300 MHz.

9.17 For a dipole antenna of length / = 31 /2,

>'<(a) determine the directions of maximum radiation,
(b) obtain an expression for Syax,

(c) generate a plot of the normalized radiation pattern F(0),
and

(d) compare your pattern with that shown in Fig. 9-17(c).

9.18 For a dipole antenna of length [ = 4 /4,

(a) Determine the directions of maximum radiation.

(b) Obtain an expression for S ax.

(c) Generate a plot of the normalized radiation pattern F(6).

9.19 Repeat parts (a)—(c) of Problem 9.17 for a dipole of
length [ =31 /4.

*9.20 Repeat parts (a)—(c) of Problem 9.17 for a dipole of
lengthl = A.
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9.21 A car antenna is a vertical monopole over a conducting
surface. Repeat Problem 9.5 for a 1-m-long car antenna
operating at 1 MHz. The antenna wire is made of aluminum
with . = po and 6, = 3.5 x 107 S/m, and its diameter is 1 cm.

Sections 9-5 and 9-6: Effective Area and Friis Formula

9.22 Determine the effective area of a half-wave dipole
antenna at 200 MHz, and compare it with its physical cross-
section if the wire diameter is 2 cm.

“9.23 A3 GHz line-of-sight microwave communication link
consists of two lossless parabolic dish antennas, each 1 m in
diameter. If the receive antenna requires 1 nW of receive power
for good reception and the distance between the antennas is
40 km, how much power should be transmitted?

9.24 A half-wave dipole TV broadcast antenna transmits
10 kW at 50 MHz. What is the power received by a home
television antenna with 3-dB gain if located at a distance of
30 km?

G,=20dB

]

AP, | 20 km > VP
| Tx | | Rx |

Figure P9.26 Communication system of Problem 9.26.

G,=23dB

—

9.27 The configuration shown in Fig. P9.27 depicts two
vertically oriented half-wave dipole antennas pointed towards
each other, with both positioned on 100 m tall towers separated
by a distance of 5 km. If the transit antenna is driven by a 50
MHz current with amplitude Iy = 2 A, determine:

9.25 A 150 MHz communication link consists of two vertical ~ * (a) The power received by the receive antenna in the absence

half-wave dipole antennas separated by 2 km. The antennas
are lossless, the signal occupies a bandwidth of 3 MHz, the
system noise temperature of the receiver is 900 K, and the
desired signal-to-noise ratio is 17 dB. What transmitter power
is required?

9.26 Consider the communication system shown in

Fig. P9.26, with all components properly matched. If

P.=10W and f = 6 GHz:

(a) What is the power density at the receiving antenna (as-
suming proper alignment of antennas)?

(b) What is the received power?

of the surface. (Assume both antennas to be lossless.)

(b) The power received by the receive antenna after incor-
porating reflection by the ground surface, assuming the
surface to be flat and to have & = 9 and conductivity
o =103 (S/m).

9.28 Fig. P9.28 depicts a half-wave dipole connected to a
generator through a matched transmission line. The directivity
of the dipole can be modified by placing a reflecting rod a
distance d behind the dipole. What would its reflectivity in the
forward direction be if:

(c) If Tyys = 1,000 K and the receiver bandwidth is 20 MHz, (a) d=A/4,
what is the signal-to-noise ratio in decibels? (b) d=A/2.
Direct

h =100

~ i

L 4
Reflected , » *

I L 4
|

L4

»

»

s

L4

100 m

CA

|
[ 5

L 4
|
km

Figure P9.27 Problem 9.27.



PROBLEMS

447

—d—

Figure P9.28 Problem 9.28.

9.29 The configuration shown in Fig. P9.29 depicts a sat-
ellite repeater with two antennas, one pointed towards the
antenna of ground station 1 and the other towards the antenna
of ground station 2. All antennas are parabolic dishes, antennas
A and A4 are each 4 m in diameter, antennas A, and A3 are
each 2 m in diameter, and the distance between the satellite
and each of the ground stations is 40,000 km. Upon receiving
the signal by its antenna A,, the satellite transponder boosts
the power gain by 80 dB and then retransmits the signal to A4.
The system operates at 10 GHz with P, = 1 kW. Determine the
received power P,. Assume all antennas to be lossless.

Sections 9-7 and 9-8: Radiation by Apertures

9.30 The 10 dB beamwidth is the beam size between the
angles at which F(0) is 10 dB below its peak value. Deter-
mine the 10 dB beamwidth in the x—z plane for a uniformly
illuminated aperture with length [, = 104.

“9.31 A uniformly illuminated aperture is of length /, = 201.
Determine the beamwidth between first nulls in the x—z plane.

932 A uniformly illuminated rectangular aperture situated
in the x—y plane is 2 m high (along x) and 1 m wide (along y).
If f =5 GHz, determine the following:

(a) The beamwidths of the radiation pattern in the elevation
plane (x—z plane) and the azimuth plane (y—z plane).

(b) The antenna directivity D in decibels.
9.33 An antenna with a circular aperture has a circular beam
with a beamwidth of 3° at 20 GHz.

(a) What is the antenna directivity in dB?

(b) If the antenna area is doubled, what will be the new
directivity and new beamwidth?

(c) If the aperture is kept the same as in (a), but the frequency
is doubled to 40 GHz, what will the directivity and
beamwidth become then?

“9.34 A 94 GHz automobile collision-avoidance radar uses a
rectangular-aperture antenna placed above the car’s bumper. If
the antenna is 1 m in length and 10 cm in height, determine the
following:

(a) Its elevation and azimuth beamwidths.

(b) The horizontal extent of the beam at a distance of 300 m.

7
R &«Al

| Station 1 |

Satellite repeater

~
AJ \p

4

Figure P9.29 Satellite repeater system.
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9.35 Compare directivity D,y of a 1 m diameter antenna
aperture operating at 10 GHz with directivity Dey. of the
eye’s pupil operating in the middle of the visible spectrum
at A = 0.5 um. Treat the pupil as a circular aperture with a
diameter of 4 mm.

9.36 A microwave telescope consisting of a very sensitive
receiver connected to a 100 m parabolic-dish antenna is used
to measure the energy radiated by astronomical objects at
20 GHz. If the antenna beam is directed toward the moon and
the moon extends over a planar angle of 0.5° from Earth, what
fraction of the moon’s cross-section will be occupied by the
beam?

Sections 9-9 and 9-11: Antenna Arrays

9.37 A two-element array consisting of two isotropic anten-
nas separated by a distance d along the z axis is placed in a
coordinate system whose z axis points eastward and whose x
axis points toward the zenith. If ay and a; are the amplitudes
of the excitations of the antennas at z = 0 and at z = d,
respectively, and if & is the phase of the excitation of the
antenna at z = d relative to that of the other antenna, find
the array factor and plot the pattern in the x—z plane for the
following:

@) ap=a,=1, §=n/4,andd = 1/2

(b) ap=1, aj=2, §=0,andd = A

(©)ap=a1=1, d=—n/2,andd =1/2

(d) ap=1, a;=2, 6=rn/4,andd =1/2

(e ap=1, a;=2, 6=n/2,andd = A /4

9.38 If the antennas in part (a) of Problem 9.37 are parallel,
vertical, Hertzian dipoles with axes along the x-direction,

determine the normalized radiation intensity in the x—z plane
and plot it.

79.39 Consider the two-element dipole array of Fig. 9-29(a).
If the two dipoles are excite